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m zniR emuoii mauy iinpiiivemenw nave oecn mauc. inoiign 

some new matter has been abided, most of tlie changes ai-e in the 
foiin of aflditinnal ex pi una tin us and generalizations of tliettrema 
already given. In some cases also the piijofsjiave been simplified. 
The nnmbecing of the articles is the same as in the last edition, 
except in some cases where the additions were such as to roqiiin; 
a i-eaiTangement. 

When thy last edition was piiiited, thii bonk was divided into 
two parts in ih'iIlt tn ruiidiT it li'Ss bnlky. This division has been 
retained. All thf elements .,f the subject, togothuv with some 
methoils intended for the more a<lvanced student, are piacwl hi 
the first volume. In the second p;iit the highei' applications a»! 
given. In order that the plan of the biMjk may be nndei-stood, a 
short snmmary of the subjects treated of in the scicond volume 
has been addetl to the table of contents. 

As in the former cditiou.s, each chapter has been made i\s 
far as possible complete in itself, .so that all that relates to any 
one part of the snbject may be found in the same place. This 
aiTangcment is convenient for those whu arc ah'eady ac(|nainted 
with dynamics, as it enable-s them t'> direct their atLoutioo to 
those parts in which they may feel most intei-ested. It alstj 
enables the student to select his own order of reading. The 
student who is just beginning dyuaniica may not wish to be 
delayed by a long chapter of pi-elitninaiy analysis before he enters 
on the real subject of the book. He may therefore begin with 
D'Alembert's Principle and I'cad only those parts of chapter I. 
to which reference is made, Olhers may wi^ih to |ki,'*s on as 



1 as poBsible to the great principleH nf Angular Momentum 

ind Vis Viva. Though a different oi-der may fee found advisable 

r some readers, I have ventured to indicate a list of Articles to 

Srhich those who are beginning dynamics should first turn their 

attention. 

It will be observed that a chapter has been devoted to the 
acuBsion of Motion in Two Dimensions. This coni-se has been 
■.adopted because it seemed expedient to separate the diflicultios 
Lof dynamics fi-om those of solid geometry. 

A slight historical notice of each result has been attempted 

whenever it could be brieHy givL-u. Such additions, if not carried 

J far, add greatly to the interest of the subject. But the suc- 

i of the attempt is far from complete. In the earlier hisloiy 

ihere was the guidance of Montucla, and further on there was 

?rof. Cayley's Report to the British Association. With the help 

F these the task became comparatively easy; but in some other 

wrtions the number of memoirs which have been written is so 

Vvaat that anything but a slight notice is impossible. A useful 

theorem is many times discovered, and probably each time with 

Kme variations. It is thus often difficult to ascertain who is the 

B'first author. It has therefore been found necessary to correct 

|ome of the references given in the former editions, and to add 

paferences where there were none before. It has not however been 

Aiought necessary to refer to the author's own additions to the 

subject except when they had already been printed elsewhere. 

Throughout each chapter there will be found numerous ex- 
amples, many being veiy easy, while others are intended for the 
t mure advanced student. In order to obtain as great a variety 
k of problems as possible, a further collection has been added at 
I the end of each chapter, taken from the Examination Papers 
E which have been set in the Univei-sity and in the Colleges. 
•Ab these problems have been constructed by many different 
aaminei-s, I hope that this selection will enable the student to 
squire facility in solving all kinds of dynamical prablems. 



In constnicting the examples my first cai-e has been to fnllow 
closely the principle which each is intended to ilhistnitL'. But 
such instnimenta or applications of principles have been sought 
for as have been foiiud usefiil in practice. Whenever some useful 
instrument has been found, which did not require so lengthy a 
description aa to unfit it for an illustrntion, it has been prelerred 
as an example to a merely curious and artificial coostiiiction. 

In the fonner editions differentia! coefticients with regard to 
the time have been repi-esented by accents in the chapters after 
the seventh. However unsuitable such a notation may be when 
several independent variables ai'e used in the same investigation, 
it has some advantages in such a subject as tlynaniics, wher'e the 
differentiations are nearly always taken with regard to the lime. 
It wati not used in the eariiei' chapters because it wivs thought 
that it would add to the initial difticnltiea of the subject those of 
an unaccustomed notation. But now that the representation of 
differentia! coefficients by dots has been used in several standaj'd 
Ixiolcs both on elementary and on advanced mechanics, this reason 
has lost much of its force. Dots and accents have thercfoi'c been 
used throughout this edition wlienever a shortened notation Inis 
appeared to be desirable. One objection to the use of this nota- 
tion is that the meaning of the .sjnnbol may be changed by a 
alight eiTor in the number of the dots or accents. As tliis might 
increase the difficulties of the subject to a beginner, the use of 
dots in the earlier chaptei-s has been restiictcd eiiietly to the worlf- 
ing of examples, and care has beeiL t;iken that the results ,-;huuld 
be clearly stated. 

I cannot conclude without expressing how much I am indebted 
to Mr J. M. Dodds of Peterhonsc for his a-ssistance in correel.ing 
the proof sheets. I hope that the work, haWng had the ailvantage 
of his revision, will be found clear of serious crror.'^. 
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CHAPTER I. 



r FINDINTI MOMENTS OF TXERTIA TiV I NTEC; RATION. 



1. In the aubst'fjiicut pages of this work it will be found 
that certain iiitepfrals coiitiniiallj'reciir. It is therefore conveiiieiil. 
to collect these into a preliminarj- chapter for rcfcroiife. Though 
their beariug on djuamics may not bt- obvions beforuhanil, yet 
the student may be assured that it is as useful to be able to 
write down moments of inertia with facility as it is to be able 
to (]Uote the centres of gravity of the eleinentaiy bodies. 

In aildition however to these necessary proposition.'! there are 
many others which are useful as giving a moi-e complete view of 
the arrangement of the axes of inertia in a body. These iil.sn 
have been included in this chapter though they ;ue uot of the 
aame importance as the formei'. 

2, All the integnda used in dynamics as well as tlmsr used 
in statics and some other blanches of mixed mathematics are 
included in the one form 

where (a, (9, 7) have particular values. In statics two of these 
three exponents are nsually zero, and the thiitl is either luiity 
or zei'o, according as we wish to find the numeratjir or denomi- 
nator of a co-oiiliuate of the centre of giuvity. In djniamics 
of the three exponents one is zero, and the sum of the othi/r two 
is usually eoual to 2. The integi-al in all its geueralily has not 
yet been fully discussed, probably because only eert;ii(i ''ases havi' 
any real utility. In the case in which tiie hoily innsiiliiid i.-; 
a homogeneous ellipsoid the value '<{ the ^'rueral iiitei^'inl has 
been found in gamma functions by Lejeuiie ].>iii<'h!rt in Vol. iv. 
of LionvillcB journal. His I'esults were afterwards exlrndvil h\ 
Liouville in the same volume to the ease of a hetein^'enemis 
ellipsoid in which the strata of uniform density are similar 
ellipsoids. 

In this treatise, it is intended chiefiy to ix'strict onrselvea Ui 
the consideration of moments and prrKbiets of inertia, as being the 
only ease,'; of the iiitegval whieh nv >\>^>-fu\ ^^,^ liynmnie,,. 
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BC to meet Ay in D. The given triangle ABC may be regarded 
as the diflference of the triangles ABD, ACD, Let us then first 




find the moment of inertia of ABD. Let PQP'Q be an ele- 
mentary area whose sides PQ, P'Q are parallel to the base AD, 
and let PQ cut Ax m M, Let ^ be the distance of the angular 
point B from the axis Ay, AM = x and AD = L 

B — X 
Then the elementary area PQP'Q' is clearly l- rx dx, and 

P 

its moment of inertia about Ay is fd — 5 — dx,a^, where fi is the 

P 
mass per unit of area. Hence the moment of inertia of the 

triangle ABD 

Similarly if 7 be the distance of the angular point C from the 
axis Ay, the moment of inertia of the triangle ACD is A/tty*. 
Hence the moment of inertia of the given triangle A6c is 
-f%td{^ — 'f). Now \lp and ^Zy are the areas of the triangles 
ABD, ACD. Hence if if be the mass of the triangle ABC, the 
moment of inertia of the triangle about the axis Ay is 

iilf(^ + ^7 + 7«). 

Ex. If each element of the mass of the triangle be multiplied by the nth power 
of its distance from the straight line through the angle A, then it may be proved 
in the same way that the sum of the products is 



2M 



(n + l)(n + 2) p-y 



p^^ - 7"-n , 



ART. IS.J BY INrElillA'lIQS. 5 

7. n /.. , //,. /.,../■/ <■ ■( /.(,■.,;..., (,., „i"iinmt u/ iiiurtiii, ubutil tin 
aj:if! I" I i ■; ■ /" the sum iif the muiiieitln 
of i'U'i ! - ' ■ ■- 'rs ill its jilaite drawn /rum 

Uie jiuuil aiiciv Liic Ju.'.ii.i.r i/.wa jih-l^. iln: jtltiiie. 

Fur ift the axis of z he taken tioiiiia,! tu tin; |iliiin.', iIk'li, if 
A, B, C bt the moments of iiiertiji iibotit tho axes, Wf liaw, 

iui.l theiufum C^A + B. 

W'v «\:iv ;i|.iiU- ilii-; Ihouroiii Lu iIkj citsu uf thv tiiaiiglu. ■ Li.-t 
a'.y'.h. ■]■ !:-■ I ■- uf tliL- points //,f..' from ttu- tixis^lj: Thru 

Lhi.' Ill ■ ' f thu triaugk- about a uomial Lu the pliiiic 

I if t hi.' n:,i(i...li iiii-ii^li the jioiiit A la 

= p/ ( ^- + (97 + 7- + 0'' + ffi + 7'-). 

K\. I'tovi! tliiit tliu uiuiiiDiit of iuuilLa ol tljc (.erluifUr of a .'iLde iif rmiius 
ri DLid iiias^ il aliuut any iliamuti^r ie .J ila-. 

Siaoe every nloroent is ei|Uftlly ilistnnt Troiu tht hxik of tht; ciicU^, llio iuijiiil'iiI of 
inertia aboat that aiid ia ihi'. The result fnlluWH at unuc. 

8. Reference Table. The fullowitig iiiomi'iLtM uf inerthi 
ucciii- sii fri.<(iiriitly ihafc they have b<.'eii euileeted tu^ifethei' lor 
Inference. Tile reiul.T is ailvised to einiimit to memory the follow- 
ing table : 

The moment of inertia of 
(I) A i-ectaiigle whose siiies are in iiiiil ib 
about aiJ a\i.s through its eeiitre iii its jiiane l"'r-] _ i;' 

peudieiilar to the siile '2ii j ~ '"'^^^ y . 

about iUi axis through its centre ]ier|)einlieii-| _ o- + b- 

lar to its plane f ~ '"''-■''^ ;{ ""■ 

(2} An ellipse scuii-axes a and h 

about the major axis 11, — nia.ss - , 

about the minor axis b = ma«s , 

about an axis peipoudieiilar in lis [ilam) ii- + b- 

through Uie eeutr.. p mass ^ . 

Ill the partieular rasr of a ,-i\v].- <-i radius ,., llir hkikkuI ^f 
inertia about a diamelrr = tiias> -, and that idmut a [irr]iru- 

dieular to it> plane through ihe rvntiv = mass "" 



MOMENTS OF INERTIA. 



[chap. I 



(3) All ellipsoid serai-axes a, 6, c 

about the axis a = mass - ^ — . 



In the particular case of a sphere of radius a the moment of 

2 

inertia about a diameter = mass ^ a\ 





(4) A light solid whose sides are 2a, 26, 2c 

about an axis through its centre perpendicular) _ 
to the plane containing the sides 6 and c j 



= mass 



62 + c« 



These results may be all included in one rule, which the author 
has long used as an assistance to the memory. 

Moment of inertia) (sum of squares of pei-pendicular 

semi-axes) 



about an axis 
of symmetry 



= mass 



3, 4 or 5 

The denominator is to be 3, 4 or 5, according as the body is 
rectangular, elliptical or ellipsoidal. 

Thus, if we require the moment of inertia of a circle of radius 
a about a diameter, we notice that the perpendicular semi-axes in 
its plane is the radius a, and that the semi-axis perpendicular to its 

plane is zero, the moment of inertia requii*ed is therefore M-j- , 

if M be the mass. If we require the moment about a per- 
pendicular to its plane through the centre, we notice that the 
pei-pendicular semi-axes are each equal to a and the moment 

a* + a" a^ 

required is therefore M - , = M ^ , 

9. As the prooess for determining these moments of inertia is very nearly the 
same for all these cases, it will be sufficient to consider only two instances. 

To determine the moment of inertia of an ellipse about tJie minor axis. 

Let the equation to the ellipse be y=- yja^-x^. Take any elementary area PQ 
parallel to the axis of y, then clearly the moment of inertia is 

4/* / x^ydx = 4/A - I x^ y/a^ - x^dx, 
where fi is the mass of a unit of area. 
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To intefrrate tliia. put i^.i sin ^, then Ihe iiiti'j!nil butouiiH. 

In tli<; mwe way wo may slmw Ihiit [lie pruiUict of intertill ut :iu c:lli]iLlc i|utidiaii[ 

about i(a axes ~ ma«a ^ . 

I'll dcttntiiiK the muiaeiil ('/ iiu-rHii ,:( .<n •llip'uhl ah-iil n prim-ipid •U>im.-l,-i: 
Let tli<! i-qnation to the elliiisoiil bu ' - I- p + ":, = I. Talst iiiiy pltniititHiy nreii 

r,Vy pBrallt! to tlic! plttuf of !/i. Ita acou iit evitknitly vl'S . QS. N.^w }'S is the 




valu>.-of ; >vljL-ii;/-0. miil '^.V llio vdiiL^ uf ./ \\\w>\ -^0, ;i:i iilitiiiiied Fioni tlii;oi|ua. 
tio-i talliuullipsuid; .: I'S ^''-^J^'^ -j:-, <fS J'-^J.,'^ - >■'; 
:. tliL' urta of tho tluuifnt = ^ j- (u-" - ..■'). 
Lft ^ be thi: muHS of tho unit of volunit', then the svliuk' mumL'iit uf ineili^i 

In the same way wi; may eIkiw thiit tlii: pro<luct nf iiipitia of \\\i: uctutit ul' uii 
ellipsoiil about the axes of (j-, i(} = maiie "t - 

E». 1. The moment of incnia of uii itrc of ii L-iiulc whoau racluis Ih ,i rtjia which 
Hubteuiia an angle 2a at the centre 

(I.) alHiut mi axi-, thryiiyh iU tiiiiWk. poiut ).fV(»nd;eiilaL- U, it-! phiiio 



MOMENTS OF tNESTU. 



(ci ttbuul Uic diuiuGtcr wbioh biaects tbo nro - JIf 1 1 ■ 



46 



Ex. 2. The moment o[ inertia ot tho part of tlic area □( a parabola out nil by 
I kn; ordinate at a distance .r from the vertex is ^ilx- abuut tbe tnm;ent at tbo 
vertex, and JJ/j/' about tbc prinoipal diametor, whoro y ia tbe ordlnatu coire- 
■pouding to X. 

Ei. S. The moment of insrtia of tho areaot the lemnisoatei^^n' cob 29 about 

a line tbroueb tbe origin in its plane and perpendicular to iti 

Ex. 4. A Umina ia bounded b; tonr rectangular liyperboUa, two ol theiD have 
the ttxea of oo-ordtnatea for ssyniptotes, and tho oilier two h*ve the axes for 
priaoipal diatnelera. Prove that the anm of the aioments ot inertia of tbe latnina 
about the eo-ordinnte axes JH i ia' - a'^) (^' - fi^), where aa',^^' are the semi-raajor 
axes of the hyperbolas. 

Take tbo wiualioiia ji/ = ei. i'-j(>=ij, then the two moments of inertia are 
i = //x'^diidv and li = fJy'Jdudv, where IjJ is tbe Jacobian of (u, t<) with regard 
o (jr, y). This gives at once A-\-B=.^ffdttdr, where the limits ore clearly 'i = io* 
toja'', if = |r- to v=^. 

A lamina is bounded on two aides by two similar cllipaes. the ratio of 
n each being in. and on the other two sidea bj two similar byperbolaa, tbe 
ratio of tbe axes in each being n. These four curves have their principal diameters 
along the co-ordinate axes. Prove that the product of inertia about tho oo-urdinate 

1 - "" :-—^— , where oa'. flfl' are the sami-maior axes of the anrves. 

. ti. If da be an uUment of tbe autfoce of a sphere referred to an; rect- 

angolar axes meeting at tbe oontre, prove that jx'^'^da = ^ ^ c*"", where r is the 

radius ut the sphere and » ia integral. 

Ex. 7, Taking tbe same axes as in the last example, prove that 

L{«) 

where n=^J+a^ h and L (/) slonda fur the quotient of the product of all ttie natural 
Qumberi up to 3/ by tbe product of tbe name numbers up to /, both Includi^d. 
To prove this, we notice that by tbe last example we have 



> 



z^y^i'>d^ = 



j (Xj: + m!/ + y!)'' 'Ia= (V- + 



Expand both sides and equate tbe coefficients of X^'^^v''. 

II wo maltiply the result by Ddr we have the value of the intc^'rul fur auy 
bomogcQcouB shell of density D and thickness dr. Regarding Z> as a function of r, 
and integraliug with regard to r. we can find thu valuv of the integral for any 
beterogenoouB sphere in which the strata of equal deDHity atu conuentric spberoe. 

I. 8. If ilir be an element of the «nrtaoe of an ellipsoid referred to its principal 
diameters, and Uiibe tbe perpendicular from the centre on the tangent plane, prove 



L{/)Hg)L(h) 
1 "L{n) 
wberu II, h, c arc tbe aeiiii.axi.-s and tbc rc^t of Ihu notatluu is tlie same a>\ iHrlote. 



fx"y-t^pd« = ^^ ^'■^-' " "" " ^"^ -iSJ*'h»»'c**'. - 



Ex. 9. Show tLat the volunio I', the surface S. ond thu moment of iccrtia I 
«ilh rt^ntd to tht' pliuiG petpcndiculur to Ihc cu-uriliiiiLtc j-^, of the >t|>hcrc in space 
of n iliracusion;^, whose e<iuation is J|' + j';- ^ .. + .r^" = r'-, art: yivKn by 

r.f(rir/ril"+il, »-"i", '-<'^y 

ThcGe reijults follow easily frum Ditiuhlt't'H theorem. See aUo Art. 5 (S). 

10. Method of Differentiation. Many nt»iiit;nt» of iiii:'i'tia 

may bi.' deduced from tliosu givfii in Art, Mby tlieuicthiidol'Jitfi.ii-oii- 
tiaUon. Thus the moment of inertia, of a *>lid elli[)soid of uiiifunu 

dfiisity p about thu axis of a in kuowu to be - irubcp - . . Lot 

the ellipsoid increa.se indefinitely little in sim', then the nminLiit 
of inertiii of the enclosed shuli is 



Ttilicp 



n 



Thin ditfei-outiation can bo effected tis .sonn ;us tlie hi" -.ic! 
to which the ellipMoid altera is given. Sh|i)iiim.' the !iu 
eilijtsoids to be similar, and let the ratio nf the ;i\e:i in e 
given by b — jHi, c = (/(t. Then 



moment of inertia of s 


olid elli 


psoi 


,d=: 


1- /■- + '/■■ 


a. 


,-. moment of in 


urliiiuf 


she 


ii = ; 


■^-Tp/'qip+'j 


')„'d,f. 


In the s^mie wiiy the ni! 


ISS of so 


lid. 


elli,,s 


■1 * 
■ .u\ = r^-rrpi><ii 








oas; 


iofs' 


i.ell = iwpp^/u 


-;!„. 


Hence the moment of u 


iiertia ol 


fan 


iiide 


finitely thin i 


.n,,„.,i, 


*hell of mass M bounded by .similai 


■eU 


ip-soi( 


b»j/'^ + '- 





By rofereuco to Art. 8, it will be seen thiit this iw the yaine as 
the moment of inertia 'if the circnmscribing rifjflit ^«\i<i of ei[iial 
mass. These two bodies tliei"efore hnve eijiiiil moments of inerlta 
about their axes of symmetry at the ccntm ol' gmvity. 

11. The momenta of inertia of a heterogeneous borly whose 
boundar}- is a surface of uniform density may si.imetimea be found 
by-thc methoil of dift'erentintion. Su]j[iose the moment i>f inertia 
of a homogeneous hody of density D, bnuniieil by any surtiice of 
uniform density, to be known. Let this when e.vpressed in terms 
of some pai-ameter u be ^{a) D. Tlien the inonn-ut of inertia of a 
sli-atum of density D will he ^'Id)/*'''*. Hephiring D by the 
variable density p, the moment of inertia i-eipiire.l willbe/p0'(<t)[((i. 
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Bk. 1. Sbow that the moment nf inertia of a. heUtoeeoeaiis oUipiHiiil about tlie 
■KJor txis, Iho atrata of uuiTumi dcuaity buliig sitiiilai' uuiioaitnc cllipi«)id», luid 
r along the major aiia varyiug as tho distanco bom Iho ccntTe, is 



is. 3. The moroent of inortia o 
the stiata oC uniform dunnily being (m 



axis vtuTiui; an thu diatauco frum the centre, in 



a bBtBro(!cneou8 elliiiae about the minor 
focal dlipaes and (he dennity along the a 
3il hlU-r'-ua'c'- 



Oilier metlxxh of finding moments tifincrtiu. 

12. Thf moments of iaertia given in the table in Art. 8 are 
only a fi-w of tht>se in continual use. The momenta of inertiu uf an 
ellipse, fur example, about its priueipal axes are thcrt- given, but 
wc shttll alflo frequently want its moments of inertia about other 
axo6. It is of coiii-se possible to find these in each scporuto case 
by integration. But this is a tedious process, and it may be often 
avoided by the use of the two following propositions. 

The moments of inertia of a body about certain axes through 
its euntre of gravity, which we may take an axes of reference, ai-e 
regaiiied as given in the table. In oi-der to find the moment of 
iueHia of that body about any other axis we shall iuvcstigatc, 

(1) A method of comparing the required moment of inertia 
with that about a parallel axis thi'ongh the centre of gi'avity. This 
IB the theorem of parallel axes. 

(2) A method of dett-nniniiig the moment of inertia about 
this parallel axis in terms of the given moments of iiicrtiu about 
the axes of reference. This is the theorem of the six constants uf 
a body. 

13. Theorem of Parallel Axes. Given tlie momenU and 

Cadmts uf inertia about all a-res tkroiigh tlie centre of gravity of a 
iy, U) riflrfitce tlie iitovients and products about all other parallel 
axes. 

The moment of inertia of a body or system of bodies about 
any axis is equal to the moment of inertia about a parallel axis 
thixjugh the centre of gmvity plus the moment of inertia of the 
whole mass collected at the centre of gravity about the original 
axis. 

The product of inertia about any two axes is equal to the 
product of inertia about two parallel axes through the centre of 
gravity plus the pro<liict of iuerlia of the whole mass collected at 
the centre of gravity about the original axes. 

Firstly, take the axis about whieh the moment of inertia iw 
requii-ed as the axis of i. Let in be the mass of any particle of 
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LliL- bn<ly, wiiich urticnilly will ho ajiy Humll ^\rm<'i\l. U-l .>; </, ^ 
be till' (.■ii-iiriliii;iti.'s ii( m, x, y, i those ul' thu cciLtru ol" gi-avity 
G ol" th.> wh-^r sysUm of bodies, .r', j/', -' ihusu of (;t ivfoiTod to 
a systtau of pLnilli'l axus through th<' centre ufgrLivity. 

Ti,.,.. ..;.,^,. ~"li'l —"','/ —'"5 



- an- tlie co'-mliiiute.^ of 


the 


.>rei'i-ed to thi.' c.'iilre of gii 

=0, :i„i>/'=D, :lhi2'=o. 


ivity 



centre of gnivity of the system ; 
as the origin, it follows that — "*./ 

The moment of inertia of the system iiboiit the axis of z is 

= Sm (ui' + y^) + 2»i (..-■ + f^) + 2..- . l„u.' + 2;, . -inuj. 

Now Sm(ir + 7/=') is the moment of inertia of ii mass !i«( 
collected at the centre of gravity, and '^vi{.i''- + /-) is the iimnn'tit 
of inertia of the system ubont an axis thi'inigli (!. also ^/iu' = lt, 
^my' — '^\ whence the praposition is proved. 

tiecDiidly, take the axes of ,i; 1/ as the axes ;iljunt whieii the 
|.rudnet of inertia is rei[uired. The proiloet rei|uiLvil U 
= Sma'y = S,ft(.,; + .r')(,'/+y). 

Niiw ..y.tmis the produet of iiirrlia of ;, uiiis.s ::£,„ eolh-eU-d 
at and ^nu:'y' is the product of the wIlhIi- .system ;iliniit a.ve.s 
through G; whence the proposition is jnuvrd. 

Let there be two parallel axes A an<l II ui. disiancis ,1. and b 
from the centre of gi'avity of the Ij^.dy. Tii..ii, if .1/ L>e iIk' mas.- 
of the material system, 

moment ofinertial _ >» . _ Inionn.'ut of ioirtia _ , 
about A ) i^ abont B 

Hence when the moment of iiLorlia of a body almul one axis 
is known, that aboiit any other parallel axis may lie fuiunl, II is 
obvious that a siniilar |)r<ipositinii hnlds with rrifurd to the pro- 
ducts of inertia. 

14. The preceding proposition may he geiierali/.i*d as follows. 
hct any system be in motiim, and let ic. 1/, z be the co-ordinates 

at time £ of any particle oi" mass xi. then -\ , /. ■ jj '-ii''- the 
velocities, and '.'. , ' ■'' , ' ] tin.' ;to-eli'i'^ilii>h-. nf the parliele 
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resolved parallel to the axes. Suppose 

^r ^ ± f ^ d*a? dy dhi dz d^z\ 

to be a given function depending on the structure and motion of 
the system, the summation extending throughout the system. 
Also let <f> be an algebraic function of the first or second order. 
Thus ^ may consist of such terms as 



«^+^''S+K5fJ+'^^+-^"'+ 



where a, 6, c, &c. are some constants. Then the following 
general principle will hold. 

The value of V for any system of co-ordinates is equal to the 
value of V obtained for a parallel system of co-ordinates witli the 
centre of gravity for origin plus ike value of V for the whole mass 
collected at the centre of gravity with reference to the first system 
of co-ordinaies. 

For let X, y, z be the co-ordinates of the centre of gravity, 

, , , _ , doc d^, daf 

and let a; = ic + a? , &c. .*. -jz = jt + ^r > 6^c. 

dt dt dt 

Now since <^ is an algebraic function of the second order of 
a?, -7- , -T7^\ Vt &c. it is evident that on making the above sub- 
stitution and expanding, the process of squaring &c. will lead to 

(£B d^ r 
three sets of terms, those containing only x, -,- , -^ , &c., those 

containing the products of x, x &c., and lastly those containing 

dx 
only a?', -^ , &c. The first of these will on the whole make up 
aXi 

<l>[^>-j7 > &c.j , and the last ^ (x\ -, , &c.J . 
Hence F=2m^ (x, ^ •••) + 2m^ (x\ -r. + ... j 

where A, B, 0, &c. ai-e some constants. 

(dx\ - dx 

^ -Tf] is the same as x%m ~rr , and this 

dx' 
vanishes. For since 2m.i;' = 0, it follows that 2m ^tt = 0. Simi- 
larly all the other terms in the second line vanish. 
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Hence tlio value of 1' is mliireii hi hvu tciiiis. Bill Ihi- lirst 
of these is the value of V for the whole mass collected at the 
centre of gravity, and the second of these the value of V ft>r 
the whole system referreil to the centre of gi-avily as migin. 
Hence the proposition in proved 

, d'x cfij d's 



if 



dt' ' dt' ' 



dt'- 



' !\hi< pii'siiit ill the 



The proposition would obviously be 

or any higher differentia] coeffideiits w 
function V. 

1.5. Theorem of the six constants of a body. Given tlie 
movieiits nvd prodiicU i)f inertia ahijiit three Mniinht lliiex at right 
ajigles meetivff in a point, to deduce the rnoinei'ti mid prcihictt of 
inertia about nil other axes meeting in that point. 

Take those three straight lines as the axes of eii-ordiiiati-s. 
Let A , li, C be the moments of inertia nbout the axes of ,r, y, z: 
D, E, F the products of inertia about the axes of yz, sj-, .rij. Let 
a, fi, 7 be the direction-cosines of any straight lino throii<rh the 
origin, then the moment of inertia / of the body abont that line 
will be given by the einiation 

Let P be any point of the bmly at which ii ni,'i-^ m i-: ■.iMirilcd, 
and let .r, y, z be the co-oi-dinates of P. Let ".V ln' \\u- \\i\,- 
whose direction -cosines are a, $, y, diiiw ^'iV ]HT|"-iii]irohii- Id ').V. 

Since ON is the projection of OP, it is dually 



also OP' = !i^ + 



\ and 1 = 







The moment of inertia / about O.V = ImPN-' 
= Xm \ai' + f + Z-- («.'■ + ^u -I- yz Y] 
= -S.m\{^-\-f + z-'){_a- + &^ + 'f)~(cLr. + d!l + yzr-\ 
= -S.m{y^ + s--)a^ + tm{z^ + 3?)^' + 1m{x^ + ;nr 



I It may be shown in exactly fhc sann; luniiiier that il* A'BU 
be the momeiitfi of iiieitia with legaiti to the filiities yz. tx, xy, 
thL-ii the moment of inertia with regard to the plane whose dii-ee- 
tion-conines are a, ff, y is 

/'= A'a? + Sff- + f V + ID^f + 2^73 + IFa^. 
It should be remarked that this formula differs from that 
giving the moment about a Btraight line in the signs of the 
three last terms. 

16. When throe straight lines at right angles and meeting in 
a given point are such that if they be taken as axes of co-ordi- 
nates the proihicts 'S.viasy, Swiyr, ^mzx all vanish, these are said 
to be Principal Aa-^s at the given point. 

The three planes which paas each through two principal axes 
are called the Principal Plaiiea at the given point. 

The moments of inertia about the principal axes at any point 
ai-e called the Principal moments ofii-ei-tia at that point, 

The ftiudamental fonnnla in Art. 16 may be mnch simplified 
if the axe.i of co-Drdi nates can be chosen so as to be principal 
axes at the origin. In this case the expression takes the simjile 
form 

I = Ai:e + B^ + C-f. 

A method will presently be given by which we can always 
find these axes, but in some simpler cases we may determine 
their position by inspection. Let the body be symmetrical almiit 
the plane of tcy. Then for every element in on one side of the 
plane whose co-ordinates are {x, y, z) theie is another element of 
eqiial mass on the other side whose co-ordinates are (x, y, — i). 
Hence for such a body ^mxx = and 'Eviys = 0. If the body be 
a lamina in the plane of xy, then the z of every clement is zei-o, 
and we have again Sjiwa = 0, 'S.myz = 0. 

Recurring to the table in Art. 8, we see that in every case the 
axes, about which the moments of inertia are given, are principal 
akes. Thus in the case of the ellipsoid, the three principal 
sections are all planes of symmetry, and therefore, by what has 
just been said, the principal diameters are principal axes 
inertia. lu applying the fundamental formula of Ait. 15 to any 
body mentioned in the table, we may thercfoi'c always use the 
modified form given in this article. 

IT. Let an now ooneidcr how the twu iinportunl propovitiong of Arts. I.t anil lij 
are to be npplied in practice. 

Ex. 1. Suppose vc wnnt the Dioment of inertia of an oUiptio urcft of mikHs 31 
and BomiaxeH a and h aboat b, diameter makiog an angle 6 with Ibc major ftiiis. Thf 
inomeDtH nf innrtia nboat the aiea of a and A respectively arc }ifJi' and JJfit*. 
Then by Art, Ifi tbe inonient of iuertia abont the diauietet in 
tM6'coa^'# + ,)«,i'Biii-fl. 
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If )- be Ihe length of Iho ilkiui!t<:r thifl is knonn fnirii tIk' r'<;iiJiHi>ii t<< ihc c'lli]>se 1u 
be [he same as -j- ^ , whiob is a very oonTBaiaiit form iu iiracticc. 

Ex 2 Suppoi* wo ttBiit tlio moaient of inerim ft the -nmL uQipsi nlmiil 
a tnnsent Lit p he the pLrpemiitular from Ihc cintrL on tht tiingLnl tlion bf 
Art. IS the rcquinHl moment I4 li]uiU to the mi mei t of iniitia iiloiil a juifaiUI 

ttiis through the centre toRcther with Vp'— — + "j" ~ . P' since j)r = n& 

Ex. 3. As an example of a different kind, let us find tlic moment of inertia of 
an ellipsoid of mass JI and ecminxest (<i. f>, r) with re)*ti[.1 l<j i\ ilijimdml ii!,i,i,- v,],:mi,- 
direclion-coHinesrererred totheprincipftlplaMesiii.ij ;. -, ■ \-\ .\i: ■- rli.' ir ■m, i,!-: 
of inertia with regard to (he principal axes aie ,!. ,1' r' I 

Hence by Art. 3, the momentH of inertia n'ilVi i..i'i ■ i^- i, ■ ■ i , .ui' 

i.W.i', IMb'.lMe'. Hence llie rei|uired momenl i.t 1 .; i , '; i, -, . -,"j. 

Up be the pcrpeudieiilar on the pjirnllcl tniii,'L'iil pbiiic, m' l.ii.i" li,v -^uliii -.niinli.v 

that this is the same aaM^'-. 



Ex. 5. n ;,„ *■„ l)e the radii of u: 
jORatc diameters, then i.- .+ ,. = ' ( j 



Ei. 7. IT 31 be the miui» of e. ri^ht cone, a its nltitMdc and li the railins of the 
haae, then the mooient of inertia about the nxin is M ' (>-'; tlint nbiint a «traii;ht 



.„!(...■.),. 



Lthntnlioitta^lant 

i.iL.i:li llie renlic of 

gravity iflJ/^K + '"'=)- 

Ex. 8. If (1 be the altitude of a riuht cjlindcr, h the raiiiUB i<t the base, llicn 
the moment of inertiii about the asi.4 in J. 1/1.- and [lint about B straiijht line Ihron nil 
the centre of grsYity perjtfndicular to the iixis is .(.Vdri- i-lr). 

Ex. 9. The moment of inertia of a boily of niaxn .1/ jiliout n strnit;Ut line whoEe 
equation in --^=" — ?= - — leferred to any rectanRUlnr asea meeting; at the 
centre of gravity is 

jr + Bra' + Cn5-2nntn-3/';B(-2i'7M + .U|/= + ;;'+fi— (/' + ../™ + J"0''|. 
whore (f, m, ii) are the direction. cosincn of the alraiiiht line. 

En, 10. Themoineot of inertiriiif im olli|.lif di.^^i; ivlnisr .■■iimiion \h 
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o-ordinatGS is f> ili/i) 



M is thp msRB 1 
eiP, usually calli^ the diBcriminant. 
□t the elliptic dine whose eqnntion to arctd 



about ft dinmoter parallel 

-"(^)"5.(|-^)-. 









ea., II the disariminsnt nnd A' the bordered discrtmiaaat. 



1$. MMbad of Banatannatloii of mzas. The method ased in Art IG (o 
Qnd the moment of inertia about the strai|{ht line ON ia really equivalent tn a 
change of co-ordinate n\ps in which this atraight line Ih taken as a new axis, suy, 
of {, thoHG of )| and f not being rcqaiicd. We may now generalize this into a 
method wlixch is often of great prnctical use. 

Iiet us Buppoea that <p (fijf ) ia any qoadrio fuootion, B*y 

and that it ia required to find Sniifi {(17^) the auimnatiou extending throughout any 

Select Home convenient set of axes which we may oall x, y, z I f 1 f 

havinft the rame orittin aucli that the lii rorulitnli of the hiidy, ~. ~ a 
vis. Swur, Smj', Zfw', Stiuep, Zmji, Zmir are all known or can „ I .■ «• ,< 
lie coHil; found. Let the dliection-ooaineB of these axes be , I " g" " 
(Civen hy the diagram in the margin. 

We then have (,-ai + a'y-i-a's, jf=(Jj+^i/ + /3"i, f=7i + 7'ff + y''- Substitut- 
ing these values and expanding we obtain an expression (or Zin^ (fiii') in terms of 
the six known constants of the body. 

The result may appear at first sight to be rather oomplicated, but if the new 
axes be properly chosen it reduces in most coses to a few terms. Thus it the oxen 
of xyt are jirincipal axci the Itrmi Zmxy, Zmyt, Zmix are all tent. Sapponing this 
choice to be made, the formnta reduces to the convenient form 

2m* (Ilii = * (<^) SfM> + (PW^V) Emy' + # {a"ff'y") 2m-''. 

In using this formula, the coefficient of Xmx' is obtained by substituting for 

{{qf) in 4 (tif) the direction -oosl nee of the new asii of .r, i.e. the cosines in the 

V of the diagram marked x. The i>oelIicient of Stay' may be obtained by Btib- 

stitutiii^ the direction -cosines of the new axis of y, i.r. tlie eosinen in the row 

marked y, and bo on. 

If it be required to change the origin of co-ordinates also, this may be done by 
n applicatiou of the theorem in Art. 14, 

Ex. 1. The co-ordinates ot the centre of an elliptic area arc ( iVi/i) and tbe 
dirootion. cosines of its axes ore (ofSy) (a'jS'y'), prove that 
2inf=af(;<>-floV + i''V'). 
Ex. 2, Let Oz. Oji, Oi be the principal axes at the origin, prove that tlie 
product of inertia F' — Smfi about two reotangular axes 0{, Oi) whose directions 1 
{aa'a") {^p'^') is given by eitlier of the formulae 

2mf 1) = ops BUr" -t- a'/r Zmj/' + a"^'2mi' 
= - a^A - a'^Ii - a"fi"C. 
Tliesewmil imult TollnivH frnm tbu (irKl -iiiee ni^-f fl'fl' + o"fi" = 0. 
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Ex. 3. Let (Ty'7") be the direct Jon-coaines of a filed aiis of. Then us OJ, Oii 
tarn roimd '>f, prove that D''+K'' and A'll'-F''' are both constant where 
.4'. J?', C, D', £", f" are the nionietitB and prodnctB of inertia of tile bodj- referred 
to these mo^'ing axeH. 

For by Ex. 2, - D- = Jpy + Il^y' + C^''y", - t-y = Aay + Ba'y' + IVy" ; 

Bjncp a'- + ^' = l -71 = 7" + 7'"- and oa' + ^,8'= -y/' we have 

D"' + £■= = (.^ - !!]•■ (77')''+ l« - C)' (tVP + (<-' - -^f-' (7"7>-- 
Similarly /I'fl' - i'"=7(C7« + C.i7'- + .(fl7"^. 



r/ie lillipsoids of Inertin. 

li). The expression which has been f(.iiu<l in Art. L". f.>r the 
moment ui inertiii / nbimt a straight liiie whiw direci.inii-eu.'jiiiew 
arc (a, ff, 7), 

/ = Aa" + Bff' + Cr - 22)^7 - 2&"7a - 2f a^. 
adniits of a very u.iefiil geometrical iiitorprutatiiui. 

Let a i-adiiis vector OQ muve in any manner ahont the Ljivm 

point 0, and be of mich leiij,'th thiU lIl^ n nt of ii„Tli,-i iiliniit 

OQ may be proporHoind li> tiie invei'.se w|nar.' of thi- kn^ftli. Then 
if R represent the length of the radiuN veetm' whu.se ditvetimi- 

eoaines are (a, 0, y), wo have /= -r^ , whore e is some constanli 

introduced to keep the dimenaion.i cdrrrct, and Af is the mass. 
Hence the polar equation to the locus uf Q is 

~=Aa:' + B^' + Cr - 2Dj3y - 2fyci - iFafi. 

Tmnfifoi-ming to Caiiesian co-ordinates, we have 

Me' = AX' + BY' + CZ' - 11DYZ - 2EZX - 2FX V. 
which is the equation to a qnad^-i" Tln"^ (" .■■.■■y yin' " of 
a material body there is a coiii-i' ■ ■!' ■_■ ■'' ■ !.' I !■ ■ 

the property that the nionieni "I ■■ "r 

is represented by the inverse SI [11.11 ■ !■( rli.^r i,i,||i;- ■,,.■1.0, 'I'lic 
convenience of this constrnctiori is, thni. thi' crlutiiiM-; which e.vist 
between the moments of inertia abont .straight lines niectiug at 
any given point may be discovered by help of the known propertieB 
of a quadiic. 

Since a moment of inertia is essentially positive, being by 
definition the sum of a number of siinarcs, it in clear that every 
radius vector R must be real. Hence the quatlric is alway.s an 
ellipsoid. It is called the vwiiienl'ii ellipsoid, ^uid was llr.^t nsi.d 
by Cauchy, EVercises de Matli. Vol. n. 
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So mucli liSH been written on the t'llipsoiitg of iot^rtia that it ii difficult to deter- I 

mine what !b really due to each ol the varions aotborH. The reader will find mocih I 

infomialion on these points in I'rof. Caylej'a report to the British Association on I 
tlie Spfcuil prvbleiHi r,/ DyiMiaiei, 18(13. 

20. The Invaiianti. The inomcntal ellipraid is defined by J 

a geometrical property, viz. that any radius vector ia equal to some 1 
constaut divided by the Hquare root of the moment of inertia 1 
about that radius vector. Hence whatevei' co-ordinate axes are I 
taken, we must always arrive at the same ellipsoid. If therefore 1 
the raomcntal ellipsoid be referred to any set of rectangular axes, ,1 
the coefficients of X\ 1"', Z\ -tVZ. -2ZX, -2XY in it^ eipiar. | 
tion will still represent the moments and products of inertia about J 
these axes. 

Since the discriminating cubic determines the lengths of thea 

axes of the ellipsoid, it follows that its coefficients are uualteT«d4 

by a tiansfomiation of axes. But these coefficient* are 

A+B + C. 

AB + BC + CA-D^-E'-F^, 

ABC-1DEF-AD'-BE'-GF\ 

Hence for all i^'ctangular axes having the same origin, these arel 

iuvm-iable and all greater than zero. 

21. It should be noticed that the const^ant c is arbitrary,.! 
though when once chosen it caimot be altered. Thns we havsi 
a series of similarly and similarly situated ellipsoids, any one of jl 
which may be used as a momental ellipsoid. 

When the body is a plane lamina,- a section of the ellipsoid's 
corresponding to any point in the lamina by the plane of th&4 
lamina, is called a momental ellipse at that point. 

22. If principal axes at any point of a body be taken f 
axes of co-ordinates, the oquation to the momental ellipsoid takwj 
the simple form AX' + BY' + CZ' = M^, where M is the man,! 
and e' any constant. Let us now apply this to some simple cases. 

Ex. I. To End tha momeDtal ellipBoid at the centre of n material elliptic 1 
TakiuK the same notation an hefore, we have A = JiMH'. Il = lila\ C!=^.U(u<h 
Hence the ellipsoid ia iMb' X'-t-iifa' Y' + iiHa'-^t/')i!' = il<: 
Since < is an; constant, this may be written 



^^(^a^ 



When Z = 0, this becomeB an ellipse umitar to the Iwandary ol Riven d 
we infer that the momenta! ellipse at the eeutro of an elliptic area is 
and similarly situated eUipse. This aluo tollows from Art. 17, Ex. 1. 

Ex. 3. To find the momental ellipaoid at wiy point O ol 
AB of mapis M and leni^tb 2<i. Let [he striuiihl tine IIAI! 
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arigin, G the middle point or AB, OG = ir. IF the material line cnii b<- reganlcd 
fts indefinitely thin, A = 0, B = .1/ {J u' + c') = C, hence the tnomental ellipsriiil is 
I'" + Z'=('', where <' ia any constant. The momenta) ellipeoiil in therrforp an 
elongated sphoroid, which becomes s right cylinilot hathiR the dtiaicht line for 
nxis. when the iwl becomes indefinitely thin. 

Ex. 3. The momenta! ellipsoicl at the centre ot a matrrial ellipsoid is 

where i in any constant. It should be ni>ticed that the lonseat anil eliortcHt nxc^ n[ 
the momenta] ellipsoid coincide in ilirection with the longest and ahorlcst axes 
refl]>ectively or the material ellipsoid. 

2.3. Blementary Properties of Principal Axes. I'v :t 

consiriei'ation of somi.' Hiinpie prnpertifs of fllipsoiils, thr rnllinvirii; 
propositions arc evident: 

I. 0/ the moments of inertia of a body ohovt a.res meeting tit 
n given jmint, the moment of inertia about one of the piincipal a.ivs 
is greatest and about another least. 

For. in the inoiiiental ellipsoiVI, the nioiiioTit of iiic'i't.in iibnnt 
a radius vector from the centre is lea.st when that raiHus vi.'iaor 
is greatest and vice vejsil. And it is evident that the ^neatest and 
least rafUi vectores are two of the principal diaiiietei'a. 

It follows by Art. .5 that of the moments of iTiei'tia with rugai-d 
to all planes passing; through a given point that with regard to 
one principal plane is gieattst and with iLgard to another in least. 

II. // the three pnnctpal m.oment>< at tti 1/ pun t are eipial 
to each other, the ellip>,oid become/, a t,phe)e Ek.iv diameter is 
then a principal diametur and tht radii ^Lttirts are all {■i|iial. 
Hence everi/ straight line through is a piincipal aris at 0, and 
tiie moments of inertia about them aie all equal 

For example, the ptipendicuhis tiom the ccntu of gravity of 
a cube on the three faces in. jH-incipa! axL-* tii the body being 
referred to them a.s axes we clLail> ha\c Si)(j/ = 0, S?ii'/z = 0, 
'S.mex = 0. Also the thret moments il inLitn ibout thorn are by 
symmetry crjual. Hence everj axis thtongh tht cmtrc of gravity 
of a cube is a principal axis, and the nunicnta oi inertia about 
them ai-c all equal. 

Next suppose the body to be a regular solid, Coii-^iili-'r Iwo 
planes drawn through th<' centre of p';ivily eat-h par:illrl tn ;i tiirc 
of the solid. The rel;iti>.M- ..f ili. -■ :■■.■■ |.l.ii,- 1.. :l,. -..ll.: ,,.■ 
in all respects the sam. II... . '■ . 1 . ■ . ■ 1' ir 

the centre of gi'avity inii-' ii. ■ 1 ■ :': 

each of these planes, and Ju. ^:liik' l-, ;iui Tu i>1;lij.. .- |..i;.i;;. i l.. .ill 
the faces. Hence the ellipsnid iiuifit be a sphere and rlir niuhii'itl' 
of inertia will be the same about every axis. 
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Ex. I, ThrcQ e(io«l particles iJ, B, C are placed at the DoruarBof aii equilateril J 
tn'iingle ; proTE thnt the momentBl ellipse at tlicir centre of eravity (? is a oirala. 

By symmetry the diameters QA, GB, GC ot the mumental ellipse at G mart b^l 
equal, The ellipae ib therefore a circle. 

Kx. a. Four eqaal particles are placed at the Borners ot a tetrahetlron. If tl 
momenlal ellipsoid nt thoir centre of Kravity is a sphere proTo that the tetrahedron' 4 
is regular, 

Ex. 3. Any point O in a body being given and any plane drnwn through it, 1 
prove that two straight lines at right angles cnn be drawn in this piano through ■ 
Buch that ihe product of inertia about them it! zer< 

These are the axes of the section of the momental elli])«oid at the point O I 
formed by the given plane. 

24. At evei'tf point of a material system tliere are nlmiys (Arrtl 
principal twea at right angles to each other. 

Construct the momental ellipsoid at the jjiveii point. Then it 
has bt-en shown that the products of inertia about the axes ai-e 
half the coefficients of -XY, - 7Z. -ZX in the equation to 
the momental ellipsoid referred to these straight lines as axes of 
co-ordinates. Now if an ellipsoid be referred to it« principal 
diometera as axes, these coefficients vanish. Heiice the principal 
diameters of the ellipsoid are the principal axes of the system. 
But every ellipsoid has at least three principal diameters, hence 
every material system has at least three principal axes. 



S5. Ex. I. The princi[jal d 
reference, prove that the moment 



(^ 






when referred to its centre 

Ei. 3. Show that the cobie equation 
inertia at any point (p, q. r) mny be writi 



.ea at the centre of gravity being the a 
I ellipsoid at Ihe point {p. y, r) it 

=+f^+p'+s')r-2srrz-3tT2.v-apqjr=^,, 



int {p. q, r) Ib ^H 

~ajrrj!--2t7Z.v-apqxr=(*^H 

1 three principal momenta o^^^l 
rm of a determinant ^^| 

of the aiea cor respond inR to 



l-C 

rp gr ~ 

It [I, m, n) be proportional to the direction -cosine 
any one of the valoea ot /, their valnes may be found from the equatii>i 
{l-{,A-\-iIq^+Mr'))l+Mpqm-\-Mrpn=f>, -i 
jUpgf + {I-(B + Jlfr' + ,Up-')|m + Jfsw = 0. 
Mrpl + ^qrm-\-{l~(C + il^ + M'^))n = 0. J 
Ex. 3. II .9=0 be the equation to the momental elUpsoid at the centre of 
gravity () referred to any rcetanguUir axes written in the form given in Art, 19, 
Hien the momental ellipsoid at the point F whoBe co-ordiuatcs ore (p, q, t) is 
S + W(p' + «= + r')(A'''+I^+2')-M{i'.V + qr+r2)'=0, 



i 

of 
19. 

J 
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Btnce shru (1) that lh( LunjUkati. lUnis uf tin itrai^lit ImL 1)1 !□ t)jL mnniE^iitnl 
ellipEoids at U bdiI P ari. parnllet and (2) tliat the a;ctions peijitDdicular t( III' 
have their ates parallel 

2(. EUipBoid of Gyration Tl [ d suifuct. ot the 

iiionmitil !!i|i i! is m th i II | I i- also bLLU iTii 

plo^Lii til 1 ^ II II I t thu piiiiiipdl 

axes ati I Ih nt > n i t I ui ili i 1 I 

Wo EbatI require the foUouin^ iltmLUtarj' ^i ij iniliuii THl reci] r luI ^urfairc. 
of the ellipsoid ^ + +-^ = 1 iB tlieclhp=oid<i j-'' + t-'/''+ 'j'-f" 

Let (JV be the perpendicular from the origin () on the tangent ilane iit any 
point P of tliL hrsl ellipsoid and let I iii n 1« the hrtutiuii cobiiiiH of ll\ then 
0\' = a'P + 6'ni-'+r''ii' Produce l)\ to (/ -hi that li(J-i jliS tlii.ii IJ la a iimntou 
the reciprocal surf ice Let OQ 11 i^-iuT +h m +•. ii') 11' Clianbnil, llin 

lo rectanijular co ordinates we get t* — n^ + b>l' + t 

To each pmnt of i mateiial body thLn. e<»m-[i>ii'N i scms 
of similar nmiiKiitil lIIiji-. lis li \m. ituiii i it llus, wi ^r t 
another SLncs i I II i I , ,^ ,1 «Hl il tii I mi suh 

that tht moTii ' Iv il ii il | ( ihIiluIus 

ijD the tangi 1 I II I 1 I I ti in] 1 1 

the »inirt.t, ot ih s j I] I II dii i V 11 I f 

to c.ill tiuit pintK 'I'll ellips ,d tht I I I h 

makes the moment ut inniii cbc it ' / i u I 

}>lnM e^ital to t/iL pnilul if the mn I l! 't 

pel pendiadai It IT K the ina-s-, nt tli b J\ ami 1 B <' lln, 
pnacipal raoraents the ei[iiition to the. cllipsoiU ot g^ratmu is 
X^ i_ ^ _ J^ 
A'^ li'^ CM- 

It is clear that the constant mi tlie righl,-h;iiMl siilc umsi ]»■ 
IjM, for when I' atid Z are put eipial to zeru, MX' iiiiisl. by 
defiuitioii be A. 



27. Coiivei-scly, the serit-s of moim 


■iitiil ellipsoids at any point 


ol a body may be regaiiied as Iho ri/e 
atants, of the olli[Ks,>i<l uf ^'yr.ili.-ii :Jt 1 


i])rne;ils, iviln iiitleiviit enn- 

ll:ll |M,il,l, TiK'\ an- ;,11 ,>f 


an opposite sbi^ir i.i ilir .lliii-.i.l ..I',l;v 
axes in the 'Jir.'Ltini, ..( liu' s]i,„t>'si ;■ 

The momeDt.'vl ■'■i ■ ■ ;- ' '■■■v.'r t^.sl 
the body mmv ,,. , he eliips 
protuberant ui). (■ rlr .■■■■■:■> i- luotubL' 
the body is compirss,;,!, Tlif rxact re 
the ellipsoid of gyration. 8ce Art. 22, 


iri;i..i,, lunio,!^ lliVii- l..ii-.-s|. 

rth^'rllilisoi.l nrgyml,,,.,.^ 
■iLible the general sha]ie ot 
oiil of gyi-.ilioii. They nrt' 
rant and eoiiiinesseil where 
verse of this is the ea-^r iu 
Ex. 3. 


28. E3. 1. To find the clUpsDid of gyration 
di«c. Taking tho values of A, I!, C given in 


at tlw ccjitiu of a innU'i'i.il uUijilic 
Art, ••■!. Kx. 1, n-L !-,.,■ ihiit the 


ellipBoid of gyration is ^' + *^! + ^^ ^ \ . 
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The ollipEoid of Hyrat'oii ^' ^"7 point O of n inriteiial rod All il 
-I- — — .^ 1, takine the Bimc Dotation u in Art. 3S, Ex. 9. II ia thna ' 
a ver; Unt EpheroiJ whiuh, when the rod is indetimtel; thin, bi-coniea a circular arsA, 
whose centre is at 0, whose radius is Jia'* e* and whoso plane is perpcndiouhu' to 
the rod. 

Ex. S. It ma; bo showD that the general equation to the Gllipsoid uf gyration | 
rorerred to any set of reotan|{ular axes meetiaf; at the given point of tlic body is 
1 A -F -E MX I = 0, 



-E 



-/) 



MX 



iix iiy 



iia 



or. when expanded, 

{Il(:~D')X' + {CA-Fn)r* + iAB-F*)Z*+2{AD + EF)yZ + HBE*Fa)l!X 

+ 2(CF+DE)S¥ = ^{ABC-AD*-BE*-CF*-2DEF]. 

The ri){ht-hand side, when multiplied bj .1/, ia the ilisoriminant oblainnd bj I 
leaving out the laat row and the loat column, and the ooeffiaieutH of .V, 1", ji^i ■ 
BZX, 2SV, 2 YH arc the minora of this diBcriminant. 

29. The use of the ellipsoid whose eijuatiou lofeiTcd to the I 
pi'iucipal axes at the centre of gravity is 

i,maf Smjy' Stiw" M ' 
has been suggested by Legeiidre in his Foitctiuns EllipUqiies. 
This ellipsoid is to be regarded as a homogeneous solid of such 
dctisity that its mass ia equal to that of the body. By Art. 8, 
E.t. 3, it posHussea the property that its moments of inertia with 
regard to its principal axes, and therefore by Art. 15 its moments 
of inertia with regitrd to alt planes and axes, are the same as ■ 
thoso of the body. We may call this ellipsoid the equimomental 1 
ellipsoid or Legendre's ellipsoid. 

Ex. If a plane move so that the moment of inottio with regard to it is alwaTa 
proportional to the square of the perpeDdicular from the centre of gravity oi 
plane, then ttiis plane envelopes an cllipaoid Himilar to Legundre's ellipsoid. 

30, There is another ellipsoid which ia sometimea used. By Art. 13 the moment 
of inertia with reference to a plaue whose direct! on -coeines are (a. ^. y) ia 

r = Siitc',a' + 2Bi|/'./r' + 2nu=.7' + aiwji.^7-(-32niir,7B + 3ZHurjf.a^. 
Hvnee, as in Art. 19, we may oonstraol the ellipsoid 
2m.r'..\' + 2«i^'. l'' + S(M'.2'i-22Hiji. YZ-\-tLmu .ZX + -iZiiix>i,XY = Mt^. 
Then the moment of inertia with regard to any plane throagh the oeutre of tba ] 
ullipeoid is represented by the invarae annare of the radian vector perpendicular 
that piano. 

If we compare the equation of the momentol ellipsoid with that of tliis ellipsoid, . I 
we see that one may bf obtained from llie other by subtracting the same qua 
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a of .V", r', Z'. 






D cUipuoidB bave Ibeit 



Irom eaah of the Ci 
oirouUr Bectiotu ogi 

Tkia eltipaaid may also be uned to lind the moiuGiiLa of inertia alioiit any 
atnui;ht line throui^h the origin. For we ma; deiluce b-oui Art. 15 that the momeut 
of inortiu about sqj radius vector ia represented by the diB^rouco between the 
inrerae square of that radius vector and the sum of the inverse squarea of the 
Hemi-axea. Thia ellipsoid is a rectprooal of Legendie'a ellipsoid. All these ellipsoida 
have their principal diameters coincident in direction, and any one of them ma; be 
need to determine the direotioDS of the principal axes at an; point. 

31. When the body considered ia a lamina, the section of the ellipsoid ot 
gyration at any point of the lamina by the plane of the lamina is called the ellijite 
0/ ffymtioa. If the plane of the IwniDa be tbo plane ot xy. we have Sim'=0. 
The section of the Fourth ellipsoid is then dearly the same as an ellipse of gyration 
■t the point. II any momental etlipae bo turned toimd its centre through a rif{bt 
muglc it evidently becomes similar and aimilarl; situated to the elltpao oF gyration. 
Thna, in tbc case of a lamioa, any one ot tbeae allipBes may be easily changed 
Into the others. 

32, Equlmomental Cone. A atmi-ght line passes through a 
JUed point O and moven about it in mtcli a manner that the vtoment ' 
o/* ijtertia about the line ia always the same aiid equal to a givmi , 
foantUi/ I. To find the equation to tfie cow generated by the 
straight line. 

Let the principal axes at be taken as the axes of co-ordi- 
iiat(!S, and lot (a, ff, 7) be the direct ion -cosines of the straight line 
in any position. Then by Art. 16 we have Aa' + B^ + C'f = I. 1 

Houcc the equation to the locus is ] 

C^-/)a' + (fi-/)^' + (C-/)7= = 0, 
or, ti^ausforining to Cartesian co-oi-dinates, 

{A - 1) a? -\- {B - I)^ + {G ~ I) z' = 0. 

It appeals from this equation that the piiucipal diaunjtei's of 
the cone arc the principal axes of the body at the given point. 

The given quantity / must be less than the greatest and 
greater than the least of the moments A, B, 0. Let A, B, C be 
arranged in descending order of magnitude ; then if / be less 
than B, the cone has its concavity turned towai-ds the axis 0, if 
/ bo CTeater than B thu concavity ia turned towards the axis A, 
i£ I = B the cone becomes two planes which are coincident with the 
central circular sections of the momental ellipsoid at the point 0. 

The geometrical peculiarity of this cone is that its circular 
sections in all cases are coincident in direction with the circular 
Bections of the momental ellipsoid at the vertex. 

This cone is called an eqitimomental cone at the point at which 1 
its vertex i.s situated. 1 



On Equimomental Bodies. 

33. Two bodies or systems of bodies arc said to be c-qui- 
moiTiental whuii their moments of inertia about all stimght lines 
ai'e equal each to each. 

34. If two systems have the same centre of gravity, the same 
mass, the same principal axes and principal moments at the centra 
of gravity, it follows from the two fundamental propositions of 
Ai'tB. 13 and 15 that their momeuta of iuei'tia about all strmghl 
lines aie eqnal, each to each. 

That the convei-se theorem is also true inay be shown thus. 
We know by Art. 13 that of all straight Hues having a given 
direction in a body, that straight line has the least niomcrit of 
iuei'tia which passes through the centre of gravity. It is clear that 
those least moments of inertia cannot be equal in two bodies 
for all directions nnlese they have a common centre of graWty. 
Of all stiuight lines thi-ough the centre of gravity those which 
have the greatest and least moments of inertia are two of the 
principal axes, hence these and therefore also the third principal 
axis must be coincident in direction if the two bodies are equi- 
momcutal. The principal moments of inertia must then be equal, 
because all the moments are equal. Lastly, by Art, 13, the two 
Bystcms caimot havi.' equal moments about two parallel axes, 
each to each, unless their masses are equaL 

It is easy to see that two equimoinental systems must have 
the same momental ellipsoid, and therefore the same principal 
axes at every point. 

3.5. Caje of a Triangle. To find the moments and prodncta 
uf inertia of a triangle about any axes wltateeei: 

If (9 and 7 be the distances of the angular points B, G, of a 
triangle ABC from any sti-aight line AX tni-ough the angle A, in 
the piano of the triangle, it is known that the moment of inertia 

of the tiiangle about AX is -^ (ff' + ^y + ■/)> where M is the 

mass of the triangle. 

Let three equal particles, the mass of each bciug s- , be placed 

at the middle points of the three sides. Then it is easily seen, 
that the moment of inertia of the three particles about AX is 



fim'-(i)'-(f)i- 



which ia the same as that of the triangle. The three particles, 
treated as one system, and the triangle have the same centre of 
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gi-avity. Let this point bu called 0. Draw any stiaigliL line OX' 
through the common centre of gi'avity paniUt;! tn ^A', thun it 
is cvidL'ut that thi^ moments uf inertia of the two systems about 
OJT' are also equal. 

Since this equality exists for all atmight lines thi'ough in 
the plane of the trianeie, it will be ti-iic foi- two straight lines 
OX', OV at I'iglit angles, and therefore also for a stniight line 
02' perpeudicidar to the piano of the triangle. 

One of the principal axes at uf the tiiangle, and of the 
systems of three particl.-s, i-; uuniiii! to thL' \>h\^K\ ;iiid lhen;f.ire (he 
saine for the two system-. Tli- |Hiii-i|. i! .i\- - ,ii " in i]ii' |il:iiir, 
are those two straight liii '■ ■ ■ ', 'i ;..|. ■...) imnia 

are greatest and least, aij. I ■■■' ■ y. ■ ■ 'm -■ axc^^ 

are the same for the twu .-y-w.n-. li ,ii .mv iM.iu:. :..\,, .-^sii.uis 
have the same priiicipil a,\e.s and piiiicipal inoiiii.-nts, ihey have 
also the same moments of inertia about ail axeij through that 
point, and the same products of inertia about any two stiuight 
lines meeting in that point. Anil if this point be the centre of 
gravity of both systems, the same thing will also be tiue for any 
other point. 

1/ then a particle 'i-I,, ; -i/n'i-d ll"it u/ tin: trliii'<jle 

he placed at the midd!-' i. i -"A', Ihe inumtjiit of ini:rtia 

of the triangle about i""i ' '■ lln; .svkkc us IIkiI uf the 

syntem of paHicles. iii'd lin j-nni r_i if inertia <ibu"l iiinj two 
straight lines meeting one tmother, U the ^aoie nn tlml of Ike 
system of particles. 

36. The e.xi-i.h- ..r ..liiii.M.iM.hi^i ,..Mi,i- i- ..r il;. :,.■,,.-! 
utility in findiirj i ■ ■ .i .hi !■■ ■ I ■■ ■ i > ■ i !.■■ h 

about any axe>. 'I i i i ■ ■ i !■ ■ i ■ ' ,i _■■ i- 

tions. ThusMi].,..- , :■. ; ,, I....K i... !,,■ ,.iUui,..ijKJii:,l i.. liuuc 

particles whiis>' ■ .m {.i;i/,£^){u.~.i/.]3;)(^-iZj). Shice Lhu 

masses placed ;ii i ■ n ■, ■ may not in all cases be eijnal, let 
these raasacfs be )■ -j' 'i n- :\ M,MM^, where of coni-^ the sum is 
equal to the muss ui the Imdy. Let <f>(.i->/s) be any luiii'tiun of 
X, y, z which does not contain any power higher than the seeoud. 
Let it be required to find the value of the hitegial or sum 
^mif>(j-yz) taken throughout the body, where in in an element 
of the ma.sa. The required integral is evidently equal tu 

By properly chooMing the equivalent jioints we may use a 
wmilar rule when tf> is any cibia or ipinrtic function of xiji. but 
as these cases are not wanted in rigid dynamics we shall mei'ely 
state a few results a little farther on. 

The same body may be equimomental tu several systems of 
points, and some uf these sets may be mure cun\'enient thaii the 



HOHENTS OF INEKTU. 

In oi-der that a set of eiiniinuinentul pointy may be useful 
t is uecessary (1) that the poiiite should be oo conveniently placed 
iu the body that their co-oi'dinates can bu easily found with regard 
to any given ajtua, (2) that the number of points employed in the 
set should be aa small as possible. Of these two requisites the 
first is by &ir the most important. 

Equimonaental points have another use besides that of shorten- 
ing integrations which may otherwise bo troublesome. It will be 
presently seen tiiat they have a dynamical importance. 

37. A mo-mental ellipsoid at tlie centre of gravitt/ of any tri- 
angle may he found, as/oUows. 

Let an ellipse be inscribed iu the triangle touehing two of the 
sides AB, BG in their middle points F, D. Then, by Garnet's 
theorem, it touches the third side GA in its middle point E. 
Since DF is parallel to CA the tangent at E, the straight line 
joining E to the middle point N of DF passes through the centre, 
and therefore the centre of the conic is at the centre of gravity 
of the triangle. 

Thb conic may be shown to be a momenta] ellipse of the 
triangle at 0. To prove this, let us find the moment of inertia of 
the triangle about OE. Let OE = r, and let / be the semi- 
conjugate diameter, and w the angle between r and r'. Now 
ON = \r; and hence fi'om the eijuation to the ellipse FN'' = fr'', 
therefore moment of) _ n w- , -j ■ ., _^t ^"' 
biertia about OE | " 8^ ■ i'" ^m w, - g- . ^ ; 
whei-e A' is the area of the ellipse, so that the momenta of inertia 
of the system about OE, OF, OD are proportional inversely to OE^, 
OF', OIOp. If we take a momental elJip,se of the right dimensions, 
it will cut the inscribed conic in E, F, and D, ana therefore also 
at the opposite ends of the diameters through these points. But two 
conies cannot cut each other in six points unless they are identical. 
Hence this conic is a momental ellipse at of the triangle. 

A normal at to the plane of the triangle is a principal axis 
uf the triangle (Art. 16). Hence a momental ellipsoid of the 
triangle has the inscribed conic for one principal section. If 2a 
and 26 bo the lengths of the axes of this conic, 2c that of the asia 
of the ellipsoid which is perpendicular to the plane of the lamina, 
we have, by Arts. 7 and 19. l/c° = l/u" + \jb\ 

If the triangle be an equilateral triangle, the momental ellip- 
soid becomes a spheroid, and every axis through the centre of 
gravity in the plane of the triangle is a principal axis. 

Since any similar and similarly situated ellipse is also a 
momental ellipse, we may take the ellipse circumscribing the 
triangle, and having its centre at the centre of gravity, as the 
moineulnl ellipse of the triangle. 
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38. Ei. 1. A momciital olliiifii! at an iniKular imiiil ut it trianyulur aii'ii toiieliifj 
the oppoidEG aiilc at its middle point Bliit bisects tlia adjacunl siilt'a, 

Es. 2. Tha principal radii of gyration at the centre of grnvity of a triangle 
ate tbc roots of llic oiiiiation 



Ex. i. The direction of Clio priiicipiil ii\eh at tlie CLiitit: of gravity u of a 
triangle mn; he conEtrncted tliuR. Draw at tlju middlu point Z> of aoy h d IIC 

lengths DH — — , Dir = — along the ircipeadicular, where ji is llie j at) e idicular 
from J on IIC anil k, k' arc ths principal radii of gyration found ly tie lonl 
eiample. Tb<?u OH, OH' are tha dii'cctiuDa of llie principal axes at nl si. 
moments of inertia ari> ri'Hpcctlvely SIk- and 3Ik'-. 

Ei. i. The directionH of the principal axes and the principal it o u t nt 11 o 
centre of gravity may also be determined tlms. Dinw at tin' mi'lillp iioint 7' of any 
side BC a perpendicular DK-IICj2^3. Uescribe a tircle ou OK as diamottT and 
join ftlothemidrtlepoiTitof <JA'iiyaliiiL*outtinKllieoircli;in /.'an.! ,S. tlieii Off. 'W 
are the diiectionH of the yrinciiml ascn, and the momaiila of iiu^rtia iibnut tUeiu are 
respectively .1/ —^ , and .u --;— . 

Es. 5, Let four piirtic^k'a each one-si.\lb of the mass of the ai^ei of a parallelo. 
gram be placed at the middle points of the sidcti and a fifth iHtrticle one-third of the 
same manH at the centre of gravitj-, Iheii these fire jiurfitAw am) tlie urea nf the. 
paralltlograin are cqiiiiiioinennil fj/ntctiu. 

Ex. fi. Let pattioles each etoal to <ma-lwelfth of the niiiss of a ijuadiilalorai 
area be placed at each corner ami let a fifth particle of negative niaxB but also one- 
twelfth be placed at the iuterseetion of the diagonals. Then tlirj centre of gravity nf 
the quadrilateral arwi is llic ceutre of gravity of these five julrtiulua. Li.'t a Rixth 
particle Eqaal to tbiee-niiartHis of the masa of the iinadrilateriil be placBil at tho 
centre of gravity thus found. Prove that llie/e six piirikte* m-e fiuimoment'il lu Ike 
•luadritnlcial nrtii. 

Ex. 7. Let jiarliclen each equal to one quarter of the mass uf itn elliptic arua be 
placed at the middle points of the chords joining tlie extremities of uny jiiiir of ci>u- 
]iiBBte diameters. Prove that lliese fnur ii'irliclfs are eqiiiminiii-ntii} Id the clliplic 

Ex. 8. Any sphere of radius •> nod iiia-iR M is eiiuiinnraeutul to a uyhlcui of 

four pHftitOes uucb of mass '' - ( '' ] placed so tliat their iliBtaiiCi-t^ (niii. ihe tuiitre 

malie equal angles with cauli other and nrc each equal to r, rind a filth ]>aTtielt: oijiiul 
to the remaindsr of the maaa of the sphere placed at the centre. 

S9. Case of a Tetrahedron. To find the mumcnls und jiru- 
ducts u/ inertia of n telrahe<lron nhn'it nnij «.«'s mliatcver, i.e. to 
find a system o/'eijiiiiaoiiiciital jMiiicles. 

hat AB(!D bf the !,«■ train ■di'uii. Thruni;] aiv^-iUv jiuiHl. 

JJ draw any pluuc ttiul k'L iL bi.' tiikL'ii :is iL.' |ilrtiir nCcy. Li'i. JJ 



be the area of the base- ABO, o, 0, 7 the distances of its angular 
I points from the plane of .vi/, and p the length of the perpendicular 
I from D on the base ABC. 

I Let I'QR be any section parallel to the base ABC and of 

I thickness du, where u is the perpendicular from D on PQR. The 

InomL^nt of inertia of the triaugle PQR with respect to the plane 

of xi/ is the same as that of three equal pirticlea, each one-third 

its miuss, placed at the middle points of its sidea The volume of 

the element PQR = — Ddu. The ordinates of the middle points 

of the sides AB, BU, CA are respectively _ , — ^-^ , . 

Hence, by siruilar triangles, the ordinates of the middle points of 

** % p 2 p 2/) 

The moment of inertia of the triangle PQR with regard to the 
plane xy is therefore 

Integrating from « = to it=p, wc have the moment of 
inertia of the tetrahedron with regard to the plane xt/ 

= ^{a' + &' + r + ^y + ya + a0\, 

where V is the volume. 

If particles each one-twentieth of the mass of the tetrahedron 
wftre placed at each of the angular points and the rest of the 
mass, viz. four-fifths, were collected at the centre of gravity, the 
moment of inertia of these five particles with regard to the plane 
of xif would be 
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which is the same as that of the tetrahedron. 

The centre of gravity of these five particles is the centre of 
gravity of the tetiahedron, and together they make up the mass 
of the tetrahedron. Hence, by Ait. 13, the moments of inertia of 
the two systems with regard to any plane through the centre of 
gi-avity are the same, and by the same article this equality will 
exist for all planes whatever. It follows, by Art 5, that the mo- 
ments of inertia about any straight line are also equal. The taia 
systems are thei-efore eqithnomental* . 

* ThiB result waa proposed us a problem io the Matliemnlicitl Tiipoa between 
tbc dutea of the pablioatioa of the pieoeding aail foUovring reaoltB, thoB Mitinpftltng 
the uutliui liy u >thi>Tt lime. 
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40. Theory of Projections. If tiir ilistaiK.-i.' nf l-wvv point 
in ji given figiUL' in •■\i:\i-r rmin siiiik> li.\L(i |il{iiir hv inrn-nsL'd in a 
fixed raliii. tlu' ii-nn. lim^ allmd i- i'lill.d thr imjecliM <.<!: l]\(.- 
given figiiro. By pi-.^jvuliug ll tigiii'c IKiui ihivu jjliiiii'S ivt. right 
angles as basi; planes iu aittffs.'iiiin, the figurf may bu utten much 
simplified. Tims an ellipsoid can always be projected into a 
sphere, and any tetrahedron into a regular tetrahedron. 

It is clear that if the base plane from which the figure is 
projected be moved parallel to itself into a poKition distant D 
from its former position, no change.' of fiinn is piuilurid in the 
projected figure. If h lie the li\' il i. li- ■■■ I'-.J! ■ li'ii the pro- 
jected figure has merely been nM'\' i I . /' ]HTpcn- 
diciiiar to the base plane. \Vr i ■ > | ] iLe base 
plane to pass through any given pi'iiji ■■■. lii, 1; n.^iv hi i m.^ iiiient. 

41. If two bodies are equimuiiieniu!, tlieir pyujectiuiis nve iiho 
equimonieiitnl. 

Let the origin be the common centre of gravity, then the 
two bodies are such that Sm = S«('; J.m:i:=0, 5!»jV = 0, &c., 
^1113.^ = 'Emu''', 2m//; = Sm'j/'j', &c., unaccented letters refen-ing 
to one body and ^icc.nled 'hlters to ihe tithei'. Let both the 
bodies be proje''ii'il IVipni iln- |ilane of .vt/ in the fixed ralio 1 : n. 
Then any point ulm^i in-nnlinates are {x, y, s) i.s Iranslenvd to 
(.r, y, Jis) and (j', y', .r'J tu |j.', i/, m'). Also the elements of mass 
m, wi' become nm and niii'. It is evident that the abovu ei[iialities 
are not alt'ected by these changes, and that thei-efui'c the projected 
IkmIics are equimoinental. 

The projection of a momental ellipse of a plane area I'.v a 
momental ellipse of the projection. 

Let the figure be projected from the axis nf .c as base line, 
so that any point (,i', y) is transferred to {x, y') where y = in/, 
and any element of area j» becomes m' where »»' = mn. Then 

Si/wr" = - Xm'a^, "S-mmy = — ^m'a^, 2«iy^ = - 'Eni'y"-'. 

The momental ellipses of the primitive aud the projection are 
tmfX= - 2Xin;eyXY+ twx'Y-' = Me', 

To project the former we put X' = X. F' = ii )'. Its .qiialion 
becomes identical with the tatter by virtue of the above eijiialilies 
when we put e'* = s'lr. 

42. Ei. 1. A momenlftl elliisp ot the arpn of a. wtiime iit Us conlrc of fiavity 
is eaail; seen to bo the insctiiied circle. By iirojcclinR lliiH li;,'iiie llmt with oiii? side 
at) base line, and Keoondly with a iliafiinal as liiisc. Ihe HCjiiarf bpc<mir.= Biiccrn-iively 
a rectantile and a paralltOo(.Tiiiii. lltnci' inic motiiL'Qtal clli|i«; at tllu centre of 



» 
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grftvily of a purallelognvm in tlie inscribed oonio tonehing the rides at their middle 

I Ei. 1. By projecting nn equilateral trian^lo into any triangle, we may infer the 
rsBults dI tome of the previona articlce, but the method will ho beat explained by itn 

I ftpplic«tion to a tetrahedron. 

Ex. 3. Since any ellipsoid may be obtained by projecting a epbere. wo infer by 
Art. SS, Ex. 8, tliat an; solid ellipBoid of mass 31 is equimomental to a nystem ot 
four parliclee each of mase ~ ^ placed on a similar ellipBoid wboBC linear dimeu- 
nouH arc n times as great as those of Che material oUipeoid, bo that the ecoentric 
lineB of the partiolee make eqnnl angles with each other, and a fifth particle equal to 
the remainder of the mass ot the eliipaoid placed at the BGOtie of gravity- 
It thia material eliipaoid be the Legendre's ellipsoid of any given body, we 
Bco that any body nhateveT is equimomental to a syatem of fire particles pinced aa 
above described on an etlipsoid Himilar to the Legendre's ellipsoid ot the body. 

Ex. 4. Show that a solid obliqne ooue on an elliptic bat« is equimomental to a 
^stem ot tliree particles each ono-tcnth of the mass of tlie cone placed on the cir- 
mmferGnce of the base so that the diflereuoes ot their eccentric angles are equal, n 
fourth particle equal to three-tenths of the cone placeil at the middle point of (he 
Btraight line joining the vertex to the centre of gravity of the base, and a fifth 
particle to make up the masa ot the cone placed at the centre ot gravity of the 
Tolame. 

4S. Tajind an etlipioid eijuimomental to iiiij/ lelTahtdTmi. 

The moments of inertia of a regular letmhedror with regard to all p)aHc» throuRh 
the centre of gravity are equal by Art. 23. If r be the radius of the inscribed 
sphere, the moment with regard to n plane parallel to one face is easily seen hy 

Art. 89 to be M -.- . It then ne daacribe u sphere of radius p= ^r, with its centre 
at the centre of gravity, aud Iti mans equal to that of the tetrahedron, this sphere 
and the tetrahedron will be equimomentnl. Since the centre of gravity of any face 
projects into the centre of gravity of the projected face, we infer that the ellipsoid 
to which any tetrahedron is equimomental is similar and eimiUrly Mituated to that 
inscribed In the tetrahedron and touching each face in its centre of gravity, but has 
its linear dimensiong greater in the ratio I : ^3. It may also be easily seen that 
the sphere whoKe radius is p^ \/Sr, touches each edge of the regular tetrahedron at 
its middle point. Hence we inter that the ellipsoid oi|uimo mental to any tetra- 
hedron touches each edge at its middle point and has its centre at the centre ot 
gravity ot the volume. 

These results may oltHt be deduced from Art. 35, Ex. 3, withont (he use of 
projection B. 

Ex. 1. It E' be the sum ot the squares of the edges of a tetrahedron, h"-' the 

Jium of the aqnarea of the areas of the faces and I' the volnme, show that the acnii- 

azes ot the ellipsoid inscribed in the tetrahedron, touching each face in the centi-e 

I ol gravity and having its centre at the centre of gravity of the tetraheilron, are tiie 

tOOlaof 
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and that, if the rools be ±p,, ±p., ±p„ the moraenls of ineitin with reKivrd to t1ir 
principal ;i(air« of tlic tetrahedron are .V ^' , M'-/-, il -^ . 

Ei. 3. If n porpmiiiicular F.P he iliawn at the umtrc i>[ Bnuitv K of any 
face = 4fr/;i. where/) i« the perpendicular from the opposite corner of the tflraheJnm 
on that face, then F ia b. imiot on the principal pliine eorreapoDiling to Hie root p of 
the cubic . 

4-1. Four piirtieie* of egual miut eiin tilicail' l-i' /■iiiiiil icliii-li iire •■qiiiuiinm-iilii} fn 
nil J given toUd body. 

Let be the renlre of gravity of the btHlv, O-f, Dij, (>:. the priiicijiii! rxcb at O, 
Let the moments of inertia with refold tu the co-onhimtc I'laiif be Ma', MtP. ami 
Hi"-. By Art. 34. the mass of eiieh particle niiiHt be J.i;. Let (j-, (/i;,! Ae. [Jjy,:4l 
be the reqnireil co-ordiuatee of these four poiota, Then tliese tweUc co-ordinnt(i9 
nin!>t saliufy the nine equationH 

Now it we write a-.^-n^,. .C;=af, .te. th = P^i' 'J-^~f^V-i *>>■ "i^7i'i *e. we have 
nine eqnntioiis to End the twelve co-ordinntf^ (f, ii i",! ■'^'^ (■", >■. w' "I ■■'i ilitTrr frnm 
those just written dovra only in hnWng n', p', y- c .■ i ilrv. ThoBC 

modified eqwotiims eiprcHS thnt the Jiiomentnl tllii-- ■ , ■ ■ ;i . ■..;,,- jiarticles 
must be a fipherc. The equations are therefore Kuti-r.. i ir 'm im.- (.iLrilH. whose 
co-ordinates arc represented by the Greeh lellers, iire tlie ennir-r-; •■[ a rii:iiiiir tetra- 
hedron. (See also Art. 2:j, Ey. 2.) This tetrahedron may be rvj^ai-deil >. w bed 
ia a sphere whose radius ia ^'3. If we project this Bphere into an eUipao d ! ose 
Bcini-aiea are a ;J 7 the regular tetrahedron will he dc-fr.iniied into ai oli i tetm 
hedroD. The roniers of tiiis oliljuue letrohcdron are the rdiuired cju tal 

In the same way we mity prore that three particles of eqllitl maat al ays Ik 
foand which are eqniniouiental tu any pluno area. If Ma', Mfi-, anil y.Ltrn iire the 
momenta of inertia of the area aliout thi.' principal jihiius at the centre .if in-avily, 
thereanlt ig that Ihene particles must lie on th(^eltip»<.>^-j;-4aV = 3o-|^'- It nton 
follows tliBt, if one of these points, as l>, lie taken aiiywhcre on (his oUipw, the other 
two points, E and F, are at the opposite extremities of that eh<iril which in bisietcd 
in some point \ by the produced railius DiJ so that Q.V = ,J<)f>. 

45. IHomentfl with higher powers. Tln'-c iJinini-iiU .■u-i' 

not ..rttil waLltni ill dMIMIuii'^ t.hi,ur,'h ILH.^lllI ill ntiiiT SIll.jiTls. 

It will tlK'ivloiv !)!■ -ii'rtiririil. 10 st;iti> si.iiu. -■..■mm! n-nlts. lli.. 
dcmoiistriitiiiiis nf wliicli :itv l.'l't t<i the nwlur. 

Let dtr be any eletiiciitary area ur vuliiiiiLi as the chho may be. 
Let z be it* ordinate reft'iTod to any plane oi' .rif. (Jiir nbji-ct is to 
find the vahic of the integral J:"da- fur a triaiiyli.', ipitidriljitenil, 
tetrahedi-on, &c. 

Let the co-ordiniitcs of the cnnn.'is of the budv tiihsifli'i<ii be 
(«.yi^i). (^^=). &c. Let !{,.(:,:, &e.) iv[iivsL-iit' the arifhrnvlic 
mean, of the diflbrent honioyeiieous [iroihiels <■(' z^z,, ^t: nf " 
dinieiisioQa, for exiiin|)le Il-^{s,z.;) = j (:,' + :,':. + :,:■' 4- ;/|. 
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Then for a triangle of ai-ca A, 

For a quadiilateral of area A, 

where i' is the ordinate of the iutoraeotion of the diagonals. 
For a tetrahedron of volume V, 

For two totrahedra joined together, whose united volume is V, 

/e"d<r = V" [/f„ (j, ... 2,) - j'F^, («,... *.)}. 

where z' is the ordinate of the point of intersection of the c 

B with the straight line joining the two vertices. 

We notice that, except for the factor A or K representing the 

. area or volume, these four expressions are functions of the oniinates 

only of the coraera and are not functions of the differencCia of the 



Wlicai the indox n is not a positive integer tlieee eipresaioiiB take more 
plicated forms. For these we reler the reader to a paper by tbe antbor ii 
Quarterly Journal of Mathevuitict, No. H3, llWfi, 

When the Tsloe oi/z'da is known that of n/ii""'(Jii can be found bjpertor 
the operation *! -J — hj, -■ + .., on the former result. The value of ii (n- l)/j'i' 
can bo found by repeating the operation and so on. 

Lsatly, it may be aliown that when two bodies lae snoh that the values of fi"da 
are eqnal, each lo each, for all planes of xy these bodies are equiniomental. 

Ex. 1. 1( ^ t^t) be a function not higher than the third degree the value of 
fifidv for any triangle aan be found by using seven equivalent or cquimomental 
points. We OoUeot one-twenlielb of the mass of the area at each comer, Jicn- 
fijieeiilhi at Uie middle point of each aide, and the ml, tU. ninc-twcntietht, at the 
centre of gravity. 

Ex. 3. 11 (zys) be not higher than the third degree the value of J^a fot 
a tetrahedron nan be represented by eight equivalent points. Wo collect nine- 
Jtirlicthi of the volume at the centre of gravity ot each face and one-forlicih at each ' 

Other examples may be found in the papci already referred to. 

46. Theory of Invenlon. To eiBptatn Itow tlie theory of in- 
version can be applied to find moments o/ineiiia. 

Let a radius vector drawn from some fixed origin O to any point P of a Bgure be 
produced to P", where the rectangle OF .VF' = k', t being some given qoantity. 
Then as P travels all over the given Hguie, R traces out another whioh is called the 
inverse of (he given figure. 

Let (.r, y,sj be the co.ordinate8 of I', (j', y', t') thoiM! of i^; r, r' the radii vtctores, 
'.v' ODcresponding poliur elements ot voltmiei p, p\ dm, ilm' their respecliTB 
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densities and manses. Let dui be the solid iinuli! siibteiidtd at u hv •■ilhii ih- 
or .li-'. Then 

and since — = - we have x'yh''=(-\ t'iIp. Now iliii = p<tr, dm' = p'llr' . II llien 
«e take - =( - 1 we hnve 2i'-(ijM' = Z,r^?i;i, with similnr &iimlitieB in llic cn«c aS 
all the other niomcuts and jirodncts oFioertia. 

When tlie body [b nn ai'wi or nn nre tlic iiitio oS ilr' to .(,■ is ilitlcrpnt. We Imvp 
in theKc caacN lespectivi-ly '— = (-1 or I * J . Similai reiinllp lion-cver foQon- 
which niBj be all saninud up in tlie TollowinB theoreni. 

Theob. I. Lei any Irwlij le chmi^/rd ililii iiiiMher hj iiwrrfioii iriih nimrd In 
any puinl O. // tlit deiiilUi-a nt riiiri'spoudiiig poiiiU be rii'iioicd hij p. p' iiml iheir 
dittrnifet fnm Ijy r. i' \ Jet p' = p{-A . Thfii thew fito lioilieii hupi- tht luiiuc 
mimfiiti af iiierilu irilli rfjivl I- nil 'Iraigbl line' thmiiiih 0. Hi-ic H = ill, M ov (i 
accoidin;; as the body is a rufiiiiii', nn ■iiva <iv nil nn-. 

It also follows lliat the two bodies have the eame ilrincipiil nsi- nt ihi; ]iiniil n, 
and the bride ellipwiids of Byiation. 

Wo may also obtain iJie fnllowinK theorem by the hkc of ISir W. TlioinBon'K 
method of linding the i)otential); of nttrnctiii|{ bnilics hy Invci'^iun, 

T[iEon. II. !./■( auij bmlij bi- I'liiiiiijfd inin aiiolhi'i' Imdy hy liifrfiiiii icilli ivijiird 
to anij pniiit 0. If Ihf liiMnifiVs nt wi-eK,,u\iding {miiiU V. V W damti-d hij (., p\ 
and their diilaneei /mm O by i; f, lei fi=p [ " ) . Then the moim-itl of iiiirlin of 

Iht Kfcnnd Imdy with rrijiird to niiy iioiiil C U eiiiml lo thai (ii lliijii'l liuihj leitb 
TfgHTd la thf enrrcpoiidiii-l li-ilil C iiiiilti'iilied liy eilhi.'r of the rq\oil '/nuitlilies 



(oc) 



Here ji = M, (i or 4 according as Hie body iaa roliiiiii-, t 



OC ■ 

To prOTc thia, rnnsidcr the ciu* in which the body is a Vfihmie. By Bimilnr 
inglpK CP . I'^l-r- . DC. Hence pToctedin[{ ns bef.ire, wc fin.I 



"I'"" ("£■)'="■'"■ "■■■'''"■ 



This being true for every element the thcocem follaws at ouce. 

Ex. The deiisity of a Kolid sphere varies inversely an the tenth povicr of tho 
Jiatanee from an cxteniiil jioint '>. Prnvi' that its niooicul of incitia nhont any 
Btraight line throiiKh " is lln" f ■■ i If :!i- -phPic wore homiHeuonus niid its 
density eqnal to that of the Ijcr. i ■ .( .i |iointwhute tlie tanHoiit fioiii 'i 

meets the sphere. Prove tlim J' ^ ■ i ■' ■ ■ ^ ■ .nicd inverflely as tlic sixth [mu-er 
of the dintanoe from O, the iiiii-i - f :f : ■■ i I,, n-, wmild have lieen oqiinl. What 
is the condition that they should hiivr a (lanmiuii centre of firovity 7 Math, TripoB. 

47. Centre of Presaure. Thf thwry ul" fiiiiitiiumt'iitul 
pailick'H is wf cinisiiiiTiililf use in findiii;/ thr t-cnti-r i.C |invssnjT 
of any area v.Ttirally imm,,.,.! ii, :, lioi,M,L;,.nr„ii^ tluiil in.l.T lli.> 
action of fjravify. Ir niLiy Iji' [hmhiI IV iiydi-ushiiicdl |ii'jiiri|ili-. 
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; havL' thu same I 



that if the axis of ;r be in the cifectivt? surface, and the axix of j^il 

vertically downwards, the co-ordinates of the centre of preesiire anj 

P roduct of iner tia about the axes 

moment of area about Ox ' 

Moment of inertia about Ox 

moment of ai'ea about Ox 

We see therefore that two eqiiimomental area. 

centre of pressiire. 

Let the given area bo c<juimonientaI to poiticles whose massesg 
are »»], m.. &c. and let (a;,, i/,), (arj, y.), &c. bo the co-ordinates ( 
these particles. Then 

„ ^ Xmxy y _ Imf- 

"S-my ' ~viy ' 

But these are the formulie to find the centre of gravity of particles I 

whose maasert are piiiportioiial to nii,yi, mai! &c. having the KaniftJ 

co-ordinates as before. Hence this nile, 

If any area lie equimomeulal to a aei-ien of jxtrticles, the ventrtM 
of presmre of the area is the cei<lre of gnivity nf the name particlei 
imlh their 7»(W(se8 increased in the ivtio of their depths. 

For example the centre of pressure of a triangle wholly im- 
mersed w the centre of gravity nf three weights placed at the 
middle points of the sides and each proportional to the depth of A 
the point at which it in placed. J 

Ex. 1. If ji, 9, r he tlie deptbs of the corners of a trianttulor area whollf 1 
immenied in a fluid, prove that the araU co-ordinateR of its centre of praiiBure 
referred to the Hides of the triangle itself ftCG 1 (1 +p/<}, 1(1 -I-!/')- }(1 -!-''/•'), when 
n-p + g + r. 

Thin inu? be proved b; replacing the triangle by three veightii situated nt ths 
middle points ol the tiidcH proportional to Ihotr depths, nnd tAkinK uonicntB abont I 
tbt aides in succession to find their oontre of gravity. | 

El. 2. Let nny vertical area bo rcf^red lo Cartesian rectan^Eolar axes Ox, Oy, 
with the ori|,-in at llio centre of gravity. Let the depth of the centre of gravity 
bo '1, and let the intersection of the area wilb tliu surfnoo of the Huid make 
angle 9 with the axis of .t. luid let this interxeetion in tlio standard ease cut 
ponitive Hide of the a%h of y, T^it A, II and F be the mnmentH mid product of 
inertia of the area about the axes. Tben by takini- moments about Uj-. Oy ve sM 
that the oo-ordinateB of the centre of pressure are 



in # - /■' c 



1'=- 






1 lh() iti 



Ek. 3. ir the area tarn round its centre nf gravity in its own plane the loeoa 
of its centre of pressure 111 the area is an ellipse and lu ipacf is a circle. The 
ellipse has its principal diametern cniuciilcnt in direction irith the principal axes 
of (he area at the centre ot gravity. The circle lias its centre in the vertical tlirnngh 
the ceulie of gi-avity. 



I 
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Ex. 4. In a hetero^i'Dcoiiii tluid tlio p 
of area in given hy /i^.i + fc" wlieip r is tlic 
ot tlic ctnlre of jirensure of btij triangular 



to the horizon is ' "*' whore ;/ has tlie mBaninj! uiven in Art. -l.j. 



Ex. S. In rotalinu tlnida the preamiri! at any point 1' is pTCti by ^j=-t + />; + ci'= 
nherc r is the tlintancc o( I' from Hie niifl of i. Sbmv that the prcaauro on nuj- pnrt 
at the urea »f the containiiii; veHKcl iH given by 

(1) whole prosBorc-rt.i + f/; + r:c^)iiir = («+'.;) (T + fff/i- 

where ; 'n the orJinftlt of the centre nf firnvity of the :»ri'a o-, anrl a/,- it.'i moment of 
inertia abont Ihe axis of :. 

(2) Vertical li!eflBure = 0(<i + (.j + ''(^).ta/i/ = .iP + ;.I' + ,*n'-' 

where P is tho projection ot a on the plane of ,cij. V the volume lnstwccn n and its 
projection and I'k'- Ihu moment of inertia of the projcetlon f nliuot the nicin of ;■ 

It is evident tlml in all tlioac oubcb tile valuus of tin: i^te^!rals can in general be 
writton down by the rulex gircii in thin cliaptci'; sii that actoal intottriLtioiiH arc 
for the most part uanecessaiy. 



48. ritOP. .1 slnn'<il>l Um: hriiff .lirn, it t'.v rn'iinrcl 
at what poiid u- il-^ h-ii-ith if i-^ « ),ri,>ri/u>! il.-Is „/ fl„- 
Uiid if tlili/ such jiuiiit v.rlxf III fuiit ihf iilhf'i' h'-n /iriiiri/ial 
that jwiiit. 

This point may be c(iiivuiiii_'iitl_v ciillL'd Ihi' |iriiK'i|i;il | 
thf.' straight liuf. 



Take the straight lino iis a.xL'^ of ;, mid ;i 
origin. Let C bu the point ,it which it is n 
let 6V, Cy bu tile other two principal axes, 

U-i Cl) = h. (? = angle het«-cen CV and Or. 
,'/ = ut cos 8 + 1/ sill 1 
y = — ■(.' sin B + // com 



J,„«V . CI. »!,„„ + .;„ ffLm,j-\ _ „ III 

— /( (cosSSwa,' + siu(?im^)| 
-)aijz' = — sin dliwcz + cos 5Sji(.i/s1 _ , ., 

-h{^-^m6%vw: + cm6^wy)\~ '" ' 

= iw (//-■- ;'^I^^^H:L»..'V/eMsifJ = (■■!). 
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last equation shows that 



2S77Ury 

2F 
~ B-A' 
according to the previous notation. 

The eijuations (1) and (2) must be satisfied by the Raine value J 
of /'. Eliminating A we get 'S.-nixs'^my = 'S.wyz^vi,r as the con-T 
ditiou that the axis of z should ho a principal axitt at some point! 
in its length. Substituting in (l) we have 

, _ Smyt _ SwiiTs . . 

Smy Sin* ^ '' 

The equation (5) expresses the condition that the axis of a 
should be a principal axis at some point in its ]eng[th; and thj! 
value of ii gives the position of this point. The positions of th<^ 
other two principal axes may then be found by equation (4). 

If 2wflr« = and 2myz = 0, the equations (1) and (2) i 
both satisfied by h = 0. These are therefore the sufficient i 
iieces.sary conditions that the axis of x should be a pnncipal axi 
at the origin. 

If the system be a plane lamina and the axis of « be a normal 
to the plane at any point, we have 2 = 0. Hence the conditions 
Swiire = and Sjkjs — are satisfied. Therefore one of the 
principal axes at any point of a plane lamina is a normal to thej 
plane at that point. 

In the case of a surface of revolution bounded by planed 
perpendicular to the axis, the axis is a principal axis at any poiotti 
of its length. 

Again, equation (4) enables us, when one principal axis i 
given, to find the other two. If ^ = a be the first value of 0, aSL% 
the others are included in = a + ^vtt; hence all these values givf 
only the same axes over again. 

49. Since (4) does not contain h. it appears that if the axis 
of 2 be a principal axis at more than one point, the principal axes 
at those points are parallel. Agiiui, in that case (5) must be 
satisfied by more than one value of li. But, since A entere only in 
the first power, this cannot be unless 

Snia; = 0, Smy = 0, 

Xmxe = 0, %myB = ; 

so that the axis mnst pass through the centre 

a principal axis at the origin, and therefore (s 

arbitrary) a principal axis at every ]wint in its ' 



f gravity and be 

ice the origin is 

lorgt,h. 



J 
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If the principal axus :lI (lie cfntir of gi'iivity hv takcu iis the 
axes of x,jf, 2, (1) mid (2) ;nv Nili-linl for all vafiic-s nf A. Houco, 
if a straight liiie be a piiini;i:il Li\i-; ;ii. Ihu coiitrc i>f gravity, it is 
a principal axis at uvery \\''\\\\i in ils kngth. 

5(1. Lt't the system bo piujocted im a plane jierjiendinnlar te 
the given straight line, so that the catliw nf the elemenU of riiahw 
to eaeh other are utmltered. The given -itraight line, which has 
been takeu as the axis of z, cuts this plane in 0, inn! will hi' a 
principal axis of the pr<ijection afc i), bewinw.', the projiTteil syslmi 
being a pljirie lainina, the eonditiniLs S"'** = 0, "S-in'iz = are lioth 
satistieil. .Since ; tloi.'s not ;t|i|)rin- in etiualion (■*),' il fuUuws that, 
if the given .slmlght lin^' l)r a |.i-iiK-i|ial a.^is at H.ii.ie puhit <J in 
its lenglh, tho oth.r two iiiini'i|>a! :l\o,s ;it f ulil !>,■ |i;irallel to 
the piineipal axe« of the jiroj^eteil sy.sifoi at 0. These hi^st may 
often be eoiiveniontly foimti by the next projiosition. 

ill. Ex. I. The iirinciiial axcH ol a ri 
an>, ono pcrpvndiuular to the plane and t 



rifjLt anulc. 

Wellavc Uu2li= ^-_- , Art. iH, ami by Alt. 3.5, .l = .1/''', It^il''' , i'-^i"^.,- 

Ex. 2. TLe jiriuciiia! uxca (if a ijiiadrHiit of an cllijiNC nt (lie cvlllre ura, one 
perjieniUtiilur tu llie plane anJ two otiiei's inuliued to Ltie jiriuciiml (tinnii:ti.'rs at the 
angli'S \ tau-' - ^f'_^.. , whcie a aiirt h nre llio ™iai-Bsi.'s of ll.e ellipse. 

Ex. 3. Tlio piiii-'iiTal iistH of a culii^ nt uuy poiol V lu.', the slraii;la lino 
joiniiiK V to " the cenlli; of cl'nvily of the elilje, mid any IWo fitiiiiKUl liiii'S at I' 
perpendicular to i'O. and poTlitiinlieiilaT to i^acli otlil'r. 

V.%. 1. Prove that the Iol'us of a point 1' ut which unu of the principal nxeii is 
parallel to H given Htraif^lit line is a lecbinijular hyinrboln in the plane of -which the 
centre of j^ravily of the body llus, and one of wliow a^yniplotev in )HinillL'l to tlii' i;"'i-n 
stiniKht line, fiut if llie ({iveu HtrnlKlit line bu pniullel to ijnc of the jirlueijial aica 
at the centre of fcTUvity, the loeua of i' ia that piineipal axis or tlio [RTpandituhlr 
prineipit] plane. 

Take tlic origin nt the ecntie of gravity, and one axis of L■il.|.Kiiu^t.■^■ pundkl 
to the «ivBnBlrHL[;ht line. 

Ex. 5. An edge ol a tetrahedron will be u principal n.'il'' at >unie point in Ma 
leDK^ only when it is iierpeniliciilar to llic ('pi"i-ite ulite. [Jiillien.] 

Coaveraely. if this eoorlitiun be satisfied, tile edi;e will lu a princi|>nl axis \\\. 
B point r, Buch that f>C- vit.V, wlioif .V Ls the inidiUc jioiut of (be odt,* and fj is llic 
toot of the per])endieiilar diHtaiieu between it and the opposite cd^'e. 

Ex. 6. The axes U.v, ihj arc ao placeil tlml tliu product of incitiii h' or SiH.ri/ 
i« zero. If A and li are the momeiitH of inertia itbunt these nxen, prove tlint tlie 
product of inertiii about two pcriwndicular n.ies 0'', !>•/ iu the f ilaiic ,nj in 
t' = !,{A-II]sm-ia 



52. Foci of Inertia. Girvn the jtositions of the principal 
iir.es Ox, Oy, Oz at the cerUre uf gravity 0, and the motiLetUs of 
iinerlia. itinjni tliein, to find the posttiotui of iJie prtrivipcil axea at any 
puint P in the plane of xy, and tlie moments of inertia about thoM 
axes. 

Let the ma«3 of the body be M, unci let A, B bo the moments 
of" irieiliia about the axea Ox, Oy, of which wc slmll i^iiippose A 
the griaiter. Take two points S and 11 in the axis of greatest 
niomeat, one on each side of the origin »o that '' 



I 



us -on. 



lA-B 



These pointa may be called the foei of inertia foe that priiifi]»a] 
plane. 

B*.'cause these points ai-e in one of the itrincijial axes at the 
centre of gravity, the principal axes at S and // are parallel to the 
axes of co-ordinates, and the momeuts of inertia about those in 
the plane uf xij aru respectively .^1 and B + M . OS' = A . These 
being eipial, any sti-aight line through ^ or if in the plane of »g 
is a principal axis at that point, and the inomcnt uf inertia about 
it is equal to A, 

If P be any point in the plane of jsi/. then one of the principal 
axes at P will be porpeudiciilar to the plane xi/. For, if p. q be 
the co-ordinates of P, the conditions that this line should be i 
principal axis are 

%m{x-p)z = {i\ 
^m{y-q)z =0)' 
whieh are obviously »ati^liud, because the centre of giuvity is the 
origin, and the principal axes the axes, of co-ordiuatos. 

The other two principal axes may be found thus. If two 
sti-aight lines meeting at a puint P bo such that the momeuts of 
inertia about thoni aro equal, then, provided thev are in a princi- 
pal plane, the principal axes at P bi^ct the angles between these 



I 



two straight lines. 



', if with centre i^ we describe the momontal 




AiiT. .)+.j PDsrntiNs Lir the I'iii.Ncii-Ai. axics ijk a system. :(!I 
if this ellipse bist'L't IIr' :iiL;,f|i;s Wtwri'ii aii_v twii 
l»"f iniTli. iilMiil Si; III- an- 



flli|)sc, thi 

L-<niat nulii vi'L-ti.i-L-s. 

Ji.iu NP and HP ; llli 
each i'([ual tit .1. Hiimji 
fXkinuil bLsc-Ctitr-s of thu uiij,'lii Sl'II, I'li. I'T afv tin- jiiiii.-iiia 
axra at i*. // Ihcrejhrc mil, S ,i:.i/ II „,/,„■: m da.-nln "», 
cllipw or lij/pei-biilir. Hie liii'^vil muf i:,inni'l n! 'ii';i jnii,:f ./iv II' 
pi-iiwqxd a.''iix tit tliiit jiulnt. 

53. Taki-i any sdaishl lii.n MX lliiniisli lln' "riijiii, iiiaKiii'. 
an aiigli; S with t'liu asi.s .if r. Draw .SMf. H.V |iir|i-fiiliiiilais m 
M.V. Th.i iiioinfi.l i.r ii.crlia alimil .l/.Y i« 

..li||»=» + «sia>« 

..l-(.l -;j)sii]'8 

= J - .1/ . ( f>iS' sill ft)- 

= .1 - .1/ . iS'.lf ■■, 



Tlir.i.isjl. ;• ilraiv fl 
/■I'islli.ii 



W/i 



Til 



III III . ST ami IIZ III. 
' iiml iil'ilirl'llaal 



iiiniiil all MX ) M. Mi'- 

■ J + .i/i.i/r-isM/ii.in'TisM;i 

= .1 + M.SV IIX. 

In III.' saiiii' »iivil iiiavliii |ibiIii| l.lial llin ai iiil nl i -lia 

about a liia- I'U |ia»siiis bulninii II ami ,S i- Im tliaa .1 In Ha- 
iiia.ss into llic proilact of iho [K'r| ilicniars IVnai N ami // on I'lJ. 

1/ tltcnj'oiv with iS <iu<l It IIS fiKL ivii ilimcriliu it'i;/ {■lll/i.w ur 
lii/lwibijlti, tliu iiLuiiteiit i>f iiitiiiiii itliiiiil aiii/ hiitijciil In i-illwr i;/' 
tln:su ciirees in wimtii lit. 

It Mliras fniiu Ibis ibat ibo i, nl< ol innlia abnnl lli,' 



iiLci|wl ;»x,'^ at y'MhM..|(ii,l lu li + M i'^'^' 


?'"']• 


l-'nr ir ■' illlll b U- ill,' :i.\>>SMJll,f .■|li|.M' 1 

d-'aaiilaia.. 


.VI.' luiVLM/'-/r=ON- 


A + M.HY- 11/. - .1 + Mb- . 1! ^ M<i ^ II 


-,Mi^'''^"'). 


.1 tbi.1 by|ii(liii]a may In- lirali'il in a simibi 




it- -niis ii.ia-iiinn,i; .nay bi- ..slmiiloil In 


l-iial.- bins in am 



Lft Oj;. Oy Ik- iht- ivsi'h in Ihr j,'i\vii |il;n 
of incrtiu ubuiil tliviii is wru (ArL :!;ij 



To MOMNTS OF ISEBTU. [CTApTE^ 

diifercnce of the momoutB of inertia iibout Ox aud Oi/ dividod by 1 
tho inasa. Draw Si/ a pamllc! through S to the axis of y, the I 
product of iaertia about Sx, Sif' is equal to that about O-c, Oj/ I 
together with the product of inertia of the whole mass collected I 
at 0. Both these are zero, hence the section of the motncntal i 
ellipsoid at 6' is a cirele, and the raoment of iaertia about every I 
straight line through S iu the plane xOi/ is the same and equal 1 
to that about Oa:. Wc can then show that the moments of 1 
inertia about PII and PS are equal ; so that PQ, PT, the internal I 
and external bbcctors of the angle SPH, are the principal dia- I 
meters of the section of the niomental ellipsoid at P by the givea I 
plane. And it also follows that the moments of inertia about tho I 
tangents to a conic whose foci are S and H are the same. I 

35. Ex. 1. To Hud the foci of inertia of an elliptic area. The njoiaonta off 
iuertia about tlie major and minor axes are iilh' and l-Uu*. Hence the minor axii I 
is tlie axiB of greatest moment. The (oci of inertia thoreforo lie in the minor siia at s 
distftoce (rom tiie centre = i ■Ja" - b', i.e. half the diBtanoc o/ the geometrical foci 
from tlte centre. 

Ei. 3, Two particles each ol! mass «i are placed at the extremities of the minor ■ 
axis of an eUiptic area of mass .U. Prove tUat the principal axes at any poiui 
the oircmnlerence of the eUipae will be the tangent and normal to the ellipse, pro- I 
videdthat£ = ^j-'^2^. 

Ex. 8. At (he points whioli have been called foci of inertia /im of tho princip*l | 
moments are e<iaaL Show thnt it is not in (-eneral true that a point exi>jla 
that the momenta of inertia about all axes throogh it are the same, and find the ] 
conditions tliat there may be such a ])oint. Such points wheu they eiist iu a solid I 
body may be called the spherical points of inertia of that solid. 

Itefer the body to the principal axes at the centre ol gravity. Let P be the point J 
rmiuirvd. (i, y, t) its oo-ordinntos. Sinee the moiiiental ellipsoid ut i" is to he * ■ 
sphere, the proiluctn of inertia ahout all rectaugntar axo^ metitiii^ at f are zero, T 
Hence, hy Art. 13, .ry^O, y: = 0, ij;=0. It follows that two of the three j:, 
mast be zero, so that the ptMnt must be on one ol the priaeipal aiea at the Gentnl 
of ip'avity. Let this be c&11e<l the axis of :. Since the raoments of inertia abonll 
three axeH at F parallel to the co-oidinale axes are d + Mz'', B + ilz* and C, wc 
that these cannot be eqnal unless A =B and each in tesa than C. There are I 
two points on the axis of unequal moment which are eiiuimouiental for all a 
IPoissun and Binet.] 

Ex.4. The spherical pointaofa hemispherical surfoceare the centre and a point I 
OQ the surface. Find also tlm spherical points of a solid hemisphere. 



By Aii. n. Ex. S tliu moments of inertia about every axis throogh the eeutr 
the Biime. Honue the centre is one jiphericnl jioint. Since the centre of gravity J 
bisects Ihu distance between tlie poinlH the position of the otlier follows at onci 

')(>. Arrangement of Principal axes. Given the positioii»\ 

of the j'riiicipal axes at the centre of <jrif^ity and tlie inoineiita t 
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of iiiertui about tliem, tu jind tlie jmsitiuiis uf thii firiiicipnl ii.ivs* 
and tlie principal imnteiits at any other point P. 

Lot the body be referred te its principal axes iU tlie ueiihe uf 
gi-avity 0, let ^4, B, C be its piineipul iiii>iik>iiLs, llic iniiss uf thu 
body being taken as unity. Cuiislruet :i i|ii;idiiu einifnual with 
the elli}Beid of gyration, and let Ihe si|iiiiiv- uf its scini-uxes be 
ft= = ^+\, b' = B + \. <^==C+\. Let UK tiud the ijiiunent of 
inertia with regard to any tangent ])l;uie. 

Let (a.fB.y) be the direction angles of (he per|>i'udienhii to 
any tangeut plane. The moment uf inertia, wilh ngatd lo a 
parallel plaite throngh O, is 

^A+B+O- {A ei.s-a + B cos^;8 + f cos-y). 

The moment of inertia, with regard U< llie langenl [ilatir, is 
found by adding the s,|uare of the peip.ndiLular di.-la)i,-, l.r- 
tweeu tho planes, viz. 

(-1 + X) cos-3 + (B + X) cos'/3 + (f + X) en,v7. 

We ifet moment of inertiji with) , , ,, ,,, 
regard to a tangent plane] ' ^ 

= ^(B + C-A) + n-^. 

Tliiia the iiiuineiits of inertia wilh iw/tird tu uU lnii'jaiit jidiiivs In 
any one qiwdric conjvail with the ellijisQiil u/i/ynitioii aiii the samii. 

These planes are all jirindpal planer at Ihe j>viiit u/ cimlitd. 
For draw any plane through the point of cuntaet 7', then in the 
case in which the oord'ueal is an ellipsoid, the tangent plane 
|>ai-allel to this plane in cnra'c remote fi'on] the origin than tliLs 
plane. Therefore, the moment of iin.Ttia with regard to any plane 
thi-ongh F is less than the moment of inertia with rrgaiil lo a 
Umgent plane tu the eonf,H-al ellipsnid through I'. 'I'hal \^, llie 
tangeut plane tu the ei!i]i>[iid i< thr |iiinei|i,-il plane "f gr^Lili'st 
moment. In the sjinie M^ay tlir langent planr \« ilie eunfuual 
hyperboioid of two sheets through 7* i.-^ the iiriueiiiul plane of 
least moment. It follow.s that the tangent plane tu the eunfoeal 
hyiwrbuloid of one sheet is the principal plane of mean moment. 

Through a given point P. three conf'ucals can be dmwn, and 
the normals to these confocals are tlie in-iiid]ial a.'ie:- at 1'. 
By Art. 5, E."t. 3, the ]"'iuci]ial axis ol' Iva-sf mumenl in normal 
to the cunfueai e/^;wji'rf and that ol greatesi moment nurrnal lo 
the coufucal hyperboioid of two shnas. 

• Sume of tho follon'itiB tlieoiciiis nviu Kivuii liy Sir Willijiiii Tlioiiison and 
}ii Towniwiid. !□ twn urlicleH wliich :t|>|ii>iti'KJ at tliE MOiiv tiini; Jn tbu Miillii'iii'iHi'iil 
Jo»rH,il. ima. Tth'ir d^tnoiistnit;i>n-< Hru ilifFrrLOit fruin tliohv gUtn in lliia tniitisu. 



MOIIENTS or UlERTU. 
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57. The iiiomi-'iit iif iuurlia with regani tu thu jMuit. P is, by 
Art. 14, iC^l+B + O+W^. Hence, by Art. 5, Ex. 3, the 
niuiiieiitK ut* inertia about the normals to the thi'ee confocals 
through P whose parametere ai-e Ai, X,,Xj arc respectively 

OP' -\, OP'- \„ OP' - X,. 

58. If we describe any other coiilb»il and draw a tangent 
cone to it whoHu vertex is /■*, the axes of this cone are known to 
be the normals to the three confireals thi'oiigh P. This gives 
another construction for the principal axes at P. 

If the confoctil diininbh without limit, until it becomes a focal 
conic, we see that the principal diamctera of the system at P are 
tho principal diameters of a cone whose vertex is P and base a 
focal eonic of thu ellipsoid of gyi-ation at the centre of gravity. 

6!). If wo wish to use only one (piadric, we may consider the 
coufocul ellipsoid through P. Wc know* that the normals to 

* TlioHo pr(i|)ositinna are to be touud iii books □□ solid geometry, they may a.ha 
tw provuJ aa followB. 

Lut tli(> uunFucul ttllipudld pnas near P and approach it iDdofinilcly. Tim base 
ot the uuvvloping uuue is ultinmtel; tbe Indioatrix ; luid an tho ooiie bccomoa ulti- 
niatoly a tangent plane, one of its axcn ia ultimately a perpendicular to the planu of 
tlM Indicntrii. Now in au; cone two of its axes are parallel to the principal dioma- 
t«ra of any aection peqiciidlcuUt to tho third atia. Hence the axes of the cnwlop- 
tiig eono are the normal to the BUrfaco and parallclii to tbe principal diameters of 
tho Indivatrix. Bat ull parallel seotioQa of an ellipsoid are siuiilar and similarly 
altuatvd. hi'nuo tbo principal diameters of tbe ludioatrii are parallel to the prinolpal 
diniiiutcTH of the diametral section parallel to iJiu tuuj^nt plane at P. 

To find thi- piinoipnl momenta, we may reason as (ollowa. Let a tauycnt plane 
to the ollipuoiJ U.' druwu ptypendicular to uuj radjus vector OQ of Iho diametral 




ART. 60-] KlSITli>NS uP Tl 


IK ]■[ 


!ISCI1 


■A1. AXtS III- A 


SVSTK-M 


the nl.lui 1»>. ,:.„i.-.,U i, 


IV h 




I, 1,1 II,.- Iill,« 


iif ciirvi 


on lllr . Ili|i~ii.|, ;ni.! ,n . . 




ilLKlll 


1 1.1 ll.,. lililivi 


|,aI iliiiiii 


of IW .ll:i li:.l -Hi..)i n 


il^lii' 


l.v ;i 


l.lillK. |,ll|-|lllrl 1 


,1 III,. t--.i, 


piiiiK. (U ;■. Ai.il ii A, Ji 


I.- 






llillllR-tol-l 


know lliul 










X, = x, - 


-A. 


X, 


. X, - i)/- 
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A +\ B+\ t'+\ 
Iho axfs of cii-iinliiiiitL's V'iiLg thu jiritit-ijiul jixi-i m ilir rmlrr 
of gravity, then LhL' jii-iiicipiil n.\un ill 1' mv IIiv in'ininl [■• lln> 

i)iiaaric, and puralk'lN U> thi' axv-s iif thu diiinR'liMl -ii-tl ikhIi' 

ItV a, pliinc iiin-ullul to till! ttrngi-'iit )ilaHi.> !il /^ And it ihi..-^..- :i.:vu^ 
Ik- ■id, ;uiil -ID,, thu priiifipLil iiii.iiK'iiU ;il 1' arr 

O/'^ - \, (IP' -\ + Dr. Up: - \ 4 7*,.-. 

Es. II two bijjiea llnvc ihc Biiino ci'iitir uf [;ruviLy. tJie M!imt iiriui'ijHil iisi's at 
llie liciitit' of fc'ravily mid the ilifltn lifts uf tllpir lii'iiiciiml iii'ililPiiN L'i|iial. t'litli li) 
eucli, tlieu tbL-ai' bodivf liiLVf llm aaiuf |ii'itid)m1 axes nt nil puiiit^. 

liO. Condition that a line should be a principal axis. 

Tlie -rre.-- uf' aj-nnUmilc-s Iwin; /!,.■ /.rn.ri/,,,! „.,;•> <'! Ihr r,;,lrc of 
•li;irilij it /!s mi'ih-C'l I" t:<i>ri-^s llir r,;„liti'M, thai .u..j >,n.\;. .■,lnn>ii.l 
liiia iiui;} be a jirii'i:')))'! 'i.ri.s tit .'mm' pi'ii'l •" its h-ii-/ll, -ui'l In jiud 
tliut puiiit. 

Let the uqicitiuus to \\i>' i,'ivi'ii slraighl lim.' lir 



'■-./„y-.'/_ 



..(I), 



section of Ul; llicii the point of tontiiL't T, iiq mid ni' will lit- in oiiciiluiiu wlicu 
(jy ifl IL11 axil of llie suction. Foi' ili'iiw tliroii^li T n sctiliou |mi;illi^l to llic diiiiiiu'- 
tral si-ction, and lut il' be jtH ccutri;, and \a\ ii' Y lie a ))ui|iiiiiclii,ni1ai' fruiii "' on t)io 
tnnt'cnt plane wliicll lolirlicu at T. Tbi'U Ul), "'1" ami lit n\v in out |ilaii('. 

Now considBC tht m:\ v. v,li,, ■ i-i'i'; OT is lUu iniiijumliciilur un tliL' lau- 

yvnl tu an dlijii^u i-i . | i ' . ' ii [ I? T. lluai'i; D'Y , IXT do not uoiituiili: 

uulcgB U'Y" Ik till' ill! 1' iliu ultiiDic. ISiit this ^I'tiiin ik Hiiuilar to 

thi) diamtlcttl BL'clinij |,, .I.. ■ ■ ,liiiivii jmmlli.'l. Ili.'titi' '",' is ml u,\ia of Ibi' 

diametral suction. 

Let I'll be a straiglit line dr:ii.a tliimi^'h }• \avMi'\ t.t 07 I,, nuvi in I! tlii' 
lanaent pknt which loudiM in T. iiiuii Ul'. Hi iuc Iwu lull (.'..11 1.- iil Lit:lil Lin;;l(.-.- 
tu (be oUipsc I'i^T. Ucncii 

Wi'=rtiinnirihea.iiiavesof tliiiPfiui-jiM- o[ tlii' ullip^r^ui'-t or,)-^ 
becuusc 1)1', Hi} Ate Conjiifjale diiLnii*li.'T^. 

piuvnl above to W >IR- - ^, bcmc ibu inoiiifiil of iii.'i tin iilwiii a luilall.l IIiiouhIi I' 
lo tbe aiia fjy ib Ul'- + IK/- - Ji. 



thun it iiiiiHt be i 
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..(2) 



aL the point at which the straight tiuc ib a principal axis. 

Ut'UL-u (juiiipariug ihti equation uf the nurmal to (2) with (1), 
we have 



r-d. 



B + l 



C + \' 



..(3). 



These tux ettxatiuiis niuut be sati&tied by the same values ai x, y. z, 
X auil fi. >Suttstilutiiig for x, y. z from (3) iu (I), we get 



A^L- 



=""- 



Eiiuatiiig the values of jl givuu by these equations we have 

/_» »_'■ ''_/ 



(*)■ 



This clearly amoiuitH to ouly one e^iuatioii, aud is the required 
couditioD that the straight line xhould be a piiucipal axis at some 
point in its length. 

Substituting for w, i/, z from (3) in (2), we have 

X (f + »(' + H') = \~ {Al^ + BHi' + Cn\ 

which gives one value only to X. The values of X aud /t having 
been found, equations (3) will determine j-, y, z the co-ordinate 
of the point at which the straight line is a principal axitt. 

The geometrical meaning of this condition may be found by 
the following considerations, which were given by Mr Town,send 
in the Mutkeiiiatical Journal. The normal aud tangent plane at 
eveiy point of a quadric will moot any principal plane in a point 
and a straight line, which are pole aud polai' with regard to the 
focal conic in that plane. Hence, to find whether any assumed 
straight line ia a principal axis or not, draw any plane perpcu- 
dieular to the straight line and produce both the straigtit line 
and the plane to meet any princtiml plane at the centre of gravity. 
If the lijie of intersection of tlie plane be parallel to the polar 
line of the point of intersection of the straight line with respect 
to the focal conic, the straight line will be a principivl axis, if 
otherwise it will not be so. Aud the point at which it Is a princi- 
pal axis may be found by drawing a plane through the polar line 
perpendicular to the stmight line. The point of intersection ia 
the required poiut. 

The analytical condition (-t) exactly expresses the fact that the 
polar line is parallel to the intci-seetion of the plane, 



J 
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(11. Ex. 1. .Sliow tlial llif Pfiaivlit liiif « (j- (.) = (-(;/- /') = r (i -.) in at rotiie 
pninl in il)< Irnj;!! a i)i'inci]in] nxie of an pllipt-oid nhcsc semi-aiiep me abc. 

Ex. 2. Shon' that any Btrnih'ht litiE drawn iiu a lamina is a piiuoijml axis d[ tliat 
lamina at Bomp pciiii. ^\hcic ip tliit point if llie fimiflil line ym-v thisHcli (lio 
centre ol gravity? 

Ei. 3. Given a plane .+ -+.-- 1 = 0. lliprc i.= nlw-aj't sonic pnint in it nl 

whicli it is a principal plane. Also llii- point h iln inliT.=irlinii iwih tlii> plrnipht 
iiae/.T~.4=!nj-ll^lii -C. 

Ex. i. Let t«-o points /■, (;» be .^i. i-ifiiiittd tlml B piinripiil H\iH nt i' inlpippcts n 
principal axis al (;, Tli. n if '■■ .. [.l;lIn^. be drawn at 1' anil V pi'i]«'ndiculnr lo 

these principal h\i ^. " ■ ■ m ill te a piincipnl usis at tlie point wlirre il 

is cut ly the plniu ■ ! :i. iiml nxen at P ami y. [Mr TnwnBnid.l 

For let llic piiih q-.i'. l . .ii / (/ meet Mi>- prineipnl plane nt tlie pfntm of 
gravity in p. q, and kt tliL' iiLrjH iiiliciilar planes ent tlie Rnnie piineipnl plane in 
LA', J/,V. Also lei the peiiii'naiciilar planes inti'iReet latli (.llier in JIS. Tlieii 
nS in peiptudiculnr tr> llie plum' ecniiijninc Ihc poinlh J'. V, ;>, 7. Al.n ^inl■e llie 
polaisdfy. ami 7 are LS, MX. it fullmvs that//) is the imlnt cif ilie juiintA'. Henee 
tbe slraight line UN sntinGes the criterii.ii of tlic lufit Article. 

Ex. S. If /' be any point in a princi|Bil plane at the centre of i;ravilv. ihi n 
every axis nhich paKHC)i tlirmiiib I', and 1.1 a prtiiei|)n,l axi» at i-nnie ]>oinl, lien in nne 
of livo perpendicular planes. One of tiirse pinne» is llio princiiiiil piano nt the 
centre of emvily, antl the other t'i a plnnt periwuiiicninr lo the iiolar line- of /' with 
re{3ird lo the foenl conic. Also the locus of all the points al whieli yj' in n prin- 
cipal axi.i is a circle p;iE«in{; throniih I' ami havinj! its centre in the piincilvil pliini', 
[>fr Townsend.] 

Ex. fi. The edge of rejrresHion of the dcvelopalilc fnrface which is the envelope 
of the normal pInneH of any line of cilrv.iliu'e drawn on a confuciil ijnndiie is n 
cnrvc siieh that all it* tant'euls nie ]iriiiciiuil nieH at mine point in efii I1. 

1)2. Locus of equal Moments. 

IKlilltii lit which lire iirlmljuil 

other. 

The principal iiininrulu :it 
I,^OP'-\ L = OP- 

If \SM cijiiatu /, ami /. wo havL- A = 0, ami l!ii> [iHini /' mnsi, 
lie on the elliptic I'ncal L-niiir nf the ellipwuid iil'^jvi'iil'iini. 

If wc equate I., anil /„ we have iJ, = T>... aw that V ].« an um- 
bilicus of any ellijisfml ciiiifocal with tlie ellipsuid i.i' ifviatii'ti. 
The locus of these niiibiliei is the hyiierboli.- local cmiie. 

In thefii'Bt of these ra.'ics we have X = -'', ami L>, \^ \\v sn.ii- 
diameter of the focal conic cmLJiigate to '>/', I Imr, ■/'.' + ';/" — 
Slim of squares of wenii-axes = A — V + Jl — ('. Tlir iln. r |n-itiei|.nl 
nnnnetil>^ ;iV llKivfm,. },- I-DI'^ ] l\ 1.- .\ . II-. I\ -.yuA \hv 



ents. 
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MOMENTS OF INEHTIA. 

The second case may be treated iL the same way by us 
a coufocal hypeiboloid, we therefore have 1^ — 1^ — OP' H -. , 
I,=A+G—B, aud the axis of unequal moment is a tangent 1 
to the focal conic. 

Them multa fallow also by combming Aits. 67 &□<] 58. The cone whioh ^ 
cuTelopes the ulUpsoid of gynktion tuiil bfti its rerte:! at P muet 1>; these articlen be 
a right cone if two principal momcntx at I' are <.>qiial. But we know frDtn «olid 
geometo' that this onljr bappena when the vertex liex on a focal conic, nnd the un- 
equal axis is then a tangent to that conic. 

03. To find the curves on any con/ocat quadric at which a 1 
princijKil moineut of inertia is equal to a t/iven quantity/ L | 

Firstly. The moment of inertia about a normal to a confocal 
quadric is 0P* — \. If this be couatant, we have OP constant, 
and therefore the required curve is the intersection of that quadric 
with a concentric sphere. Such a curve in a sphero 

Secondli/. Let uh consider those points at which the moment i 
of inertia about a tangent is constant. 

Construct any two confocals whose semi-major axes arc a and * 
a'. Diaw any two tangent planes to these which cut each other | 
at right angles. The moment of inortia about their intersection ] 
ia the sum of the moments of inertia with regard to the two j 
planes, and is therefore 

B+C~A+a' + a'\ 
Titus the moments of inertia about the intersections of per/wndiC' 
tangent planes to the same confocals are equal to eacli other. 

Let a, «', a" be the semi-major axes of the thi-ee confocala j 
which meet at any point P, then since confocals cut nt light \ 
angles the moment of inertia about a tangent to the intci'section ' 
of the confocals a', a" is 

/, = S + C-.4+«'' + r("=. 

The intersection of these two confocals is a line of curvature 
on either. He)ice the moments of inertia about the tangents to any 
line of curvature are equal to one another; and these tangents are 
principal aaes at tlie point of contact. 

On the quadric a draw a tangent PT making angles 
and ^— <j> with the tangents to the lines of curvature at the 
point of contact P, If /,, /, be the moments about the tangents 
to these lines of curvature, the moment of inei'tia about the 
tangent PT 

= I, co8'0 + 1, Bin'0 

= B + C — A + (a"' -I- «') coa'0 -|- (<i= 4- a') sin=0. 
But, along a geodesic on the quadric a, a' sin' <j> + a"" cm' <fi is , 
constant. Hence the moments of iverlin about the tangevta to any ■ 
geodesic on the qnudric are equnl to ench other. 
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Ei. 3. Wlien a hoSy i» referivd to its pc[iici|ial iiM^s nt tlif t'eiitii' ot :;riivity, 
show how to finil the co-ordmntes of the point /' nt which tlic thrpe prinriiml 
moments arc ecjaal to the tlirec (jiven rjuAntitiea /j, I,^ J^. [Jullicii's ProbU'iii.] 

The elliptic co-orilinatoH of P arc evi.lcnUy «^=t (/„ + ;;,-/,-;;- C + ^) *e.; 
imd tlie co-nrdinntcs (t. y. ;| mny then he fonnil liy Dr Sriliiion's fcjviuiilic, 

T.x. a, Lt-t two plimeK nt rinlit iin;;lcs ttnich t«-Q c.ir.icnlfl «li.iic .simi-n injur 
asoB are n, ti'; luiJ k't a, o' Iv the values of n, n' for confoculs tnuching tin' inter- 
seetion of lliepkneH; then ii= + "''' = ii'+-a''-, iiinl the pcoiliipt of iiierlin with reBiml 
W the two planes is (.i^.i'^-a-ii")!. 

fJ.O. Equimomental Surface. Tlir Im/ns -if iill X\w9->' ["tints 
at "lii.'il oLiv „r 111.' |M-ih<'i|.al i.i.,nu'Lils ,.f iruTtiil nf tbr lii«ly is 
.■.|iinl ton givvh i|iiniitity i^^ ,-altrii;iti e<i'ni„-n,>eiifi'l s'irf<iri: 

To tiinl tlio fi|Tialioii t" siu-li ;i j^iirliifi.' wo liiivu niily tn ]ml [, 
ci.iistniit,, tliis fpvL-s \=r'-I. Siil>sl.itiit,iiiK in tile i'.|iiiitiMii to 
fhi' siibsidiaiy iitiftdiir, th.> i'.)iiatinii W the siirliicf lu-coincs 



■ Thrijugli any puint 1' (in Jiii (.■i|iiiiii..iiK>iilal siiilin\> ili'siTibc 
a t;i>iifi)Cal i)iTiU.lnc such ihiit \\\i' \>vwn\\i\\ axis ih a tn.iif^i.'iit 
to fi line of cnrvatiuv on thi- i|iiai!rir. IJy Ait. (J;S, diii' nf tlu' 
iiitcrficctioiis iif thi.' L'i[uiiiiiiiin.'iil.;tl siulinv iiiul liiiw i|iin(hii' is (In- 
liiiL- of ciirvatinv. H.'ikt rh.> iinnciiiul a\is :i(. /' aln^nl uliirli 
the monicnt nf iiu.Ttia i.-^ / is a liui^'riit lo liir i'i|iiiiiii>iiiciilal 
aiii-face. 

A-.i1j. .-..ii-M,:'! tli,. f-niilui.al i|Ua.lri.' l!ii-..i|o|i /' Mii-ii lliat 

(!ir ].i;! . ■■ . final at /', linn nnv nt llir inti^iNirtimis 

Mf tl ■ ■ .;!i... aiul Ihi. i|na<lrio i, ihr s|,lirn.-fiiliir 

thr.iu-li /'. ll^' i,>,niuil In tlir una.lHr. kani; tlii^ iiHii<-i]iai axis. 
has just Iwiiii nIk-wii tn in' a hiiij^oiil t.i llic sutiaiv. Wvwv Hi.- 
tanguiit jjlaiH! to ihc i.i|iiiiiiouii'hljil siufiu-i> is ilir |ilaiii> wliirli 
contains thu normal to llu' i|ii!«liii' anil llir laiiKriil lo lln' -|itirn>^ 
conic. 

To draw a |»n"'i(li.>ulai- Imin liir .-.■iitiv tl ,„i riii- [.■ui-nit 
l-lanL' ttv may Inlluw Eiirliij's niir. TaUr }'l'' a lan;;.>nl m llu^ 
s|)luTu-r.iniL-, rlrop :\ \\i-v\»'nt\\c\\\:\v (V.ini il .<ii /V . ihi-. i- l!u- 
radius vuct...- 07', bL-eaus- I'F i-^ a laiit,'ri,t In ih,' splici-. Al /' 
in thi' lang,;nt iilaiie draw -a- ii.L-|n.ndi<'iila|- |., I'l" . ll.is h \]w 
normal PQ to tliu i|n:idm-. Vv.w l> dju]i a p.Tii.ndirnl.'n- <)Q on 
this normal, thru llQ is ;i ui.rnail In \]w taiiL;.'n( planr, llrii.-(> 
this CtJnMtriictioii : 




MOMENTS OF INERTLA. 



[CDAP. 

If 7 be any point on an etpiimomental surface whose pai-a- I 
viete7' is I, and OQ a pei-pendicidar from the centre on tite binggui | 
pkine, then PQ is Uie jyrincipal asm at P ahoiii, which the moment | 
of inertia is L 

The equimoment-al surface becomes Fresnel'a wave suiface whea i 
/ is greater than the greatest principal moment of inertia at the I 
centre of gravity. The general form of the siirfaco is too well 1 
known to need a minute discussion here. It consists of two J 
sheets, which become a concentric sphere and a s]jheroid when 1 
two of the principal moments at the centre of gi'avity are equal J 
When the principal moments are imequal, there aru two singu- 
larities in the surface. 

(1) The two sheets meet at a piint P in the plane of the I 
greatest and least moments. At P there is a tangent cone to J 
the surface. Draw any tangent plane to this cone, and let OQ I 
be a perpendicular from the centre of gravity on this tangent J 
plane. Then PQ is a principal axis at P. Thus there are an. I 
infinite number of principal axes at P because an infinite number" 
of tangent planes can be drawn to the cone. Bnt at any given 
point there cannot be more than three principal axes unless two 
of the principal axes be equal, and then the locus of the principal 
axes is a plane. Hence the point P is situated on a focal conic, 
and the l<x;us of all the Hues PQ is a norma! plane to the conic 
The point Q lies on a sphere whose diameter is OP, hence the 
locus of Q is a circle. 

(2) The two sheets have a common tangent plane which i 
touches the surface along a curve. This cnr\'e is a circle whose ] 
plane is perpendicular to the plane of greatest and least momenta. 
Let OP' be a perpendicular from on the plane of the circle, 
then P' is a point on the circle. If R be any other point on the 
circle the principal axis at if is RP". Thus there is a cii'ciilar 
ring of points, at each of which the principal axis passes through 
the same point, and the moments of inertia about these principal 
axes are all e<]ual. 

The etjuation to the equimomental surface may also be used 
for the purpose of finding the three principal moments at any 
point whose co-oi-dinates {x. y. 2) are given. If we clear the equation 
of fractions, we have to determine / a cubic whre^o roots are the 
three principal tnoments. 

Thus let it be required to find the locus of all those points 
at which auy symmetrical fiinction of the three principal moments 
is equal t^ a given quantity. We may express this symmetrical 
function in tonus of the coefficients of the cubie by the naual 
rules, and the equation to the locns is found. 
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Ex. 1. If an eqniraomental surface cut a quadric confocal with tlio ellipsoid 
of gyration at the centre of gravity, then the intersections are a splicro-conic and a 
line of curvature. But, if the quadric be an ellipsoid, tliese cannot be botli real. 

For if the surface cut the ellipsoid in both, let P be a point on the line of curva- 
ture, and P* a point on the sphero-conic, then by Art. .VJ, OF-i- D^- = <)!*'-, whicli 
is less than A + \. But OF- + Df + D.r - A + 11 + C + 3X, therefore 7^./ > F, + C ^■ 2\, 
which is >J-f2\. Hence />.. > the greatest radius vector of the ellipsoid, whicli 
is impossible. 

Ex. 2. Find the locus of all those points in a body at which 

(1) the sum of the principal moments is eipial to a given (juantity /. 

(2) the sum of the protlucts of the principal moments taken two and two 
together is equal to /-, 

(3) the product of the principal moments is equal to / ». 
The results are 

(1) a sphere whose radius is / — * - , Art. 13, 

(2) the surface 

■\-A.r- + lUj'-\-Cz- + AB-¥F>C\-CA j ' " " 

(3) the surface A 'Jt'C - A 'y-z- - F'z-x~ - C'.v-tr - 2.r-// '^ " ^ / % 
where A' = A +//' + z-, with similar expressions f(»r Ii\ <". 
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CHAPTER IT. 

d'aLEMBKRT's PKINCIfLE, &c. 



6G. The iiriiiciples, by which the motioa of a single particle 
under the action of given forces can be determined, will be found 
diRCUAsed in any treatise on dyuainiee of a particle. These prin- 
ciples are called the three laws of motion. It is shown that if 
(a;, y, z) be the coordinates of the paiticle at any time t referred 
to three rectangular axea fixed in space, m. its mass, A', Y, Z the 
forces resolved parallel to the axes, the motion may be fonnd by 
solving the wmultaneous equations, i 

m'^'^-r ■n.^^-y r,^^-^-Z I 

"'rfi'-^' ™d('-^' "^rft^-"^- I 

If we regaled a rigid body as a collection of material particles 
connected by invariable relations, we may write down the equa- 
tions of the several particles in accordance with the principles just 
stated. The foi-ces on each particle ai-e however no longer known, 
some of them being due to the mutual actions of the particles. 

We assume (1) that the action between two particles is along 
the line which joins them, (2) that the action and reaction between 
any two are equal and opposite. Suppose there are n particles, 
then there will be 3n eqnatioua, and, as shown in any treatise 
on statics, 3n — (i unknown reactions. To find the motion it will 
be necessary to eliminate these unknown quantities. We shall 
thus obtain six resulting equations, and these will be shown, 
a little fiii'ther on, to be sulIScieiit to determine the motion of 
the body. 

When there are several rigid bodies which mutually act and 
react on each other the problem becomes still more complicated. 
But it is unnecessary for us to consider in detail either this or the 
pi-eceding case, for D'Alembert has proposed a methixi by which 
all the necessary er|imtions may be obtained without writing down 
the etjuationa of motion of the several pailicles, and without 
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making any n-'Wiiinption as tu the natiiru iif thi' miitiia! actiinis 
except the follmvinf;, which may be regarrlfd as a iiatiiral eonse- 
qiience of the laws of inotiou : 

The itilermil ficfionn and retidians of ony ni/.ttcw of ni/id hofliex 
ill viotton tire in eqinUhnum nnioinjKt themselven. 

67. To e.epi<iiii D' Alewberf n principle. 

In the appticatimi of thtM priiin])!e it will be convenient to 
use tho terai effective force, which niaj' be ck'finc(i as fallows. 

When a particle is nni\'iug as part of a rigid body, it ih acted 
on by the external impre.sgud forces and aluo by tho molecular 
reactions of the other particleK. If we eimsider this jiaT'ticle to 
be separated from the rest of the body, and all thesL' forccK re- 
moved, there iti some one force which, under the same initial 
eonditiooH, wonld make it move in the same way as beibro. 
This force iw called the effective force on the pai'ticle. It is 
evidently the resultant of the impressed and molecular forces on 
the particle. 

Let VI be the mass of the particle, (,c, i/, 3) its co-oniinateK 
referred to any fixed rectangular axes at the time t. The accelo- 

mtiona of the particle are ^„ , ~ and ^ . Let f he tho 

' dt- dt- dl- ■' 

resultant of these, then, as explained in dynamics of a particle, 
the effective force is measured by vif. 

Let F be the reanbint of the impressed fomw, R the resultjmt 
of the molecular forces on the particle. Then /"/is the resultant 
of /"and R. Hence ifm/be reversed, the three >, R and mf aw 
in equilibriiuii. 

We may apply the ^^alne reasouiiig to every jparticle of each 
body of the system. We thus have a gniup of funes similar ti. R, 
a gronp similar to F, and a gi'oup similar to vf the ihiee gi'onps 
forming a system of forces in equilibriiuii. Now by D'Alembeil's 
principle the gi-oup R will it,«elf form U system ol liirees in e((iii)i- 
brium. Whence it follows that the group/' will ix' in (.'i|oilibjiiirn 
with the gixHip mf. Hence 

If forces eij'ifil h the effective forcen hut iidiin/ in cvrthj n/ijinxilc 
directions were itpplied at each point of the xi/xteiii tlice winlil he in 
equilihrium with the intpretmed forces. 

By this principle the solution of a dynamical pi-oblem is 
reduced to that of a problem in statics. The pi-oees-s is ns 
follows. We firat choose some ijuantities by means of which the 
position of the system in space may be determined. We then express 
the effective forces on each element in trrms •>( these i|UaTil.ities. 
These. when rfvei-sed,will be iue'|uilibrtumwil!i the given itupresaed 




im 



forcea Lastly, the eqiiationa of motion for each body may be 
formed, as is usually done in statics, by resolving in three direc- 
tions and taking moments about three straight lines, 

lis, Bi^rnre the pnblication of D'Alombcrt'E) principle a vast number of dyiiamio&l 
prohloms had been solved. Thene may be found Boaltercd tbrouRh the enrly 
volumes of the Memoirs of St PeterahnrK. Berlin and I'Bris, in the workfl of John 
Bernoulli and the Oputeula of Euler. They require fot the moat part the dolermi- 
nation of the motinnii of several bodies with or n-ithont weight which push or pull 
eiuh other by meaus of threads or levers to which they arc fastened or along vhjcb 
they can glide, and wliich having n certain inipolBe given them at fimt are then left 
to themselves or are compelled to move in given lines or surfaces. 

The postolate of HuyghenB, '■ that if any weights are put in motion by the force 
of itmvity they cannot move so that the centre of tiravity of them all shall rise 
higher than the place from which it descended,'' was generally one of the principteg 
of the Holntion: but other principles were alwayit needed in addition to this, and 
it rei|Qired the exercise of ingenuity and skill to detaot the most suitable in each 
oose. Such problems were for lonio time a sort of trial of strength among mathe- 
maticians. The Trailf de dynatniqne publiahed by D'Alembert in lTi3 put an end 
to tliis kind of challenge by supplying a direct and general method of reaolving, or 
at least throwing into minBtioDB, nny imaginable problem. The mechanical dilG- 
cnlties were in this way reduced to diHicullicH of pare mathematics. See Montncla, 
Vol. It:, page 616, or Whewell's version of the same Jn his lliilory 0/ Ihr Intluetive 
Scimeet. 

D'Alembert tisra the following words:— "Soient A, B, C. Ac. les corps qui eom- 
poseut lo syslflme, ot suppoaons qa'oa teur ait imprimC les monvemens u, li, r, £c. 
qu'ils soient forces, k cause de leur action rootoelle, de changer dans les mouvcmena 
a, h, c, Ac n est clair qu'on pent regarder le mnurement a imprim£ bii eorpa A 
oomme compose du monvement a, qu'il a pris. et d'un autre uionvement a ; qn'oB 
pent de mAme regarder les mouvemens b, c, &a. commc compoai^^a des mouvemens 
l>i ^i c, 7; Ac., d'oQ il a'ensuit que le monvement des corps A, B, C, Sc. entr'anx 
auroit ftf. le mfimc, si an lieu de leur donner tes impulsions n, b, t, on leor e&t 
dounf i-la.foia lea doubles impnlsions a, a; h, P; &c. Or par U supposition leu 
corps A, B,C, Ae. out pris d'eux-mSmes les mouvemens a. b,(i, <(c. douo les mouve- 
rnena a, p. 7, ice. doivent £tre tela qu'ila ne d^rongent rien dans lea monvcmena 
a, b, 0, Ac. e'ast-i.dire que si les corps n'avoient rovu que les moovemena o, p, 7, 
Ac. ces monvemena auroient it se d^truire mutuellement, et le syst^me demeurer 
en repos. De lit resulte le prinoipe snivant pout trouver le raouvement de plnsianni 
corps qui agissent les uns snr les antres. Dicomposcz les mouvemcue n, b, c, &o. 
imprimis li chaiiue corps, chaoun en deui autres a, a ; b, ^ ; 0, 7 : etc. qui soient 
tels i|ue si Ton n'cllt imprimi! aux corps que Icfl mouvemens a, b, c, &a. ils eusscnt 
pn oonaerver lea monvemena sans ee nuiro rikiipraqnement ; et qne si on ne lenr efit 
imprim£ qne les mouvemens a. §, y. &a. le aystfime flit ilemenrA en repos; il est 
oloir i|ue a, b, c, &c. seront tes mouvemens que ces corps prendront en verlu de lenr 
aetion. Ce qu'il falloit trouver." 

69. The follow-ine remarks on D'Alembert's principle have 
been supplied by Sii- G. Airy : 

I have seen some statements of or remarks on this principle which appear 
The principle itself is not a nuw ph^Hieal principle, nor 
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am orMiti II to eiiitmi, plijiical irintipk^ but it. a ci>n\fniLdt pnitcipli' of 
L-ombinntion of mechaaiciil cotiHideratians which n.siilts in a (.ompicliensive 
process of great elet,anoe 

riio tni.it ulca whioli doraiuatLS thrjUKh tlie luie-iliaaliou ib Ihn —That 
cvtry masH of mailer in aoy Lumpki iiiLiJianiual combmatioii may Ih. t.uilLCi\ il an 
cunUiiiinj, in itHclf two ditlinct pmperties -one that of coniiLXioii m itHcIf ol 
RUiioeptibiiit^ Iti prcHiun. Tuicl and of cuuHlmiid nitb cithci micli iuilsilk bill nut iiC 
intttia nor uf nnpie'^Bionfi uf momenluni -Ibi othic t)inl of .Iibi.n,tL liir luuika of 
mutter Udd in Ihur ptacPB by tbu counciian tcatni fiiisccptiblo to i\t<Mial1y 
imprem^eil momentum and pusseHHin^ inertia. Tlio uiiioii produces an luipuuduruble 
gkelelon carryini, iwnderable laititleM of uiattei 

Mon tlie a(.tion <if e-tCi;rna1 moniuntuni fours on itnj oni. ]iarlii.lB tr'nitd lu 
produci; a tertan momentum actilem In m in thai jmrliLle «biLb (tinerall^) is 
not allowed to produce its full cfTcct And nhat prcvcntu it fiDni piudiitini; its 
full effecf It IE tbc pressure (f th>' »ki>Ii.t9u frnmo nliiuli prcuiiire will be 
meaaured by tlie diftcrcnci. bt.tnecn llie iniprLssid inomiiitiiiu noaeleration uud 
the actual momentum aci-ulmatioQ for llie hildic TIiUh (.vlIv pait of llii. ^kclctciu 
miiitama a prLaHurc force deiH-udin., uu that dilfi.rin(.e uf uiuuiLiitt An I the 
wIiuIk methaniLfil sjaleiu lioniici coiuplicatinl, maj Dow bi, cuntoneJ ili u ■lyiilLnl 
of akeletoDs each sustainin, pieb'uri. fuiui, uu 1 |liy tiitUL ol tlieii uoiiibiiiiiltoll) 
each iini rcbsin), forcis uu llie otlitrs 

And whnt mil be the lawx cf muvcmtnt risullin^ from tlu'i conuLMun ' Tbc 
forces arc prctsurL folcea, actni), on impoudirabli. bkitLloni und Ibcj luuit lull iiu-i 
according to Ibe laws of alaliLiil ci|inlibrium Tor it tbu did nut thtre n uld 
bt inBtautanenub LbiLnije from tbi undeiatuod motion vtbicli cliaui^e n lulil lie 
acoompamed mill mtLiiituiKous oltanKL of iiiviiiLiitiiiii iiii. ttntion of tbc in iIl 
(.ulcs tbat V. iild prudiiCL diffirtnt pris uilh cuinsjioiiJiiif, tu cipiillliiiuiii (It 
IS to be rLiuaihed tbut luomuutuai Lirnnot bi. Lhan^cd in^tuutoniuuslj but luo 
menlum a( (.deration can be Uianyed luslantalieiiuiilv ) 

Wu comL tbua to tlie conclusion that taking fut oiirj iimUculi. tlio dif 
ferenoe between liiv impresswl momentum am,i.kcition uiil llii actual moiodiliini 
acoclumtion tbow diHcrcnoLS tbrout.li Ibi. untin. nuLiibiiiL uilt pvIiiticHll^ biil iiit' 
Anl— combraiug in one t'""? "'• ''^•- ii"liit--<ii-l iiiomuntnm iiculLiiitiun- nul in 
another group all thi. aLtuitl momentum uulU rations it is the nunc n'« sujiii^ tlitit 
the impreHscd mumcntum accekration tbi-oiii,li tbc intirL mnUuiic Vidl I ilnni i. tbc 
actual momentum iccclcratioOH throOoh tin, cnlin, minluuL Tbia is tbc us lal 
eiproraion of D'Alembert'H prini-iple. 

70. The ordiiiaiy iiututum ti>r ili.' smv. smw ain'rh nihil r,,^ 
efRoitDLs of a fuiictiun is vory funvi'iiiiiil \\lirii wr ;iii- iiul ,i.Iu-;ivk 
using the same iti(k'puiiili:iil, vaiiiibli.;. In u tivalisu mi ilyiciiiiicH 
the time is usually the iiidupoiidi'iil, viiriabic, und it is iiiiuri.-Lssury 
to be coutiiiiialh- c:illin;,' atliriliun Li. thiit liict. For this cimsoh 

it is llSILll l.M.-|H -III i;. -11 .-^-IM' (liH'.'lrillilll l-OL-ffil'il'llls wifh 

regillil In III,. :]r., 1 ,■- ,,r .|„ls nV s„„i.' nlluT lilUlks |.W<.<1 

overlhL'il.-i..-]ui. ' ]• will lir r..inviii,.itl. In ivsliiri lh.> 

dot. iiulatiuii i.. I- j.i ■ - III lilh ■■■ iiliali.iiis willi rr-j;av<\ In t.)i,' liiiic 

8..1e!y, thus jr iiiKl .r will W simply ubbivv iulimis Inr ''.- ui.d '-'";''. 



Dots will never be used to i-cprcaoLt dilfereiitiations with rcgaixJ to 
any quantity other than the time. When auy other abbrevintious 
are used foj' differential RoefficiuntB they will be preceded by an 
explanation. 

This abbreviated notation is very convenient in working ex- 
amples or whenever tuistakes cannot be produced by an occaiiioual 
error in the dots. But in stating re»uits to which reference has 
aftei'wards to be made, or in which it ia important that there 
should be no miHConception as to the meaning, it will be found 
better to use the mure extended notation, 

71. Example of D'Alembert'i principle. A light rod 
OAB am turn freely in a vertical plane about a smooth jLced hinge 
at O. Two lieaai/ partioUa whose masses are m and ui' are attaclied 
to the }-od at A and B and oscillate with it. It is ivquired to 
find tite motion. 

The oscillatory motion of a single particle is usually discussed 
in treatises on elementary dynamics. It is proved that the time 
of a small oscillation is proportional to the siiuare root of the 
radius of the circle desciibetl. In our problem wc have two 
particles describing circular arcs of different I'adii in the same 
time. Each particle must therefore modify the motion of the 
other. The particle with the shorter radius hastens the motion 
of the other aud is itself retarded by the slower motion of that 
other. Our object is to find the resulting motion. 

By using D'Alerabert's principle we are able to change this 
dynamical problem into an ordinary statical ijuestion. which when 
solved by the rules of statics gives the differential eijuatioua of 
the motion. 

Let OA=a, OB = b, and let the angle the rod OAB makes 
with the vertical Os be 6. The particle A describes a circular ai'c, 
hence its effective forces ai'e known by elementary dynamics to 
bo mau and maff', the former being directed along a tangent to the 
circular .ire in the direction in which ff iacrttases and the lattLT 
along the radius AO inwards, Similarly the effective forces of 
the particle B are ni'bB and m'bo' along its tangent and I'adius 
respectively. The dii-ections of these effective forces ai-e represented 
in tig. I by the double hea<ied arrcws, while the single headed 



i\- (1)/ 



>' 



FiS. (2) /] 



.p 



f'iS- (3) 



"f^ 



J 
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arruws iiidicaU: thf ilirwliiuis uf Llif «i.ij,'lil^ iin/ ami m'lj i.f thu 
pai'tii'les. 

By D'Ak'Hibcrt's pi-iiicijjlc ihu tour clfcflivc f(H'i:i'N wlifit 
revci-jifd ait; in ij([iiilibiiiuii wilh the wc-i^'hts uf tlif ijiii-liiok's. 
To iivoid intnHluL'iiig iIil' unknown rmcUun at ami tlmsL' 
betwci'n Lhe piiittdoH iuiil Iht' i-oil, li;t «s laku niunit'iils liir the 
whr.lo nystA-m about 0. Tliy I'oI-lvs «(((fl- nwl iii04- btiirjy iliroctod 
along BAO have no tiumients. The moinents of ihv ipUht two 
Oiv inti'9 ami Ht'd'S. Reversing the.se mhiI luliling tlie TJiunients uf 
the weights we have 

(w(i-+«t't=>^ + (w-( + '///.»;/ sill /? = fl). 

This is the .liffi-relitilil e.|U;ition ol' ll.ai. Wh.ii il li:is l).'..ii 

siiKi'd iiiiii the two arbitiitry cousUiiits ili'Ninii 1 iiv 

romlitions we sbill luive e.v:pn.;.s...| ;,< a InKri i,„i "„! 
But wilhoLit entering here inLn lhe iirLulylieal soliilii 
shortly obtaiu the result. 

We (loliee that if we put /»' = iiiiii write / fur n, || 
(I) JiuiNt give the inwLiim iif ii aiii'/le jniriiclc ii.sril|;iiiiij. 
uf i-adiiis I. This niutiuii is iheivibiv given by 
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:. .i,.gle purhele .n.l pi.c..! ., . .hslune,. / = ";;lll";X I'"'" '1'^ 

hinge O. 

As a variiiti.m urL I hi.' prnhh-ni, let us «-»/ //-;■ mail,;. ,rl„'i. Il,r 

ro,l OAB mmx.-i rw>„>l ll,e vcrlhil «x ■!. rmiir,,! pn^l.'h,,,- n;lh 

>u-!fi,rm nwpilnr vehaly, ll«: "wjh -vh'u-h IJAB inokvs ,v;th tin- 
vertical btiiii'i vonskint. 

Ill this problem also thr |.arh.>lr, .ir^.-vlbr ein'l.s. hul lli.ir 
plaues are horizontal an.l ihrir ■■.dins an- at A' anJ /■' a- i.|.(v- 
s..-nlei| ill tig. -2. The luelion rouii.! lli.^ vecl ieal l.em- t„iJ(orni, 
theetVeel.ivef,.rw„r.l ivsolvi^.l along lhe tangent to its pivl h i, 
?^r<>. while the eft'.rtive fore.- along ils i-.tiliiis A/'J in\vanl> is 
ui,i siu(Jf-, <^ being the angle iiia.h.- hy the plan.' :IIA wIlli any 
fi-ted ijlane paasiiig thnnigh 0:. Siniilarly llie whole eti'.elive fi.ree 
on B is directed aioiig its riuUiift BF and is ei|ual In ui'li sinC^-. 

The directions of these effeetive torees are reprrs.^iUM l>y llir 
double headed arrows in lig. 2, Hever.siiig llie-e 
iiionietits as beifoi-e about U, we h:i 




d'alkmbeht's principle. 

e tihe angular velocity ^ ul' thu plain; ;0A itniiid thu vertical 
is given by 

- (7na + m'li)g , 

* '^(riia' + m'b'X^e ^^'' 

tixcopt when the rod is vertical. 

In this case again the result shows that the motion of the rod 
OAB round the vertical is the same as if the particles were 
collected into a single particle and placed at the same distance 
from as in the first problem. 

In these problems we have followed the rule given in Art. 07. 
We fii-at express the effective foraes by using the results given in 
treatises on dj-namics of a. particle. We reveree these effective 
forces and express by equations the conditions of equilibrium. 
These otiuations are the equatious of motion. 

Ex, 1. If throe partioles arc attoclied to the rod at different distanoeB [rom O, 
find the motion, (I) whaa the ayHlem osciUntoB in a vertical pluto, and (3) when it 
revolves uniform!; round thii vertical. 

Ex. 2, If the two particW ore attaahcd to O by two stringf OA, All us shown 
in %. 3, and the ^atem revolves round the vertioal with a unifotiu angular vulooiljr 
^, show that 

{m.AE.OE + m.'.BF.OF)i''^{«,.AE + ttt-.UF)g. 

72. Gteneral Equations of Motion. To apply D'Alem- 
bert's principle to obtain the eipiatiuns of motioti of a si/stein of 
rigid bodies. 

Let (ic, I/, z) be the co-ordinates of the particle »t at the time 
t referi'ed to any set of rectangular axes fixed in apace. Then 

-n:t -t^ , and -7— will be the accelerations of the particle. Let 
at" dP dp "^ 

A', Y, Zhii the impressed accelerating forces on the same particle 
resolved parallel to the axes. By D'Alembcrt's piinciple the 

foi'ces 

"■(^-J)' '"(^-S)' "'(^-s». 

together with similar foi'ces on every particle, will be in cpii- 
iibrium. Hence by the piiuciples of statics we have the equation 

at' 



and two similai' equations for y and 2 ; thes 
resolving parallel to the axes. Also we have 



HC-'^h^-o^' 



are obtained by 



^1'), 



and two similar ei|Uatii)us for zx and xi/; these are obtained by , 



taking 



iits about the axes. 



vur. 7:i.] 



may be 

lit 



mttL-ii 
lit ■ 



dt-"Tt- 
d ^. rf.- _ 
dt''"\!t ~ 
lis _ dif\ 
''ill ' it) 



a{,jZ- = Y) 



d ., / lU dz\ .. , ,. 



thf ilC 



a jiivfisuly siiiiiliir maiiiiur, by taking tin; uxjiri'; 
;ol(.TatiuriN in puliir cu-cjidiiiiitt^s, wa shuiiiii b;ivi' 
? but oi[tiival(.'iit. sut ul' (jijiiatiyus uf iiiotioii. 



73. Co-ordinates of a. body. 

Art. 72 aru iJi. -■ !;■ i A ■■ |m',iI..i,- 
systfin. Thf\ m'- i. ■ ■ ; 

Ibrm. WheiMli ;■: ■■ I . 

a fiuitc iniinbi_T m1 -.ill. u iinH'.-, 
graLs. There 



cuanccted together by a 
It, will be iieoes?;ary. a- 
iiiimbi'i "f' '|iri'iiiiii'- n 



(/^ and ss all 



iiitiuile imriiber uf gomnetrk'al cijiiiitiods. 



rr-t.L.l I 



mth..-.,iL.;..-a; dni.:iai..>. ;.. d. ..,-.,. ili.. . 
sh.jidd b^ (1> siicli tbat a ku^.wUlg..- u 
deturiniLCii the mutinu of the body i; 
(2) stich that the dyiianiical eitiiatimt*: 
thmn may be aa little coTiiplicnted as ) 
Let us first emiuire how many i:- 
fix the position of a bndv. 

TI„ ,..HM„u,.r. i:.lv In -|... i 



■ liuito 



-.•oidiual>.':,lii.>|i.:.ly. Tli.'y 

theiM in teniis ol tlm titae 

L a cmiveuietit iiiaiinev, and 

when expiVMsed in terms uf 



sibU.'. 






,■ to 



kiiuw the 
. slraight 



liu.- !l.. i ■ . ■■ '■.;.■■ 
are LhikL ^■. um ;ili .il :■ l-ui' u- i .\J-ijij- biiwcuii ihe.ie six ;niyleh 
so that the [jD^itioii ol' a btnly may be miiile to dotieml oji si 
indeiJoudent variables, viz. three co-ordinates and three angles 
These might be taken iw the cn-ordinates of the body. 

■ Sir W. UamiltoiL ustri llie phitiSL "luaik^ of iHisiliuu," bill sul,,si'.|iitiil ivrilei 
have wlopltxl the term co-uidiimtti.. Sit C'iivI.,,vV H,;mI I.. Ih Unl, .I.ht,, 1h.>7 



It is evideut that we amy express thu co-ordinates (./■, y, s) of I 
any pai-ticle m of a. body in turms of the cu-ordiutilea of that body I 
atui quantiUes which ai-e knowu and retn^n conatant during the I 
motion. First let us suppose the system to consist only of a 1 
einglu body, then if wc substitute those expressions for x, ^, z ia 
the ciiuatious (A) and (B) of Art. 72, we shall have six e{iuationB ' 
to dt!t<irmine the six co-ordiuates of the body in terms of the 
time. Thus thu motion will be found If the system consist of 
several bodies, we shall, by considering each separately, have six 
eciuations for each body. If there De any unknown reactions 
between the bodies, these will be included in X, Y, Z. For each 
reaction there will be a corresponding geometrical relation con- 
necting the motion of the bodies. 'iTius on the whole wc shall 
have sufficient equations to detei-miue the motion of the system. 

When the motion is in two dimensions these six co-oitiinatea 
are reduced to iJiree. These arc the two co-oi'diuates of tho point 
fixed in the body, and the angle some straight line fixed in the 
bo<Iy makes with a straight line fixed in space. 

7-t. Letusncxtconsiderhow the equations of motion (A) formed 
by resolution can be simplified by a proper choice of co-oi-dinatce. 
Wu must find the resolved part of the momentum and the re- 
solved part of the effective forces of a system in any direction. 

Let the given direction be taken as the axis of a;. Let {x,y,z) 
be the co-ordinatea of any particle whoso mass is m. The re- 
solved jKirt of its momentum in the given dii'oetion is m ^~ . 
Hence the resolved part of the momentum of the whole system is 
2r« jT . Let (x, y, 'i) be the co-ordinates of the centie of gravity . 
of the system jind M the whole mass. Then Mx = S«w ; i 

,, dx „ dx 

Hence the resolved jxirt of the viomentiim of a systetn in niijf 
direction is equal to the whole viwts vwUiplied into the reaoleed jmrt 
of the velodti/ oftlie centre ofgrumty. 

That is, tfie linear jiiavteiitani of a system is the samens if the 
whole mam were collected into itn centre of gravity. 

In the same way, tlie resolved part of the effective forces of a 
eyatem in any direction is equal to the whole mass multiplied into 
the resolvedpaii of the aoceleratio'i of the centre of gravity. 

It appears from this proposition that it will be convenient to 
take the co-oi-diuates of the contm of giavity of each rigid bo<iy 
in the system as three of the co-oixiinates of that btxly. We can 
then express in a simple form the resolved part of the effective 
'"— ' t dii-t^tion. 



I 
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75. Lastly, l«t ii.s c"n,mlLT liuw the ciiiuiLiniis of Kuiliun (B) 
fiiriricd by taking nioiiicntH t-aii Lc situ]iliHcil hy n proper choice 
of the thi-ct^ remaining co-orcH nates. We iiiiist fiin1 the moment 
of the nioiucatiim iiiid the moment of the efteetive fuccc^ about 
any straight line. 

Let the given straight line be taken an the ii.\is nt* ,c, ihrii just 
as in statics ijZ — zVis the moment of a force iibont Lin.' ;i.\i.^ of .',-, 
so, replacing F am! Z by y ami i, the oiumeut ■.A' the iiionientimi 
about the axis of x is 

dz di/\ 
'^ (It ^dt)- 



H^ 



Xow this is an expression of the .secoml ili's,Mer. 
sobstitute y = ij+ ij, z = :.-\- z, we gel by Arl, U 


If. llK.n, we 


^"'(»"^^t)-^'(4-=S' 




where M \h the nii»ss of the .system or boJy nmler eoi 


iisideratioTi. 


The second term of this espres.sion is the mom 
axis of X of the inomentujii of a ukxsh M inovinj,^ w 


etit about the 
ith theeeiiLiv 



of g]'avity. 

The first term is the moment i\bont a straight hin' |i!uallrl U, 
the axis of a-, not of the actiuil tnonienta ol' :lII llie -.iveriil 
piirticles but of their nmnicnta rdiit'n'ely to the centre .if i^ravily. 
Ill the ease of any partieiilar boiiy it tlierefure depends only on Lliu 
motion of the body relatively to it^i feiitie of gravity. In finding 
its value we may siipjiose the centre nf gravity reJuecd to rest 
by applying to every jiartiele of the system a velocity equal and 
opposite to that of the centre of gi*a\'ity. Hence ^ve infer that 

The moi'ieid of the moiiunitinii of <t tyiteni, iibunt iiny al raUfkl 
line in eqitid to the moiiient of tlii: mijiiiviitina of llui wlioin iim^H 
supposed collected ol its centre of ynfify imd luorin;/ with it, 
tojetlier with the moment of the iitoincidiiiii. of the syMi-'iii rehU'i't) 
to its ceidre of (iroviiy about o nti-niyht Vine dniwii p-iroUd to Ihti 
ifieeii stiviffht line thmuijh the centre ofyniriti/. 

In the Siune way, this proposition will be also true if fur the 
" momentum" of the system we substitute its " effective force.'" 

By taking the axis IJ.i' tbriiugh the centre of gravity, wc see 
that the moment of the re'.olive momenta jiboiit Miy sLruighl line 
through the centre of gravity is eqinil In that nf tUr nctiud 
mo men til. 

It appeai-s from this propo^ilillO ih^il il will In- roiurtiient to 
mfer the angular ujotion of a body ti' a systiiii of I'n-.irdiriiite 
axes meeting at the centi-e of gnivily. A general expression for 
the moment of the effective forces abont any stniight lim- through 



the centre of gravity cannot be coiivciiiuntly investigated at this 
Btfl^a Different expressiomt will be found advantageous under 
diSei-eut cireumHtanccs. There are three cases to which attention 
should be particularly directed: (I) that of a body turning 
about an axis fixed in the budy and fixed in space; (2) that of 
motion in two dimensions, and (3) Euler'a expi-cssion when the 
btxly is turning about a Hxcd point. These will be found at the 
beginnings of the third and fourth chapters and in the fifth chapter 
respectively, 

76. Let a rigid body be turning about any point O Qxcd in the body, Guch ob 
the oentre o( gravity. Lot Oi, Oij. Of be a new net of reotaagaliir axes Hxed in the 
body. TLen the ordinary [ormutm for tranarormalion ot aice give 

j, = IJ + m., + nf, i = Xf + ,i„ + ..f 
where Ihe dirwtioii-GOsiDos {Iiiih) {X/w) are loiicLionB of the lime. We bcc tliorefore 
Uiat the atigtUftr ffloujeatuni 

where A = IK - \l, and D, C dlic. are similar funetiODE of the direction -cosines. Now 
Xmf^, Zimi' &c. and also the oooffideuta A, B, i!B. would bo the itamc for any Hyslein 
of particIcB iijuimoniontftl tu the given body. Wo therefore infer that the moment 
of Iho effective forccn of a rigid body about any strniMbt line is the aamo as that for 
toy ciiuimomentsl system which moven with the body. 

In the unie way we may show that the re^ulved parts of the eCFcotive forcoa are 
tho aamo. Hence in calculating the rjfectivc fortca of a risid btnlij if t may rrpiaee 
it by any eanvenient rqitiiHonumUil lyitem vhieb it riyidly connected icHh it. 

77. The qnantity Xm (^tvif — yi) expre-sses the moment of the 
momentum about the axis of z. It is catted the an//uiar 
vwinentiim of the system abont the axis of z. There is another 
interpreUition which can be given to it. If we truiiHform to polar 
co-ordinates, we have 

Now ii-'rf^ is the elementary area deaci'ilied ix>und tho origin 
in the time dt by the projection of tlie particle on the plane of xy. 
If twice this polar area l>e multipticd by the mass of the particle, 
it ia call^ the area conserved by the particle in the time dt round 
the axis of e. Hence 



Sj 



\ dt •'dtj 



is called the area conserved by the system in a unit of lime, or 
more simply the area conserved, 

78. Three Important Proposltioan. Summing up the 

results of the ai'ticloH from 72 oimanis, we see that we have esta- 
blished thi-ee iuijiortant propositions. 
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Since any stmight line Jia-ed iv sprite may be tjikoii sls an axis 
of co-ordinates, the three efjiial.ions (A) iif Art. 72 may ix.' wiitlon 
in the typicul form 

d /Linear MnmL-iitnm in any\ _ , Hvsolvri! iiiijiii'SM'ih 
dt \ lisetl (iirectioii }^\ f.^vn- )' 

For the same rejisoii, the three ei|iiatiiiii-^( To Mfihc siiniiiilifl.' 
may be written in the typieal fonii 

rf z" Angular Mnmentinti aboiitA _ /M.iiiniit iiriiii-'\ 
(h\ a. fixed straight line } ~\ |ivesse(i I'uires / 
Thirdly, we sec by Art. 74. that tJi.' lypii-al exiiriwinii Inr llif 
lineal- nionieiitiim may be written 

/Lineal- Momentum iu\ _ /Mas,s x resolved veloc'ilyN 
^ any fixed diroetion / \ of eentre of gnivil.y I' 
TTie corres]K)iKling tyjiicjvl expression for the angidar nionieiitiim 
Ls deferred for the jiresent. 

7!). Independence of Translation and Rotation, We 

may nmv I'MiLiiriati' two ini[jiii'taii1i projiiisitiiiiis, whii'h fullroi iit 
oiiei- from the preceding results. It will, h^wiver, be more iisefii! 
to deduce them from first prineiples. 

(1) The motion of the centre of gnivitu of a ni/stcm 'irtcd "» by 
any forces in the same as if nil the mass werf rollected at the centre 
of (iriinty and all the forces were applied iit thai point parallel to 
their fonner directions. 

(2) The motion of a body, acted on bt/ any fores, about its 
^iilre tf gravity is the same us if the centre of ifmrily werp. fiired. 
lid the farme forces acted on the body. 



•raki„K a„y .«,.■ 



Ihr 



» (A) » 
S«i.V. 



ii,V, Sn-. iivii. 



my <iiie of'tha oipiatious (B) \vv liai 



,P,I ,l'.r\ 



Let 


««S + 


>■'. y-7 + .v 


. ^ = 


.iou becomes 








Sn. 




" del 


< 


A" 



t- y, thcu by Art. 14 this eqiia- 






:2wt(a;l'-yA'). 



Now the axes of co-ordinates are quite arbitrai-y, lut them be 
ao chosen that the centre of gravity is passing through the origin 
at the moment under consideration. Then a;=0, ^=^0, but 



T7 , ; arc not neceasarily zero. 



dt ' dt 






^_ 



The equation then becomes 

= j»>(«'K-yjr). 



Thl*" equation does not contain the co-ordinates of the centre 
of gra\4ty and holds at every separate instant of the motion and 
thei-eforc is always true. But this and the two similar equations 
obtained from the other two equations of (B) are exactly the 
efjuations of moments we should have had if we had regarded the 
centre of gravity as a iixeii point and taken it as the origin of 
moments. 

80, These two important propositions are called respectively 
the principles of the conservation of the motions of translation and 
rotation. The first was given by Newton in the fourth corollary 
to the third law of motion, and was afterwards generalized by 
D'Alcmbert and Montucla. The second is more recent and seems 
to have been discovered about the same time by Euler, Bernoulli 
and the Chevalier d'Arcy. 

Another name has also been given to these results. Together 
' they constitute the pniiciple of the independence of the motions of 
travdutim' and rotation. The motion of the centre of gravity is 
the same as if the whole mass were collected at that point, and is 
therefore quite independent of the rotation. The motion round 
the centre of gravity is the same aa if that point were fixed, and 
is thei-eibrc independent of the motion of that point, 

81. By the first principle the problem of finding the motion 
of the centre of gravity of a system, however complex the system 
may be, is reduced to the problem of finding the motion of a 
single particle. By the second the problem of finding the angular 
motion of a free body in space is reduced to that of determining 
the motion of that biwiy about a fixed point. 

Example of fint principle. In using the first principle it 
should be noticed that, the inipi-essed forces are to be applied at 
the centre of gravity paraUel to their former dii-ectlons. Thus, if 
a rigid body be moving under the influence of a central force, the 
motion of the centre of gravity in not generally the same a.^ if the 
whole mass were collected at the centre of giBvity and it were 
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theii actefl on by the siniii- centnil force. What the principle 
a.<4.scrt!j ia, that, if tho attmction of the central Hn'co un ea*'h 
element of thu bo<ly be foinul, the luntioii of the cuitre of gmvity 
ia the same as if ihe.ie forces were a]iplii;tl at the centre of gravity 
parallel to their oiiginal ilirectioiis. 

If the .impvesBcd forces act always paiwllel to a fixed straight 
line, or if they tend t^i fixwl centres and vfirj' a.s the distaupe from 
those centres, the magnitude and direction uf their jvnidtiint are 
the same whether we suppose the body eolleri.ed inti. its centre of 
gravity or not. But in most cases care must lie taken tu find the 
resultant ..f the iioi.rcssed f..Kv< iis they re;dly acl un Ihe t.uiiy 
before it has b<'en eiillei-U<l info ll^ enilre of jrj'avily. 

82. Example of second principle. Let us next eunsidir 
an exarajile of the second ]U'iuei]i!f, Sii|i]ir.M' ihr larlh in \<f In 
rntatiiwi abont Mome axis thrmii^li il-. ivoin- ul ^'i-:i\ii\ ,nid ii> ln' 

acted on by rhe nllraftlnns of th>. .110 uml 01 1. Tli.'n u,. Ivro'ii, 

fn.mlh. - .; |,ili,.l|.|.' -liv "r li..' M-uliaot iillrieij,.], of these 

bodii-- )■ ■ 1 ■::'■ !■ ■ ■■! ■ I .i L'i' th.' eaiih, rhe rotation 

aboiii il. ■.. .1 . .ilVr(,-d, In whaLi'ver way 

the c.:u:u ,.I i^J.r.ilj, ..| llir .: ' .... 

rotation will have iu dim.'tiu 

velocity will be con.staut. T\ 

immediately froni this result, 

19 kuown to describe an orbit n 

in one plane, and the changes 

the inclination of the earth's !i 

centime of the earth. The per 

established. Secondly, since the angular velocity is constant, it 

follows that the length of the sidei'cal day is invaiiable. 

Strictly Hpcnkini; thi^ ri.'^'ultnnt nttv.'Lctiuii 1I11Q to nn.v pnr[:cle of tli'.' sim and 
moon does not pnsa ihronuh tlio centre iif urnvitv of tlio enrlli. Thf rens'iii is tlirtt 
tbp esitlh is not n jHrTitt sphere nEinne xti'ittn of ciiiinl density niy.' miiccntiic 
BplieroH. Rnt Bmei- tb.TlHpticii;.-. of Huh. -OiUii ii.c iiU -iinull Hi.. lu'olL.-ti ..f i-l.itii.u 
ot llie earth will be hut aliflitK . n. ■ |..l. \. ■,. ul . 1. rl,. :,: r'.., "i, ; !■. ■ i v.,|| 

net witb nin-ijvial foiccB on li 1 ■ ■■■ i 

and limse more ti'motr. Tbii- i ■ ■ '■ ■,.. ■ ■ r' i 

on aiiR lyini; in Ihc plnnt i>f [h< - |<. .m, i .i '.I,., i, , . ,, 1!. 1 >..;'..,, i,,,^ 

wctor of tbe buq. Tlit> RtntTitl plT, pl ,A tUU r<>u\-\,- .ni tin- n.|.iti...i i.f [lu' .■.■■illi Im 
very reinarkablp. It will he provpd in a later cbajiter (1) tiint tbe |i'-rioiI of riitiitiini 
of the cartli in iiDBltcred, (-J) tbat tboui;b Die aivoutioii ol tliu oavth'K anin i- nii 
lonRer lised in space, yet tlifi axis Rtill I'rriscivi'u, on tbe wliole, tln' 'ftiile iiielinivli'in 
to the plane ot tbe ewtli'K motion round the sini. Tl.ii* lln' i.iininiinur nf n,.. 
Beawiiis, ft» far ni thene eaiise.'i nv cniiui'Liird. t.nii,iiti« niiiilT.'.'lirl. 

S.l. Greneral Method of using D'Alembert'a principle. 

The Ken.ral pn,l.i,.n, in dyo.ioi,-. !., I,,- ...]v.:] n,.^ U- ,hii,.d 
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Any number of rigid bodice press both agaiust each other i 
against fixed points, curves, or surfaces and are acted on by givei 
forces ; find their motion. 

The mode of nsing D'Alembert's principle for the solution I 
may be stated thus. 

Let JT, y, 3 be the co-ordinates of the centre of gravity of any 
one of these bodies referred to three rectangular axes fixed in 
space. Let three other co-ordinates of this body be chosen bo 
that the three moments of the momentum of the body about 
three rcctangiilar axes fixed in directitiu and meeting at the 
centre of gravity may be found conveniently in terms of them. 
Let /(,, A.J, h, be these three moments of the momentum, and let 
M be the mass. Then the effective forces of tbe body ai-e tfjui- 



^drx 



rtl 



.it's 



and 



the three effective couples - 



The three effective 



valent tn the three effective forces M ^- ., 

, dh, dh, dK 
' df dt ' dt ' 
forces act at the centre of gravity parallel to the axes of ir, y, t 
respectively, and the thi-ee couples act round the three axes about 
which the moments of the momentum were taken. The effective 
forces of all the other bodies of the system may be expressed in a 
similar manner. 

Then all those effective forces and couples being reversed will 
be in ec|uilibrium with the impressed forces. The equations of 
equilibrium may be found by resolving in such directions 
and taking moments about such straight lines as may be con- 
venient. Instead of reversing the effective forces it is usually 
found more convenient to write the impressed and effective forces 
on opposite sides of the equations. 

Taking the bodies separately we may thus obtain by three 
resolutions and three momenta six equations of motion for each 
body. 

If two rigid bodies press against each other or against a fixed 
obstacle there may be one or more unknown reactions. But there 
will also be in general as many eijuations to express the conditions 
of contact. The mode of writing down these conditions of contact 
will be explained in the chaptere which follow. 

Thus we shall have as many equations as there are co-ordinates 
and reactions. But sometimes by a judicious choice of the direc- 
tions in which we resolve, or of the straight lines about which we 
take momenta, we may (exactly as in statics) avoid introducing 
some of these reactions into the equations. This will reduce the 
number of equations which have to be formed. Wc may also some- 
times avoid these reactions by resolving or taking moments for 
two of the bodies as if they formed fur an instant one single 
body. 



I 
I 
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Th(.w diffeifi.tial uqiiatiuiiH will then luvvi- to hv s.ilv^d. The 
difii.'reiit methixia of jirofeedirig uill W <.'x]iliiiin.'(l In it li or on. 
Generally wi? can find ime integral hy a nii.'lh"i! called I he prinei- 
pk' of Vix Vim. A ride wilt be given to write d.iwii tliiw iutegi-al 
without previously foniiing the ei|uatioii.s of motiuo. 

We have here limited ourselves to the method of forming the 
nipiatioii by resolving ami taking monientH. lint we m-.iy |irnceed 
otherwise. Thus Lagi'ange ha.-* given a method ••!' iviiting doivii 
the etjiiations of motion by whieh, aiimngsl nlher ,nlv;nil:i;;i-;, ihe 
labour of eliniiiiatiiig tiie reaclinns in av<iideil. 

Ap,,lin,i;,in uf D'Alemlx'ii.-^ l'n,.i:iph- to impiil.'^lrc /„rre>: 
S+- If ;i fi.ree F aet on a j.artiele of mass ■!» :iKva\.s in the 



where /■ is the velocity ul' ihe p;iiliel.' .-.I the Ihi 
interval! dining «hieh the loiee ;iWs, nn.l lei ,■. r 
at the beginning and ^-liil of (bat interval. The 



)=j'^F,lt. 



Now snpposo i.he force /' 1- ine)e;ise wiihi.nt limit while the 
interval 7" decreases withnut limit. Th. n rh- integral mav have 
n finite limit. Let this limit be ]'. Then tlu' eiiimtioii birnmes 
,„(,/_,.)= P. 

The velocity in the interval T has increased or deeieiiseri IV.,ni 
V to J''. Supposing the velocity lo have I'emained finite, let I' be 
its greate.st value diii-ing this inteival. Tlieii the s]iaee de-stiribed 
is leas than VT. But in the limit, ihis viinishes. Hence the 
particle has not moved dmnig ihe iietion of the force F. It hiis 
not had time to move, but its velocitv has been changed frmii 
I' to v". 

We may consider that a luojier iiieasni-e has bei'n found for a 
force when from that mcasme we can (ieiliice all the effects of the 
force. In the ca.se of finite f >rei's we huve lo delermiiu' both the 
change of place and the change in the velocity oftlie particle, it 
18 therefore necessary to divide the whole time of ;iction into 
elementary times and determine the efl'eet of the force dnrilig 
each of these. But in the ca.se of iuHnite Ibives wbieh act for an 
indefinitely short lime, the change of jilnee is /.ero, and ihe change 
of velocity is the only element to be determineil. It i.s therefore 
more convenient to collect the whole force e.vpended into one 
measure. Such a force is called an impulse. It may be defined 

R.D, -^ 
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ae the limit of a foi-ce which in infinitely great, but acts odI* 
during an infinitely short time. There are of course no buc! 
forces in nature, but there are forces which are very great, and 
act only during a very short time. The blow of a hammer is 
a foree of thifi kind. They may be treated as if they were itn- 
pulsea, and the results will be more or less correct according to 
the magnitude of the force and the shortness of the time of 
action. They may also be treated as if they were finite forces, 
and the small displacement of the body during the short time of 
action of the force may be found. 

The Quantity P may be taken as the measure of the forco. 
An impulsive force is vieasured bij t/ie whole momentum //etierated 
bjf the impulse. 

85. In determining the effect of an impulse on a body, the , 
effect of all finite forces whicA act on the body at Uie name time may ■ 
be omitted: 

For let a finite force / act on a body at the itaine time as an 
impuUive force F. Then as before we have 



1 
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But in the limit fT vanishes. Similarly the forco / may be 
omitted in the e<}uation of moments. 

86. To obtain the general equations of motion of a system 
acted on by any number if impulses at once. 

Let M, o. 111, m', v, «/ be the velocities of a particle of mass m ] 
parallel to the axes just before and just after the action of the 
impulses. Let X', ) ', Z" be the resolved parts of the impulse on j 
m parallel to the axes. 

Taking the same notation as before, we have the eijuatiou 
%mx = SmX, 
or integrating 

Similarly we have the equations 

^m{v'-v) = XY' (2), 

SmK-™) = S/' (3). 

Again the equation 

Xm(^-yT)=tm(.rr~yX) 
becomes on integration 

V,„ (rj - y^h) = Sw U'fVdl-yJ.Xdt). 



Sjrt(<('-u) = Sml Xdt^tX' (1). 



ART, 87.] IMPn.SlVK FiMfCRS. ()7 

or tiikeii between limits, 

Sm{a^(K'-v)-i/("--»)] = -S.{..T'-;/X') (4). 

and thf othtT two t'r|nat,iiiiiH bt'cotiio 

Sw [;, i^m- - w) - z [u' - ,')] =:■ (I//'-:)") (.-.), 

v,„ \s in' - ,<) -.>{,n'~w)\^-^{:X'-.rZ') {(<). 

Ill tiu' full. .v.;,,:; ;.,.., -i^;, I i,,,!'^ il \\]\l \n- Inllll.i c-uiivrnu.lil, 

to use awmr.l ■■ ■ ...i.- ihv slali'S of tiuii ;illrr iii\p:irt. 

which .-orresi-i,.! ... ■; .. h.ll.y ilir same IhI.ts iiii^,r,vi.t-d 

beff.iv the aeli..i, ..1 i L^ iii.|..i|-., Sllier tU~- eiKUi<:p> in Jiivrt.in,, 
ami nmgtlitn.le »( l\w \,lueiljes .>1 ille -rM-i.il |i:nliile-. nl' I.Ue 
bodies are the nl.ly .ihjecl.H l.f ill\eshi,';diel,, il will ],<■ frUlll.l 

nrnvt'iiiout to i>.\]tn-ss tin- e'|ii;itin(is ni inutiini Iil Iniu- ■>{' llnse 
velijcitit'S. 

87. Ill applying n'Ah>i.il.eil's I'iiiiei|Je h- iiii|ml.siv,. C.ree.-; ihe 
only change whii-h inii.st lie in^Liir is in ihe iinMr uf lurasui-in.i; liie 
eftecfivc foi-ct'S. If (c, c, n>). (»', y\ w') be the res.itveil |.arls I'll' llie 
velocity of aiiv particle jnst before ami jn^t afti'r llic iiiipnl.-.r, [imi 
if mbe it.'; maw, the elTertive forces will' be ineasiinvd by >»(»'- <i). 
»((/-;■; mil -■< ■■' "'). The .|mintity ,.'/"\u Art. (i7 is to be 
regind. ■" ■ ■ . -.,<:■ i.f the ini|iiil.siw. Inrc.. whieli, if the par- 
ticie^v,,. .i. . . . ;..M, Ibe n.si nniieli.„ly,wmLklpro(bK-e these 

Chailj,'e-.,| ,u..ln. ^ 

In thi« case, if we fe|lo« {]\-- u..\:u\..u ,.f Alt--. Tt :mi<I 7-"). Ihe 
nsolved part of the riVreliM. fi.ire ill the itiivil ini, .,1 tlu' :l\is ,,|' 

J is the Hifference of tlie values nf :;,,/""j(i-t b.^tine mikI jn-l .-ilter 

this action nf the iuipnlses, nnil this i^ t!ie s^nue ;is ilir dilleiriifi. 

of the vahies of M .- at the same instiini.s. In the sann' \\:i\ the 

moment of the effective forei^s abnvil ihe il^i^ of ,-: will )«■ the 
difference of the vabies of 

jnst before iitnJ just al'ter t!ie iielion .il I he Impiil-^es. 

We may therefore extend the geriernl pi.i|i.iviii,,„ ,,f Art. Ml to 
impulsive foi-ces in the following iiiiiniier. 

UttUt,V.w)A>l\v'. "'')betlle velociries of the e,.|iliv nf onivify 

'>f any rigid botiv of ma.ss .1/ (iist before ;nid jiif-l idtei' ihe aetioii 
of the iniiMiises'resolv.-d parlille! U< miv tbive tJM-d rect:nii;iilm' 

axea. Let (A,, //,. !>.,). (/-/, /<,', h.') U< the i 'iits ..f jmimentiiin 

relative to the eenti-e of gnivity ;iboiil three rietaii.^'iil.-if iives 
fixeii in diivction imd nieetiiii,' ;ii the I'eiiln. of L;t;i\ii_v. the 
muments being Lnken ri'speetively jn-l betin-e and jiisi atli i ttie 



impulses. Then the effective forces of the body are equivalent tol 
the three effective forces M(u' - ii). M{v' — v). M{w'~%v), acting! 
at the centre of gravity parallel to the rectangular axes, together 1 
with the three effeetive couples (A,' — A,), (h,' — b,), (h^' — ht) about 1 
those axes. 

These effective forces and couples being reversed will be in I 
equilibrium witli the impressed forees. The equations of eqtiili- I 
brinm may then he formed according to the rules of statics. 

EXAMPr.ER. 

, Ex. 1, Two jurtioltB moving in the same plane are projocteil in parallel h 

oppoute dinwtiouR with velocitieH invoraety praportionnl to thoir masseB. Find the ] 

motion of their centre of gravitj. 
, Ex. i. A pertion is placed on a perfeutly timoath table, show liow he ta*j 

get off. 

Ex. 3. Explain how a penion aitling on a ohair is able lo move the chair aeroas 

the room by a seriea of jerks, without toiiahing the ground with his feet. 

Ex. 4. A pcrnon is gilaced at one end of a perfectly rongh board which rests 
on a smciotli (alile. Snpponing he wulka to the other end of the board, determine 
Low far the board has moved. If ha atcpa oB the boaid, show how to determine 
its snbgequent motion. 

Ex. 5. The motion of the centre of gravit; of a shell shot from a n'^n in voeuo 
is a piirabola, and its inolian is anaffeoted by the bursting uf the siielli 

Ex. 6. A rod revolving nnirormly in a horizontal plane round a pivot at iU _ 
extremity suddenly snaps in Iv.-d: determine the motion of each part. I 

Ex. 7. A cube slides down a perfectly smooth inclined plane with four of ItB 
edges horiiinntal. The middle point of the lowest edge comes in contact with 
a small Sied obstacle and is reiluocd to rest. Determine whether the cube is also 
reduced to rest, and show that the resultant impulsive action along the edge will 
not act along the inclined plane. 

Ex. 1 



a time 1. Show that A will begin to slide along the plane with a velocity ~ , where 
jlf is his own maxs and m that or the ball. If tlie plane had tieen perTuctlj rough, 
explain in Rencral terms lUe nature of the pressures between A'b feet and the 
plane which would have prevented him from sliding. Would these pressures have 
had a single resultant 7 

Ex. g. A cannon rests on an imperfectly rough horizontal plane and is fited 
with sneh a charge that the relative velocity of the ball and cannon at the moment 
when the ball leaves the cannon in I'. If .V be [he mass of the cannon, in that of 
the ball, and p. the coefficient of friction, show that the cannon will recoil a distance 



(.^,y 



^j— on the plane. 



AMl'L!-:s. 



Ex. 10. A i,iilietital Civily gf 
dcntre of |;tiivity uf the rtmaiuiut; 
cavity. Tbu nubu^l maa* re'^U on h purfectly smooth 
interiur of the cavity h peclcctly roiitjll. A splwru of i: 
dawn the aide of the cavity sCaltiilf; Emm rest with its < 
oentre of the cavity. Sliow that wlicn the spheiu ncit 



ts will have movud throU}{h i 



i.s tut out i)f a culiical masH bo that the 
□ the vertical tlirauch the centre of the 
untill iilane, liut the 
If, Diid raiUua b. rullH 
' (111 a 1l'V«1 with tlie 
i III rent, tile uuliiual 

itt the iiiuHE of the 






remaining portion of the cube. Wuuld the result bt- tliu siiine if tlif ejivily wi-tv 
smooth or imperfi-ctly roiii^li ? 

Ex, 11, Two ruilB-ay KUKiiiua drrtwiiiii the sumo Iriiiri ..i !.■. i 1m,,.„. 

chain and eoaia weveral limes in succe«sion into diIIi-J' ■ li.. i , Ih.' 

leaJiug cngini! hviui; a Jittlt' lop-hfavy nud the biilTi i ■ . : i . : i. ' < I Il> 

tbie-wheelH o[ the tirst tiini"« are observed to jumii up iiuil ii'.' n \n: u I,:!,!!!!!!;!! 
eiplaiiutiun can be ijiveu of thin i'>]ckiii)> niotiou? At wliul kid shuuM iLi' buOera 
be placed that it may uol occur? I'anib- Tivii'. Vol. vii. 

Ei. 12. Sit C. Lji'll ill his iweount of thu earthquake in Calabria in 17«3. 
mentions two obeli-^ks each of whiah was ciinstnicli.'d of IhiGe great stuutu Inid one oit 
the top of ttic other. After the enrth'iiiake, the jiedental of cacli obvlit^k was found 
to lie in ItB ori>'ijial place, but the suparalo KtoniH above wen' turned ]iai'tially round 
Mid removed several inehen from their ]K>Bition without falliut;. The shuck which 
. mutated the builillui; wan therefore described as having been liorizontnland VnrCicuac. 
Shovi' that Btteli a 'iisplaooment ivuiild be prnilnc«l by ii Bini|ile ri'Ctilinuar shock, 
if the resattant blow on each xtouc ilid not pi^a through its c<.'ntrc of pavity. See 
MitlleC* dgnamie- of mrthiiuilie.-. Milne in his Kiirlhimki's Mm, paj-B I'.Hl, 
discuKscs the latter cxplnnalion and rrftTs lo soiiii.' ^iuiilai' c^--ii!i which ueciirrud in 
the earthquake at Yokohama in lliiso. 



CHAPTER III. 



MOTION ABOUT A FIXED AXIS. 



88. The Fundamental Theorem. A ritjxd body can turvrt 

freehj iibont "ii ii-iia Ji.red in (he bodif and in spnce, to find the 1 
moment of the effective forces about the luia of rotatioit. 

Let any ])lane passing through the axis and fixed in space be 1 
taken as a plane of reference, and let 8 be the angle which any | 
other plane through the axis and fixed in the body makes with 
the first plane. Let m be the niaaa of any element of the body, 
r its distance from the axis, and let be the angle niade by a plane 
through the axis and the element m with the plane of reference. 

The velocity of the particle m is r^ in a direction perpen- 
dicular to the plane containing the axis and the particle. The 
mouenl of the momentum of this particle about the axis is 
cleai'ly mr"^. Hence the moment of the momenta of all the 
particles ia S(ntr'^). Since the particles of the body ai'c rigidly 
connected with each other, it is obvious that ^ is the same for 
every particle, and cijual to S. Hence the moment of the mo- 
menta of all the particles of the body about the axis is Smr*V| 
i.e. the moment of ijiertia of the body aboiii tlie axis midtipliai 
into the angular velocity. 

The accelerations of the particle m are r$ and —i_ 
pendiciilav to, and along the direction in which /■ is measured^ 
the moment of the moving forces of m about the axis 'is mi^, 
hence the moment of the moving foi-ccs of all the particles of the 
body about the axis is 'S, {mr'^). By the same reasoning as before 
this is equal to ^nifd, i.e. the moment of inertia of tite body about 
t/ie «.m into the anyuktr acceleration. 

8D, To deterntiue the inotiim of a body about a fixed axia 
under the action of any forces. 

By D'Alembert's principle the effective forces when i-eversed 
will be in equilibrium with the impressed forces. To avoid intro- 



1 
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(iiicing the (iiikiunvii reactions at tlio axis, tot us liikc nKjmciits 
abuiit the axis. 

Firstli/. let the forces be impulsive. Let ra, w' liu Uio aiijriilar 
V o ] Licit if s ol' tho buily just bffore and just af'tL'i- thi' in.'tinii ul' the 
fwcL'^. Thei], Ibllowiiig till? notation iif the liiat iirtii.'li', 

whLTf L is Lliu iiiunicut ol'thf itii|M <1 }■;■■■■ - .ihuut iIk' a\i>; 



This c()na(iniL v 
city pi-odiicoil by lli 


,-ill . 


l.tiTiuiii,. llic dK 
tinu uilhi- r(iivr>. 


Secoinlh/, lei !he 
the axis, wc haVL- 


fun 





<i^fJ_riiniii,.|it ,-t lur,— aKmt axis 

This ijijiiatioii whun iiit^'giatfi I will give Ihu values i>l' $ ami 
at any time. Two uiidL'tt;MMini.'tl constants will make thcii' 
appearance in the course of the sohition. These are to be iletcr- 
minpfl from the given initial values of & ami ^. Thus the w'hoie 
motion can be futinil. 

90. It appears from this pro]iosition lliat tlie Mii.liuu ,,f a 
rigid br«Jy abont a fixni axis .lei»-iMls on |l) Ih.- ommiiit of Ihe 
forces about that axis ami (2) the iiMmeut .if inertia of the body 
about the axis. Let Mk-' l>e this nioLiirnl ol inertia, so that L is 
the mdius of gyration of tlie body. Tlieii il' llie wlmk' mass of 
the body were collected into a particle and attjiehed to the fixed 
axis by a rud without inertia, whiwe length is the radius of gyni- 
tion (,; and if this system be a.nid nn by f..rees having the siime 
moment as beforr, an<l he set in iiiulJon wilh the >.anie initial 



tory motion of the rod will be the same as that of the biwly. II' 
vuiy say briejtt/, t/nit u body t'lruiiiij idiunt a Jij-ed ii.ris in dijmi 
vticatli/ given, when- we know i/s ntuss and nidiiis of gymllim. 

91. Ex. A perfecllij ronyh cirealar luiritoiitiil liwirtl h eiipuhlr «/ fr-ilthi 
fretig round a vcrlicul hji* lliinngk ile cciiliv. A iiiiiii irlia/r imuhl it c'IhiiI In tlu. 
of the board icalki on ami ruiind il el the rililc: tchrli he liiu roiiipletfd lllr drcH: 
what icill be liii poiition in Kptict f 

Let II tw tliu radius of tlie ttoard, Ml? its moment ot iiiciiiii aliuut the vi'itici 
axis. Let Ul be Ihe anfjular vtlocii; ul Uii.' board, u' tVint uF tlio mini nliout tli 



vertical iiMi at liny liinc. AiiJ lul i' be tlic aclion between tlic hft of the u 
tlji: board. 

The cijuittion of motinn oC the bouid ia by Art. 6!). 

m-^=-fa 

The aiTUlion of motiun of the man in b; Art. 711, 

iI«i.' = F 

Elirainating F and integrating, we get 

the GonHtant bejiif; zoru, bucnuae the man and the board a 
6, e' be the uigleH described b? tlie board and d 

ui = i, u'=d', and *"* + a'S' = 0. Hence, when S'-$ = 2w, we have ff' = - -"-jSr. 

This gives the angle in space described by t)ie man. nF= „ we have 9'= 

hoi V be the moan relative velocity with which the man walks along the board. I 

Then a' - u= - ; ,'. w= - „ ^= - - - . This gives the joean angniar vetoci9 ] 

of the board. 

Oh Ute Peiidulinii. > 

92. A body acted on by gravitij onlt/ inunes about a ji.i-ed 
horizontal axis, to determine the inottun. 

Take the vertical plane through the axis an the plane uf rcif'er- 
euce, and the plane through the axis and the centime of gravity ae 
the plane fixed in the body. Then thi; djiiation of niotiuu is 
(fS_ moment of forces 

rfC moment of inertia 

_ Mgk sin 8 
Jtf(¥+fc')- 
where h its the distance of the centre of gravity from the axia and i 
ML" i« the moment of inertia of the httdy about an axis through ( 
the centre of gravity parallel to the fixed axis. Hei 
d'0 ah . . „ 



..(2). 



The etjtiation (2) cannot be integrated in finite terms, but if \ 
the oscillations bo small, we may reject the cubes and higher T 
powers of $ and the etjuation will become 

rfP+A' + /t»*^ "■ 
Hence the time of a complete oHcillation ie 27r a/ — -. — . If 1 

h and k be nicasui-cd in feet and g = 32'ltj, this formula gives ihfr J 

time in second.s. 
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Tlif fiiuiitiiJii (if iiintiiii: of n jiiiiLifk' ul' iiiij inn.ss Mis|i.'iiiird 
by a striiif; I is 

:::+!■»"■«=» '»'• 

which iriay he (icciinn/il tVi.in L-c]iLuti<in (rl) bv piitliiij; /.' = ami 
k = l. Hl'Iicc tho uiiHiiiar iimtiims i,l' the string ami tiic budy 
uiuiur the same iiittial wiiuiitioiis will hv i([i.'iitical il' 



.-(+)• 



Tlli^ lvn;,'lli is ...llr.i til.- le„fjH, „/" (//f -sv'v/,/-/.; i'.j<.irn/.;,t 

Centre of Oscillation*, 'riiroii','!! H, \\\<- rr\\\s-r nf jjiiiviiy uf 
Ihe biHiy, draw .1 [iiTjji.'inliniiar In l.lic a\i- -i ^ ■. .''H in. .ul ling iL 

iu (,'. Then C'is calU'ii the feii^v; i/jc^V";.- ■■ I' ■■ i-'VMdU 

sothftt, C0 = /. Thrn l)h<-M.-<\t\u-rv>.t,. '■ :■, .,.. 1/ ll.c 

y,l,^,le „„.„ .„• ih.. I..,l;<.,r h.,h:,l -v, - ■ ■■,,■ oAlvdal at Ihe 

centre ■■' '■'■" ■ ■' ■ ' ■' '' ■■■/ '" the centre of 

silspe"-' ' ■ ■ ' .' ■ ■ . '.j/ifiji ifoiiltl be the 

mine ".■■ .'■■■'■' ■■' .'/'■ '■■■■/ .■■ '.;./..■ /'.■■■ ■■■■■<(■■ ',(■'..-■' '.■nnn-sliiiice-'^. 

The I'lpmtioii (4) may be put luiilei' itiiulhi'r luraj. Siaci' 
CG = /( iiu.i OG = / - A, WL- have 

GC. GO = {ra±)- of yj ral,i.jii ali.juL G, 
CG . CO = (riiil.)' of gyiatitiii ubuiit C, 
OG.OC = (rari.)= uf gynitum abtmt 0. 

Any of these cqiiatiuiis ahow that, if be iiuidu the ueiitce nf 
siispensiuD, and the axis be jKimllel tu the axi's abiait wliieti k wn.-' 

* The poaitioD ot the ci-i<lii ■■! -i-ci:! iii' n ..l ii Lwly wiis (irsl corroctlj dptor- 
mined by Huygheuu iu hin // < " . fim piiblishai] Ht I'tiii^ in Ui7il. 

The most iinportiuit uf tht tiji'' .■■■ ■ ■ i , i L.st n-uru lU-oovered by him. Ab 
D'AJembert'H [irinciiile was nut l..i.,v, j; .n i,;i.il !.!iir. UuyyhunH had to discover aome 
principle for himself. TIic hj-puiliusis nas. llial whuu Hcveml weiyliln ate put iu 
motion by Ihe force ut gi'ttvity, in wliatevcr iiiniiner they act OH t'noli utUer tlicit 
oentre of gravity cannot iiu inmlo to mount tn ii htijiht fimilri- than that from whicli 

it has deaceadird. HuygheniifloiiKiderii lli.il ii. l li- ily that n heavy body 

cannot of iUelf move upwards. The zi> \ iiiiriit wuis that iit nny 

instant the velociUea of the paiiiclc^ im '''-'' ^ '■'"^'co neparaled fiom 

each other and properly |;uiited, the i^i'iun "t j lm: i . <:l.l lit: itiudu to mount to 
a second position as liirih as its fit«t positiun. Vm if imi, toiibidei' Iha partiolon to 
Blart from tlieii lant positioiix. tu iletH^iibe the Kanie pntlls icvcraed. anil then a|;ain 
to be joined togotlier into a peniluluin ; the ceutro of gravity wonld rise lo its first 
position; but if this be liighcr thuu the second positiuii. the hypotln-'uis would be 
contradicted. Tliiii priueiple avtea \.\m same ci|Untion which the modern principle 
ot Vis Viva wijuld give. The rest of Iiih nuhitioii is not uf tuiiell intilv.st. 



taken, will be the centre <>f oscillation. Thus tite centres oft 
oacUlation and smpen-sion are convertAle and the times of oscillation | 
ahoiU these pviitts are tlie sarii£. 

If thf time nf uacillatioii be given. I ia given and the cinta- 
tion (4) will give two values of h. Let these values be /(,, /t«. 

Lot two cylinaers be described with that stnught line as axis | 

about which the radius of gyration k was taken, and let the , 

i-adii of these cylinders be A,, A,. Then the tiinea of oscilliition of | 

the body about all generating lines of these cylinder iire the j 

same, and arc approximately equal to Stt •/ - . 



With the same i 
is k. Then l = -2k + 



i describe 



third cylinder whose radiu 
hence I ia always greater than 2h, j 



and decreases continually as h decreases and approaches the value j 
k. Thus the length of the cfjuivalent pendulum continually d&- J 
creases as the axis of suspension approaches from without to the 
circumference of this third cylinder. When the axis of suapensiDn ' 
is a generating line of the cylinder the length of the equivalent i 
pendulum is 'Zk. When the axis of suspeusiou i» within the j 
cylinder and approaches the centre uf graWty the length of the 
equivalent pendulum continually increases, and it becomes infinite 
as the axis passes through the centre of gi'avity. 

The lime of oscillation is therefore least when the axis is a 
genei-ating line of tho circulai- cylinder whose radius is k. But the 
Ume about the axis thus found is not an absolute minimum. It 
is a minimum only for axes dravm parallel to a given straight line 
in the body. To find the axis about which the time is absolutely 
a niinimum we must find the axis about which A; is a minimum. 
Now it is proved in Art. 23 that the axis through G about 
which the moment of inertia is least or greatest is one 
of the principal axes. Hence the axis about which the time of 
oscillation is a minimum is parallel to that principal axis through 
Lr about which the moment of inertia is least. Also if Mk* be the 
moment of inei'tia about that axis, the axis of suspension is at a J 
distance k &om it measured in any direction. 

03. Ex. 1. Kind tlio Ume of tlie Bmall OBuillntioiiB of a aube (I) when o 
side is Hied, (2) whcu a diagonal of ouu ol iU Cacea ia QxikI; the axis la bolU cat 
beiOK LorixunUl. It ^ bo & aide of the calic, show that the lunytli of the aioipla 1 
equivalent pendulum la in the first casu - ,Ji<t, and in thu second ease = a. 

Ex. 2. An eUiptic lamina is such that when it sviugs about one latos reotoBi -3 
BB a horii^onlal axis, the other latua reotam pusaea through the ceutre □( □soillatiOB^. I 
prmu [hat tile eccentricity is i. 
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Ex. 3. A circular arc oscillates alwut an usin throiich its midille point itcrpen- 
dicular to tlte plnuu of the arc. Prove tlmt tliH Icnj-th oS the Moiplt- ti|iiiviilent 
pendulum in iDdupendcut of the length of (he are, and in eiiuul tu twice tlie nuIiUB. 

Ex. 4. The density of a rod varies na the distance from one end, ahow that tlie 
biIb perpendicular to it about whicli tlie time of oscillation is a uiinimum intersectH 
the rod at one of the two points whoso distance from the centii: of eravitj iit 
s v2ii, where a is the length of the rod. 

Ex. 5. Find what asiu in the aren of an elti|:sc must be lixcd that the litnc of a 
email oscillation may be a minimum. Show that the axis taunt be paruUel to the 
majnr axis, and must bisect the acmi-minor asis. 

Ex. Ti. A unifoi-ni Etick bnni;s freely by one end, the othor end betui' close (o the 
ground. i\ii aiiKulai' velocity iu a vertical piano is then coiiiniiinicalcd to the slick, 
and. wlien it has risen through an Ani;li' of '■*)', the end hy wliieh it was hanging ia 
ioo»ed. Wiial numt Im the iuili^il uuiiiilav wlocity ho that on falliiii; to the xrouud 
it may pitch iu au upright poaitiou? Show that the reijuircd angular velocity w is 
given by or = ' S'i + -!-^ ) , where 3ji may be any odd mnltiple of ir and in 
IB the length of the rod. 

Ei. 7. Two bodiea can moie IVoL-ly and independently under the actiun of 
gravity about the same horizniita] axie; thitir maHsvs arc iii, ni', nud the diilances of 
Iheircen tre5 of gravity from the uxis are 'i, h'. If tliL' leugtlis of their simple niuivalent 
pendulums bv L, L\ prove (hat when they arc fastened together in tlio positions 

of ccjuilibrium the length of the cpiivalciit pcudulnm will be 'i ' ' * 

The length of this resultant eiiuiv Lileut pendulum hes lietneen L and L' provided 
ft and b' have tbe same rdfui. 

If a heavy pailiclc in' be attached to a vibrating pcndulmn it follon.s that the 
period is incri^ased or dccrcDHeil BCCntJing as the point of attachment in nt a gii'ater 
or [f:»ii dibtanuc from tbe axis of suspeuBion than the centre of oseillntion. 

Ex. H. When it in rci|uirc>l to tegnlatu a clock, tiiich as the great WcNtntinstci- 
clock, without stojiping the pendulum, it is usual to add >-uiue tiinall weight to or 
Gubtractit froniaplatfoviu attached to thepumlnliiui. Show (hat, in order to mukHu 
{■ivcn alteration in the going of the clock by tlte addition of the least jioxsihle weight, 
the platform must be plaiTd at a distance from the [mint of auritiejision upial to half 
the length of the simple eijnivaleui jieiiitnhiui. Show al><o that a alight uiioi' in thf 
position uf tbu platform will not alTcet the weight required to be ildded. 



table, S ;,.■.. ■ . ■ ■' : ■ i .. . ■ .. ,l! 

and O respect ivi^ly ftoni ih,> line Ali joining [lis ti-ps of llie li:i;s, uii.l .- is llie radiu-* 
of gyration of Lbe table with the reuiuiniiiglcga about the line A'W joijiing the points 
where the leijs rest on the Hoor. 

The condition of separation is that the initial normal acceleration of tbe point 
of the table at I' Khonld be gruater than the normal acceleration (if the particle 
itself. 
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Ex. 10. A Htriug irilbout weiehl ii pUced round 8 Gied dlipse whose |ilai! 
vertical, and the two eais lire fulcaed togeihvr. The len^nh of the aUiag is gi 
th&n Uie perinietcr ot the ellipse. A heavy p«rtialc can slide (reely on the Htriiig I 
aud perrurms small osoillatioiu under the aaUoa □( tirsvit;. Prove that the Himpla i 
equivnleDl pendulum is the radius of cmvaluru of the coalocal ellipse [ 
[hioagh the position ot eiiuilil'riani of the patliele. 

94. Effect of change of temperature. In a clock which 

16 regtilatwl by a pcndiiliuii, it is iiccfs,siiry lh;it the tiiiio uf oscil- 
latiuii »huiiUI be iiivariablf. As all isubstanciis expand or cinilract 
wilh every alteration uf teiiiperalure, it is clear that the distance 
of the centre of gravity of the pendulum from the axis and the 
iDument of inertia about that axis will be continually altering. 
The length of the simple equivalent pendulum does not however 
depend on either of these elements simply, but on their ratio. If i 
then we can construct a pendulum such that the expansion or 
contraction of its different parts does not alter this ratio, the time 
of oscillation will be unaffected by any change of temperature, j 
For an account of the various methods of accomplishing this which I 
have been suggested, we refer the readei- to any treati.se* on clocks, , 
Wc shall here only notice for the sake uf illustrstiun one simple ' 
construction, which has been much used. It was invented by 
George Graham about the year 171J. He gave an account of it 
in vol. 34 of the Pkit. Trans. 1726 (printed 1728). 

Sniae licBvy fluid, such aa raercur.v, is enclosed in a csdl-iron oylindrioal ji 
Iron is used partly becauee there is no ehemical action betweeu it and the mercucy 
and partly beoaiue its ooefUcient ot eipausion is not large. An iron rod is scicwed 
iuto the top ot the jar and then suspended in the usual manner [rom a fixed point. 
The downward expansion of the iron on any inorease of temperature tends to lower 
the centre of oscillation, but the upward expansion of the mercury tends o 
conlnry to raise it. It is required to delermiae the ooudition that the pusitioD of 
the centre uF oseillation may on the whole be nnattered. 

Let Mk^ be the moment uf inertia of the iron jar and rod nbont the a 
HuipcRdDn, c the distaum of their common centre of gravity from that axis. 
I be the b!n(;th of the pendulum from the point of Euspeusion to the bottom of tfaa , 
jar, d The internal radius of the jar. Let uM be tlie mass ot the mercury, A the 
height it occupies in the jar. 

The moment ot inertia of the cylinder of mercury about a straight line tbrou|^ j 
its ceuU'e ot gravity perpendicular to its axis is b; Art. IS, Ex. 8, nil ( Tq + '3' 
Ilcncu the momi'Dt of inertia of the whale body about the axis of autpeusioo is 



■W" iTS+ T + 



-3}* 



and the mouicut ot the 



IS collected at its centre of giavit; is 



"C-a^ 



• Roid on Cliirkii : Denison's 
Beries, DMT ; Captntn Kator'H trea 




Lot the tinrar exjiansiou of tlie sii 
dennled ly a and tlinl of iiii'iiiuij l>.v fi U 
iJwiiuonietcr UBU.l hu Fiihrenlitil'i', wo li 
experinient> 



icr nrliicli furnin tlii^ rwl mid ji 
■li licirtce of lIiK thcTiiHuneler. I 

t. TliiiH we seu that a anil p n 
■null thM tlieir sqnnrpit may lin neRleflteil. In cnlculiitiiia tiip height nt thn mei 
il must be i*i.'inpinlien-d that the jiir cxprnKls lalvrally, nud tliiiii the. ii'lativi- vei 
expniiaion or the uierciirj' in ii/J - ia, which wu sliull represent hy 7. 

If tbfn the teiii|ieraturc of every part bn iiicreBtieil f". vi: ham n. I, (, - 
intri'swd iu the ratio l + a( :1, whilp ft is ini:ri'Hntil in Ihc ratiu 1 l 7? : 1. Sin 
in to be unaltemi, we have 



/,IL 



dl. , , ,tL , 



' <U 



dk 



•IT. 



^- hy^O. 



a hnmoRentoiiK fiinetion of one diniunKii 



The ciinilitioii betotiK's tliei 



r nnii icnnni 
lukin({tbe1n|-aritliuiiu 



I. >ih' A ' 1: ' i< \ I. ■!■' " 



Hence the required ci 



This calcutation lias nrnre iLvoroticnl than piactival irainrtnn 

s of a and 3 depi>nd a Rood dunl ou the purity of the inrtal- and o; 



■nt iiitlRt IhPlffnrP in- tiiially 
he nffcctcil by a chaiii;i' iif 



niiMlf ill which thoy ha' 

iiiaile by cxjierinient. If l1i<' r.iii nt i 

trial the adjuHtmcnt is [Mim.i ' . i 

In the inT(M>tif[Btion uc \-h\l- n.L|i 
tliis is only a very near approximalii 
by hm than a fiftieth of itK vahie. 

When the adjustment in made the coniponimtii 
iron jar and mercury linve been tiii|>])used (o lie uf uniform U-'iiigH'intllre. Now tlie 
different matetialH of whicli the pendulum h oniiponil ahsorb heat at diffL-rent 
rates, and tlierefore wliile tlie lem|ieratiire is clian^inn there will lie some slight 

ur in tiie clock. 



lid ^ to be absolutely coinftanl, but 
ts Or chauKP of HO" Fnh. would alter ft 



Btriotly correct, for the 




MOTION ABOUT A FISETl AXIS. [CHAP. HI. 

The whale leu^ of n aeooDdii pendulum of thin canslruction h about 44 inehcB. 
the eipansion and controctioD of vliich is coirMitod b; a column of mercnij 
D the jar aboul T inches long. The radius of the jar in nsnally aboat one inch. 
The weight of the merCDry is then aboul 10 lo 12 pounds which, added lo that of 
the jar, frame, and rod bringn tlie total weight to about 14 poands. 

Ex. If, ax a Gnl approximfttion, we regard the mi^ranr; as the weight, the jar 
and the rod being onl; of sufficient mass to hold up the mcrcurj, and if we aloo 
snppoae h and ii to be «□ much leiu than t. that we mny reject the wiuares of their 
ratios lo /. proito that the equation (1) giveo I. = l-\h and that the eqnatioD (3) 
(livea A = I /- 

95. BaaraocT ot Air. Anotber ouixe of error in a <i1oob pendnlnni is the 
buoyancy of the air, TiiU prmlucn an npiraril forre arlinii al Ihe etntre nfuravity 
ufthr roIiiMf iifihe prmliilum equal lu the teriffht of the air ditpUiCril. A very stittiit 
modification of the (undnmenlal invcBligatioD iii Art. 92 will enable uii to take this 
into account. Let I' be the volume of the pendulum, II the dcnsilj of the air : b, , 
h„. Ihe distances of Ihe centres of (iravity of the muss and volume respectivelj from 
the axis of uuKpension, .l/jf the moment of inertia of the mass about the axis of 
Buspennion. Let ne al«o suppose the pendulum to be gynmetrical about a plane 
through the axin and either centre of gravity. 

The equation of motion is then 

a/*=»'= ~ Ar.qA, sin »+VI>ifA, sine (1), 

By the name reasoning aa before we infer that if f be the length of tlie equivalent 
pendulum 

T *'"*' w *'■ 

The cleoHity D of the sir is oontiaaallj changinx, the changes being indicated by 
variations in the heiglJl of the barometer. Let h be the value of the right-hand ude 
ot this equation for any standard density D. ijupposo the actual density to be 
D + iD and let f + JI be the corresponding length of the seconds pemlnlum. then w< 

, ,.„ .. ,. i=a/ , VSl) , „ , S( ft, YD SD 
have by differentiation _ = n, — =;- , and therefore -, — j ,7 yr ■ 

This formula gives in a convenient form the change in tlie length of the eqoi- 
valent pendulum dne to a change in the density of llic air. 

96. Ex. I. If the centres of gruvity of tlio mass and volume were very nearly 
coincident and tlie weitthc of the air disptaocd were rj'iii °^ ^^ weight ot the 
pendnluni, show that a rine of one inch in the barometer would oanse an enor in 
the rate of going of the seconds pendulum of nearly one-liflh of a second per day. 

This example will enable us to estimate tlic general effect of a rise of tha 
barometer on the rate of going of an iron pendulum. 

Ex. 3. If we adiz to the pendulum rod produoed upwards a body of the same 
volume as the pendulnin bob but of very email weight, eo that the centre of grBrity 
of Ihe volume lies in the axis of HuspenaioD, show that thii correction for bncyaney 
vanishes. This method was euggested in 1871 by Sir George Airy, but be remarks 
that tliis oonstruction would probably be inconvenient in practice. 

Ex. 3. It a barometer were attached to the pendulum show that the rise or fall 
of the nieienry as the density of the air changed oould be so arranged as to keep the 
time of vibration unaltered. This method was suggested first by Dr Robinson al 
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Armngh in 1831 in llie fifth vuluine of the mRmoim of tlie AHtrnnomicHl Stxiely. ani 
atternarilii by Mr Denisoii in the A'truiiiniiirnl Knth-ri for Jnn. Ifi7;i. In ttieAniu^li 
riiiri't •;/ Sl.ii-;! publislied in 185il, Ur RobinsDn dcBCribed the iliiliculties he founJ in 
I'liiiliei' bi'fore hi- wai satisfied wilh thu wtirking (if Hie clmlr. 

TIji' jar of mcrcurj' in (irahani'« nierciirinl |icniliilnm mii-'Iit be iiRpd nc tbo cistern 
i>f Hi,.' barnmeler, bs Mr Dcuiaon reniarkB. 

The theory of the constrnction is tlinl in differential inft etiustiou (3) we nro to 
^□]>poi<e it-, itc. variable and / constant. 

Prof. Baukine rend a paper tu the Brilisli AflHociation in 1H3H in u-hii;1i he 
projiosed tu pbo a clotk with a oentrifueal or revolvin:,' (lendnluni, i>art n( wiiicb 
xhnnlJ consint uf n i^iphon bavi>nii!tcr. Tiie riHin^ and fallini; of the buromotur 
would affect th^ rnte of Hoiiit; of the chick ho lliat the iwan liei>j)it nf the 
mercurial cnlunin during any Ioiih periiid would register itwlf. 

Kx. i. If Hie pendulum lie mippusuil to drHH a unantit.v uf uir with it wliicli 
l>e!irB a constant latin In llio density /» uf Ihi: surrouiidiiiK niv aiirl add" yl> to llie 
manirnl of inertia of the penrUihini wilhnnt Inere.isinu (lie niovhii; power, show that 
Die uhnnge prudiidcd in th.' siiiiplr' in|iiiri<lMil v<'ndii!iiiii by i\ ^blln^■e of di'UMly HIi 
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o.vp,. 



7. Moments of Inertia found by experiment, hi 



■mill 






lIlL. 



iliLrllt lit' 

axis. If Ih... bmiy li.- ul' n^gnlai'-^liaii^ ami be- su lar li.>.iin-vh is 

tliat the cnni-s of t.tiis a.'i'iiiiii|jli.nL lux- uf llu> ..r.l..-r 1.. !«■ ih'^'IitIi-iI, 
we fill! *k-liTininr !hr HMiiiii-ut nf imrMa l.v rali'iilalinn. Hiil. 
s..i.iotiuu>s tlii.. faiii,.,, bu .liiiu.. If wi. rail niak,. thr buitv nsellhil,. 
,.ud.T Kiavny abimt any axis ,,a,-all,.| t- (h- ^n'-u a^i^ |,la.-,il 
in a hiiimmial ),.isilii,ii, «■<■ can (li't.Tiiiin.' by .■i|iiatinii (4-) nf 
Alt. 02 tbi.- nuiiiis -if -vmtimi i,UnU :i |.iiiallnl' axih thr.aij.b th,- 
C'litro of gravity. Tlii.'i iv-|uii.-. Ii.amv, c (bat tiir (bslanc.-rs nf 

thn c-iiliv'nf gcavitv b'niii l!,r aM.- ^1 I.I bo \x-ry a.-.-nratolv 

f.un-l. Sometiiai's il, is iiiniv roiiwni.nl In atlarli \lu' bmly lii 
a petubiliiiii nf kiii.wu iiiasH whusn ra-biiw nf gynitinii abmit a liNeii 
hnri/.niital a\is has bi't'ii ]iri'vii"Lsly fniitut by nbsiTviiii,'' llie lime 
nf nsc-ilJatinii. Then by a new ".leimnina'linn .,f tiie i.ii.ir nf 

nsi-illatinn, the innin.^nt" nf iimrlia nf the < ii""""' '""'v. ami 

Iheivfnre that nf ibn given bnily, may be fminil, I he ina<>e.s being 
klinwil. 

If the b-dy be a lamina, we may tbii 
about three axes passing ibmngli llu 
nieiuiiiring three lengths ahmg lliese ;i 
111 thfse radii of gyraliun, we b: 



} at the centra of 



^ra- 



ity. 



Thi 



coiistniL'tod. The direetimis uf its ]n 
pniicipal axes, and the ri'ci]iivicaii 




MITTION ABOUT A FIXED AXIS. 



If the body be a eolid, nix obMervcd radii of gyration will de- 
termine the principal axes and moments at the centre of graWty. J 
But in most eases some of the circumstances of the ]>articnlar1 
problem under consideration will simplify the process. 



On the leit(}th of the Secoudi Peiidiihim. 

9S. The oacillations of a ligid body may be used to determine J 
the numerical value of the accelerating fi>rce of gravity. I^et t be ] 
the half time of a small <}8cillatioii of a body made in vacno about 1 
a horizontal axis, k the distance of the centre of gravity from the- ] 
axis, k the radius of gyration nbont a parallel axis through ths I 
centre nf gravity. Then we have by Art, 92, 

t> + A= = \;(T' (1), 

where ^ = f^ . "o that X is the length of the simple pendulum ^ 
whose complete time of oscillation is two seconds. 

We might apply this formula to any regular body for which j 
k and h could be found by calcidation, Experinicnti have thug 
been made with a rectangular bar, drawn as a wire and suspended 

from one end. In this case — r~~ > which is the length of the 

tdmple equivalent pendulum, is easily seen to be two-thirda of the j 
length of the rod. The preceding formula then gives X or (7 aa 
soon as the time of osoilliition has been observe<i. By inverting 
the rod and taking the mean of the results in the two positions 
any enor arising from want of uniformity in density or figure may 
be partially obviated. It has, however, been found impracticable 
to obtain a rod sufficiently uniform to give results in accordance 
with each other. 

99. If we make a body oscillate in succeiwiou about two 
parallel axes not at the same distance frijm the centiv of gravity, 
we get two equations similar to (1), viz. 

*■ + ''*-"'■! (2> 



¥ + !,■' 



■yJlT 



I 



Between these two we may now eliminnte i", thus 

;,'-*■■ 



= ir- - l,V 



..(3). 



This equntiow gives X, Since l^ has di.sappeared, the form and i 
stnicture of the body is now a matter of no importance. Let 1 
n body be constructed with two apertures into which knife edgea J 
can be fixed. The apeitures may be triangular to prevent 1 
slipping. Resting on these knife edges, the bolly can be made i 
to oscillate through smnll arcs. The perpendicular distances A, A', 



MNGTH OF THE SECONDS PENDULUM. 

I of the centre of gravity from the axes must then be mea-siired 
[ with great care. The formula will then give X, 

100. In Capt. Rater's method (Phil. Tritwt., 1818) the body 
I has a sliding weight in the form of a riug which can be moved 

up and down by means of a screw. The body itself has the 
form of a bar and the apertures are so plaeed that the centre of 
gravity lies between them. The ring weight is then moved until 
the two times of oscillation are eavctli/ eiiual. The equation (tl) 
^ then becomes 

^1^ = 7- (4), 

t which determines X. The advantage of this construction is that 
I the position of the centre of gravity, which is not found without 
I difficulty by experiment, is not rei^uired. All we want is h + li', 
I the exact diatauee between the knife edges. The disadvantage is 
I that the ring weight has to be moved until two times of oscillation, 
( each of which it is difficult to observe, are made equal. 

101. The equation (3) can be written in the form 
_ T^+T^ , , A + A' , 

2 



a constructed that the times 

suspension are very nearly 



I 



We now see that, if the body be si 
of oscillation about the two axes of _ 

equal, t' — t'' will be small, and therefore it will be sufficient ia 
the last term to substitute for li and h' their ap}yrnx\mate values. 
The position of the centre of gi-avity is of course to be found as 
accurately aa possible, but any small error in its position la of 
no very great consequence, for such an error ia multiplied by the 
small quantity t" - t^. The advantage of this construction over 
Kater's is that the ring weight may be dispensed with and yet 
the only element which must be measured with extreme accuracy 
ia k + K, the distance between the knife edges. 

102, In order to measure the distance between the knife 
edges. Captain Kater first compared the different standards of 
length then in use, iu terms of each of which he expressed the 
length of his pendulum. Since then a much more complete com- 
parison of these and other standai-ds has been made under the 
airectiou of the Comniittee appointed for that purpose in 1843. 
PhiL Travs., 1857. 

Having settled his unit of length, Captain Kater proceeded to 
measure the distance between the knife edges by means of micro- 
Boopes. Two different methods were used, which however cannot 
be described here. As an illusti-ation of the extreme care neces- 
Bary in these measurements, the following fact may be mentioned. 
B. D. <^ 



Though the itnagfs <jf the kiiife edges were always perfectly shiu-p 
aiiH well (ielined, their distance when seen ou a black ground was 
■000572 of an inch less than when seen on a white ground. ThiaJ 
difference appeaiiH] to be tho same, whatever the relative ilhiini-B 
nation of the object and ground might be, bo long as the differenoen 
of character was preserved. Three sets of meaHurements were 
taken, two at the beginning of the experiments, and the third after 
some time. The object of the last set was to ascertain if the knife 
edgee bad suffered from use. The mean results of these three 
differed by lees than a ten-thonsaudth of an inch from each other, _i 
the distance to be measured being 39 44085 inches. 

103. The time of a single vibration cannot be observed di- 
rectly, because this would require the tiaction of a second of time 
as shown by the clock to be estimated either by the eye or ear. 
The difficulty may be overeome by observing the time, aay of a 
thousand vibrations, and thus the error of the time of a single vi- 
bration is divided by a thousand The labour of so much counting 
may however be avoided by the use of " the method of coinci- 
dences." The pendulum is placed in front of a clock pendulum 
whose time of vibration is slightly different. Certain marks made 
on the two pendulums are observed by a telescope at the lowest 
point of their arcs of vibration. The field of view is limited by 
a diaphragm to a narrow aperture across which the marks are 
B<feu to pass. At each succeeding vibration one pendulum follows 
the other more closely, and at last its mark is completely covered 
by the other during the passage across the field of view of the 
telescope. After a few vibrations it appears again preceding the 
other. In the interval fi-om one disappearance to the next, one 
pendulum has made, as nearly as possible, one cwnplete oscillation 
more than the other. We have therefore to count the number 
of vibrations made by either pendulum in the interval. At the 
beginning of the counting let one pendulum coincide with the 
otlier as nearly as we can judge. Suppose that aff*r m half vibra- 
tions of the clock pendulum the next coincidence has not quitS' 
arrived, but that after 7i+ 1 half vibrations the coincidence has 
passed. If the clock pendulum be the slower of the two, the 
other must have made m + 2 or li -(- 3 half vibrations in the in- 
terval. Thus tho time of one half vibration of the pendulum 

lies between the fractions — — ^ and —jr of the period of the' 

clock vibration. Taking either of these estimates as the real 
time of a half vibration of the pcndubim the error is less than the 

fraction -r ^rr ^ of the time of a half vibration of the clock 

pendulum. It appears from this that the error vaiies nearly ia* 

versely as the square of the numlwr of vibrations between two 
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coiiiciiieuci's. In this niamicr 53(1 half vibmtioiis <»!' ii clurk 
pcudultim, eachciinal to a second, wfcrc foiuid tn ronvsijuiui 1<> o.'>2 
of Captiiiti Kat.T's pL'iuiuhiin. Thi- •.■rvv ..f |],i- . .!,, ,r. [, >,, 
«m:ill th;tt in twiity-iuiir [i.niis it w,,iil,l iic.'iit.H ■■ ■ ' ■ ■ I...111 
lh(v,.-tifllisnfas(.r.".nii. Thf nilinofthr liii,. - ■ ■ !■■.■■ ■ill,' 
IK'uiIuliua and thL' clm^k jiondiilinii may thii-^ ln' luIliJ.iIv i[ \*ilh 
fxtrenie accumcy. The mte nf ^oiiig of the (.'liw.'k miisl then 
be found by astronomical iiieaniii. 

The reader shuuld notice the resemblance between this process 
of eoinpnring two clocks with the use of the rentier in cfn 11 paring 
lengths. Of course there are differences, because the veniiiT t.s 
applied to s[iace, and we hnv<- here to dn with time, lint the 
grneral principle is the same. 



104. The time of vibration (hns nbtained wil 
"" " ■-n.liiciioiis." ¥.;■ 

,1 II,. ,:,i, pill sill i9-^ in An 



..scilhtiunb.' 



meth-,d.,f,. 






Th( 



frrtlii- this will lir nm.-.idered ill the .;h;ip(iTi.lV Small 

Oseillaliuiis. Another reduction i.s neceK.'^avy if we wish to reduce 
the i-i'Kult to what it would have been at the level of the sea. 
The .-iiiraetion of ihe intervening land may be alioweil for by 
Dr Young's rule (P!n7. Tnnis. ISlOy We'ninv ihn-^ obtain the 
forec of gravilv at lb,- l.vil of the si-a, s.ipji^siug al! the laud 
above this level were ent oft' and the sea roasfraine'l (o kee|i its 
present level. As the lev.d of llie sea is aller.'d bv ihe nttraclion 
of the land, further cnrivcli.ms aiv srill nenessarv if we wish to 
ivdnce the I'esiiit to Ihi- surface of that f-pheroid whieli must neai'ly 
repres-.-iits the earth. S,>e ('<i„'l: I'liil. Tnnix. Vtil. vill. <hi ihe 
riiriiitioii 'i/;rr"''if;/ "i "'^ -ii-r/nce n/tlie earth, by Sir <!, S1oki>s. 

Mr Baily gives as the length of the pendulniu wbosi.^ half time 
of vibi-ation is a mean solar seeonii in the opm air in liie lalilude 
of London 3!)I33 inches, and as llie lenf;th of a similar prndulino 
vibrating sidereal .seconds :!S-t)l!) inches. 



!0 of Of Air. Thu r.lj>;i>iTati'>ii-i I'lii-il he nmJi' 
in the air. To corrml fnr tlli)' vie huve tn tliake B rciluclion to s vaeinun. Tliin 
reduction rontiiBlH of Ihrpp imrl-; : (1) T1i<> covnotinii tnt biin.vnnrv, (2) Hii limit's 
correction for the iiir iiriiKG<^ nlonn liy the penduliim, {'A) Tho rrsigtniice r.f [ho air. 
Let V be tliB volnmo of the ]>cniluluni which Diay be found by mraumriiig tbc 
dimensionK of the body. Af< the " reduction to a vacatim'' in only n correction, iiny 
Hmatl unavoidable errorn in catculntinR the diiueiiHions will piviliiee nn nBect only 
of the BEcond onlcT on the vahie of ^. Let p be tlie dennily of tho nir whon thi- 
body is oscillating about onu ioltn cdKc. p' tlie di-naitj' ivlien oRcillatinK about tlie 
other. If the observation lie made within an hour or two liuntB. «-e may j-ut p=(^'. 
The efleet of buoyanc3- is allowed for liy fiippoKini; a force t'e-i to act iilnvordH at 
■„lt.-ut Kittvilyof Ihr ••.■l.nm- "f thi-\::h. If llic body I* mad.' B=^ nrail.v as 



poBsible ftymnietriesil about the two koire edges this oentre of gravity vill be b 
wny between the knife edg^s, see Art. SS. 

Da Bnat discovered by experiment that a, pendulum drains with it to and fro a 
certain muse of air which inoreasoB tbe inertia of the body without nddinR to the 
moring force of gravity. ThiB result has been confirmed by theory. The uimhs 
dragged bears to the mans of air dinplaaed by the body a ratio which depends on the 
external shape of the body. Let ua represent it by /iVp. If the body bo aymmetri- 
cal abont the knife edges, so that the external shape jx the same whichever edge is 
made the axis of suspension, n will be the same tor each oHcillation. Supposing 
tliia niBfls to be collected at the centre of gravity of the volume, we must add to thi 

1= of equation (I) in Art. 'ja, and therefore also in Art. 98, the term '^ ( ^^ ^ . 

Taking these two corrections the equation (1) of Art. 9B will now become 

where m is the mass of the pendulum. Similarly for the oscillation about the othn I 



----;? (T)'=-('--?^)- 



We must eliminate k' as before. If the observations about the two kniftfl 
edges succeed each other at a short interval we may put p = p', and theu Du Bual's 1 
correction will disappear. This is of oourse a very great advaolsge. We then have' 

the last t^m being very small, because t and t' are nearly equal. 

The resistance of the air will bo some function of the angular velocity ^ of the 
pendulum. Since the angular velocity is very omnll we may expand this function 
and take only the first power. Supposing that Maolanrin's theorem does not fail, 
and that no coefficient of a higher power than tlie first in very great, this gives a 
roeistanoe proportional to fl. The equation of motion will therefore take tlie form 

where St/k it the time of a comptel« oscillation in a vacuum, and the term on the 
rifjht-hand aide is that due to the reaistancu of the air. The discussion of this 
equation will be found in the chapter on Small Oscillations. 

IOC. Conitnictlon of a pendulum. In constructing a 
reversible pendulum to measure the furee of gravity, the following 
are points of importance. 

1. The axes of suspension, or knife edges, must not be at thtf^ 
same distance from the centre of gravity of the masa Theyj 
should be parallel to each other. 

2. The times of oscillation about the two knil'e edges should I 
be neatly equal. 

3. The external form of the body must be symmetrical, audi 
the same about the two axes of suspension. 

* This formula was mentioned to the author as the one used in the late eipobH 
ments made by Capt. lleaviside to determine the length of the seconds pendnlum. 
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1 not peiTectly sharp, let r be ihc dilliTi'iice of 

X 

vary nearly, when the pcmlulura vibmteB in vacim. It appenra that (he correction 
vanieltes if the knife e(l){es bt' only djunlty ubarp. Ijj ii]tuit;hiin|;ini; the kuiTt: eiXff^f, 
we have the same ^uutiun with Che fif,a vl '' ahiinged. My iiioliini; a few uLiierva- 
tions we may thiia dHlenuiQe r. A ptiiiiaaitiuQ MiuiiluE to this liiia Leen ascribed to 
LapUce by Dr Yuuiit;. 

Let p, p' be the radii of ciirvOitun: of Ihc knifL' edges. Tlitn by lakiiiK iiiumenta 
nbout the instunlanaoua aiis «-e luaj show (as in Ait. Uf) that t- + ii- = \ {h + p) r. 
Since p is amall we may write tliis in the form |l>-+ h'~ {k- -i- h-)^=\hT'-. TliutinieB 

of vibration t, t' are nearly onual, hence by Art. 1(2 we hare k' = hh' very nearly, 
tiubstituting this value uf k in IheHuiall Icrius wc Sitl k'-' + li-- {h + lt'f p — \hr-. There 
IS a similar e<|aation For the ]>eiidii)ujn nlien it vibratcu about the other knife I'dgc, 
which may be obtained fruin thin by interchanj^ini; h, h' and t, t'. EUruiliating ft" 
as in Art. l)!l, and tuniurubtrini,' thai i-p- p. wv obtain the i-eslUt tube proved. 

Ei. "2. A heavy s|iherical ball i.i HnMpendud by a vury fine wire saccessively 
from two poiniH of ^u{jport ,1 and Ji, whoMj vurtlcHl distance b ha-^ bucn carefully 
mtsaiiared, thus formiiitj two j>cnduliimB. The lowest point uf the ball in. on (.'auh 
suspeoaiun, made to be aN exactly an poHsiblu on the H.ime Icwl, which level is 
approximately ut depths u and ii' below A and U respl!cli^tly. If r be the radius of 
the ball, which JH uniall cotnimred with <i or a', and I, I' the len);thij of the nhiiple 
equivalent pendulums, prove that =1-^ - rrr —.'"^'^i ncariv By louut- 
ing the numl«T of oseillatiuna perfoi'nii>d in u gitcn time bj each \ eudulitm show 
how to find the ratio of I to ''. Thence show how to find ff auii point out wliich 
lengths moat be moat ca refill ly measured and which need oulj ^t. an tjumately 
found, so as to render this method eBuctive. This method is minlionLd ui Urant's 
Uiitory of I'hijKicat Astrmiomy, pai^c ISj, u\i havinij been n cd I j BghbcI 



80 MOTION ABOUT A FIXED AXIS [CHAP. III. 

lUS. A Standard of Lengrth, The k-ugtli uf the seconds 
peuduluni has been ntmil an a niitiuual sUindai'd of length. By tin 
Act of Parliament pausod in lii24, it was declared that the distance 
between the centres of two pttints in the gold studa in the 
straight braus rod then in the custody of the clerk of the House of 
CommoDS, whereon the words and figures "standai-d yard, 17fJ0" 
were engraved, should be the original and genuine standard of length 
cailuU a yard, the brass being at the temperature of 62* Fahr. And 
as it was expedient that the ajiid stiindard yard if injured should be 
rostiired to the same length by reference to some invariable natural 
standard, it was enacted that the new standard yaixl should be of 
such length that the pendulum vibrating seconds of moan time in 
the Lititude of London in a vacuum at the level of the sea should 
be 39- 1393 inches. 

On Oct. IG, 1B34, occurred the fire at the Houses of Parlia- 
ment, in which the standards were destroyed. The bar of 1760 
was recovered, but one of its gold pins bearing a point was melted 
out and the bar was otherwise injured. 

lu 1838 a commission was appointed to report to the Goveni- 
mcut on the course best to be pui'sued under the peculiar circum- 
stances of the case. 

In 1841 the commission reported that they were of opinion 
that the definition by which the standard yaid is declared to be a 
cei-taiu bi-ass rod was the best which it was possible to adopt. With 
respect to the provision for restoration they did not recommend 
a reference to the length of the seconds pendulum. "Since the 
passing of the act of 1824 it has been ascertained that several 
elements of reduction of the pendulum experiments therein rc- 
fen'ed to are doubtful or erroneous : thus it was shown by Dr 
Young, Phil. Trans. 1819, that the rcductiou to the level of the 
aea was doubtful; by Bessel, Asiron. Nachr. No. 128, and by 
Sabine, Phil. Tram. 1829, that the reduction for the weight of aii- 
was erroneous; by Baily, Phil. Trans. 1832, that the specific 
gravity of the pendulum was erroneously estimated and that the 
uiults of the agate planes introduced some elements of doubt ; by 
Kater, Phil. Trans. 1830, and by Baily, Astraii. Soc. Memoirs, 
Vol. IX., that very sensible errors were introduced in the operatiou 
of comj)aring the length of the pendidum with Shuckburgh's scale 
usetl as a representative of the legal standard. It is evident, 
therefore, that the course prescribed by the act would not neces- 
sarily i-eproduce the length of the original yard," 

The commission stated that there were several measures 
which had been formerly accurately compared with the original 
stiiuduiii yard, and that by the use of these the length of the. 
urigiual yard could be dutermined without sensible 
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statKianl. 1 ,. | .■■■■■. ■.■ ■ ■', i\w 

fomparUm, >vlu..li ..-.uu,..! I,. .j-.~uil.'-l I.m., A lull :vj--dui i.f 
the pruijtjiidiiigtt ol' tliu ci>Liiuiis.siiiii will bi' ivnuiiJ in a papyr 
contribiitt'd by Sir G, Airy tn tlie Royal Society in lf^-57. 

Ill Fi-aucf the staudarti of l«iigth is the metre. TJiis, like inir 
stiindaitl yaitl, was originally dfHiioH by ivfcrt'iice Ut a length 
given in natnrc. The ten millionth part of the li.'iigth of a 
meridian of the earth nieaMnvd from the polt; to the e.piator w.ik 
dr.l.r. .1 ■.. ]>. ill.- ivgal mMre. But when new und lor^re iiecn- 
i.,i. . I. ■ :■:- wen' Md.M',|n.'iitlv made, it, W<-.,uu- .videnl, 
ll,.,: ■! ■ . ■■ ..| Ihe lei,'al ni^tre emild nol be altered fur e:,eh 
ijiJl..i.....i,iULi ii. Llie measure of the earth. Practically theielu|-u 
the detiiiitioii ut the ineti-o is a coilaiii length presei'vcii in Paris. 

The use of the seconds pendulum as a standard of length 
assimies that a stundai-d of time \u\s already been obtaim-d. In 
this case we must have reconi'se to some natnral standard, and 
the one nwnaliy chosen is the time of rotaliou of the earth no its 
axis. This is rcconmiended by its simplicity, for tin' interval 
between two suecesslve transits of the «ime sUu- across the nieri- 
dian is very nearly eijual to tho time of rotation of the earth, 
But other natiinil standaiils may also be ii-scd to cheek thu clock. 

For an accoinit of the i-econmiendations made in the two 
reports (l.s7:i and 1M74) by the Uuit.s Connniltee of the Uritish 
Association, see Prt.if. Kverett's treatise on i'uiti ni'd I'hijsicul 
constants. 



O^ciUution o/ .( Watch Bahince- 

109. A rod IJ'C'li can turn fively about its centre of gravity 
C which is fixed, and is acted on by a very fine spiral spring OPB. 
The spring has one end (..' fixed in pi^sition in such a manner that 
the tangent at C is also fixed, and has thi' other eiid }i attached 
to the rod so that the tangent at />' make.'* a c.nislant augle with 
the rod. The rod being tnrned thr.nigh any angle, it is retinii-L'd 
to find the time of (wcdlation. This is the eoustnietion used 
in watches, just as the pendidum is u.sed in eloeks, to regulate 
th(i motion. In many watches the rod is replaced by a wheel 
whose centre is C, 

Let ('x be the ijo.sitiiih nl the rod when in ei|nilibrium, and 
let e be the angle ihu lud makes with ' ■,,■ at any time t, MIc the 
moment of inertia of the rod about 6'. Let p be the radius of 
curvature at any point P of the spring, p„ the value of p when in 
ei(uilibrium. Let (.c. y) be the (u-oiilinates of F referred to V as 



MOTION ABOUT A FIXED AXIS. 

origin and (7* as axis uf .c. Let ua consider the foi-ces which act I 
on the rod and the portion BP of the spnug. The forces on the 
i-od are X, Y the resolved parts of the action at V parallel to the I 
axes of co-ordinates, and the reversed effective forces which ai-a 

equivalent to a couple Mk? -5— . The forces on the spring ai-e, the ■ 

reversed effective forces which are so small that they may be 
neglocteii, and the resultant action across the Kcctiou of the 
tqiring at /■■, Thia resultant action is produced by the tensions of 
the innumerable fibres which make up the apriug, and these are 
equivalent to a force at P and a couple. When an elastic spring 




is bent so that its curvature is changed, it is proved both by 
experiment and theory that this cotiple is proportional to the < 
change of curvature at P. We may therefore repi'csent it by J 

E( J , whore E depends only on the material of which the | 

spnng is made and on the form of its section. 

To avoid inti-odncing the unknown force at P. we take moments 
about P. This gives 

This equation is true whatever point P may be chosen. Con- 
sidering the left side constant at any moment and (x, y) variable, 
this becomes the intrinsic equation to the form of the spring. 

Let BP = s, mvdtiply this equation by ds and integrate along 
the whole length I of the spiral spring, we have 

Now — is the angle between two consecutive normals, hence 

fde 

I - is the angle between the extreme normals. Now at C the 

normal to the spring is fixed throughout the motion, therefore 

if ] is the angle between the normals at B in the two 




positiona in which — 8 iiml 8 = 0. But since the imr 
iDiikt'S a constant angle with the rod, tliLs angle is tlir 
which the rod makes with its (xwitiuii uf i;i|iiilibriui[], 
.'■. // hi- the eo-onliliates (jf the ceiitni uf gravity of the spri 
the lime (. we have jMs = .d, Ji/d>i = yl. Hence the eininl 
motion becomes 
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liilcruiu (,' i« phvwil nvLT Llif ccnitrL' nl* f,fravily .il" tlii-. siiriiiir ..„ 
at r^.st. Thud if thi; iiiiiiilH..r of «pi|.ai tiirus uf thi-. spring ^ 
uumuruus ami if uach turn bi.' nearly circular, tliL- cciifrt" of eravit 
will never deviate far from C. Thits the terms l'.' tuid A'// ■■■ 
each the protiiict .if twii small itiiiiiilities, ami are therefore at li 
of the second onler, Nejjiecting these terms we have 
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-iher investigation uf llic condiliuns niaiesbiiry (or 
iim dS (lie bual fuiiuK fui' the siuiiiu. 



When the tviupLTUtiiTu iJiGn.iii>cK the ltii|,'tli ( uf tliv buliiuce is i]UTcnKi;il. For 
lliiH ami ntbur reiDiuiis the uuUh will lusu CiiiiL'. Thv i.'alii[ii;nbu(iuJl tor h chuiifiu uf 
li.*ni|)criil,uro is nuw uaimllj effctli-il liy uUHtini" lhe muiiiL-nl of inoilia uf tiit uacil- 
lutiug body. Thu iiiremufEifnuo of ihi; balaucu wlicul iiialond uf liuiiig a i:uiu|jlele 
tircic uoiiaiittB uf two arua I'iich Il'HB Ihau u Miiiiieiccuinfiuvnui;. An uitri'iiiity uf 
liiu^h ia atUchi'd tu one uKtiuuiity of tho rod lll'l!', nnd ciicli vuiiita it snmll iiiass 
whieh ie attiujhed to it nuar il« free txtreuiUy. E»i:]i al'i; it fOilstlin;U.il i>f two thin 
slips of different liictula lying side by sidf, the outer of whiuh I'simmla niuro nilii 
heat than Ihu inner. As the hea ' 
of inertia of tliu whulu luklaiicc ia 
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110. A bod'j moves about a fixed axis under t/ie action of any 
forces, to find tlie pressures on the iiuis. 

Firstly. Suppose the bixly and the forces to be symmetrical I 
about the ptaiic through the centre of gravity perpendicular to 
the axis. Then it i» evident that the pressures on the axis are 
reducible to a single Ibrce at C the centre of suspension. 

Lot F, G be the actions of the point of support on the body 
resolved along and perpendicular to CO, where is the centre 
of gravity. Let X, Y be the sum of the resolved parts of the 
impressed forces in the Bame directions, and L their moment roimd 
C. Let CO = h and ^ = aiigle which CO makes with any straight 
line fixed in space. 




Taking muniunts about C, we have 

The motion of the centre of gravity is the same as if all the 
forces acted at that point. Since it describes a circle round C, 
we have, by taking the tangential and normal resolutions, 

''de-jr <*>■ 

E(|natiou (1) gives the values of -r~ and p , and then the 
priissures may be found by equations (2) and (3). 

If the only force acting on the body be that ol' gntvity, let 8 
be nieasm'ed from the vertical. We have 

X = Mg cos e, Y= - Mg sin 9, Z = - %/< sin (9 ; 

dl' i? + A'^""^ ^*'- 
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Intt'gialijig, wo h;iv<.' 

>-*^ (^). 






If thiH angular vt'Iot^ily <it' Lhu bmiy be 11 wlioii C'O is hurizontiil. 
we haw w = li when cos tf=l.l. \Vf llm! ''^il-, Substituting 
these values in (2) ami (3) wc^ got 

J,- »"'"*/.= + /,= ] 

wliitv 6 i.s Uiu iuigk- Lhu pi;i-pumlii;iilar ilrawu i'nnii l.h'.' (•< iiliv nl' 
yravlLy Lit' Lhc Iwjity iiu the axis makes with Lhe veifk-al riieu-suivd 
cluwn wards. 

It appears IVum Mu-m.' ir.inlts that ihc component of prosaiire 
perpendicular tn llu; plane luiilaiuiug the axis and the centre of 
grjivity is imiependent I'l' the iriitiid eiinditimis. As the bixly 
oscillates this coiii[}i)iieiit varies as Ihe distance iif the centre of 
gravity fi-on] the vertical plane thruuyh the ii.\i.s. Ou the other 
hand the couipouent of pi'cssiire in the plane coiitaiuiiig the a.tis 
and the centre of giilvity docs depend un the uiitial angidar 
velijcity of the body. 

If the forces are iinpulHive, the erpiations (1), (2), (3) are only 
slightly altei-ed. Let ai, ai be the anffiilar velocities of the body 
jnst befureand just after the action uf the impulses. The cijuations 
then become 

where all the hitters have the .s.iuie uieaniiij; as before, except that 
F, G, X, Y arc new impulses inste-ad of Unite force.s. 

Ex. 1. A. ciiciilar area of wbi|j:ht II' cuii turn freely ulHiut a, horizontal axis per- 
pendicular to Lis plane wliich pii»»e9 ttirnugb a jioint C on itH circumfercilce. If it 
start from test nitli [be tliametur tliruiii;ti C vei-tically it1i<jve t', show that tb<3 
resultant presEiurcs ou the hm's when that iliameter is lioriKontal ami verttcnlly bvlow 
t; arc respectively 5^/1711' uad ',,'■ II". 

Ei. 2. A thin uniform I'od, one en.l of which is atlac-hal to a smooth hinge, is 
allowed to ThII fiom a horizontal poaition ; pi'uve that whoJi llii' hucizontui strain ia 
the ^resU'Bt punailili.', tho vertical strain on the hinge ie to the weight uf the lud as 
11 :a. Malh. Tripoi. 

■"' ,,— J,. ■■■-.... 



Ei. H, Let be the resultant of ; + fi-ft ami -,, , aud l 



ullip!^ with C for e 



:y. Let this ellipse bn Hxed in the hoiiy and 
sure II varies as thi.' diauiEter along which it 



Mts. And the diiectiim ma; be found thus: let tbe auiiliai? cir(?le cut tbe vertical 
through in r, and lul the perpendicutu- from V on CO cut the ellipae iu B. Then 
CS is the direction of the premare E. 

111. In many prolileintt we require the vertical and horizontal components of 
the presaure. and more particularl,v the poHitioos of the body in which either of 
these componentH cbangeii sign. It, for inatance, the body is a wedRe supported 
hy its edge on a perfectly rough horizontal table it ma; be regarded as turning 
round a horizontal axiu. But the table can only eiect an upward I'ertical pressure 
on the body, if then the vertical pressure changes bird as Ibe body moves, tbe 
wedge will leave the table and the whole motion will be different. 

Let V bo the vertical presaare on the body, muasnred upwardg when potitive, 
and F the horiKontal pressure, measured to the left when the centre ot gravity is on 
the right'hand side of tbe vertical plane throngh the aiia. For the sake ol brevity 
let rt = 0*^t^*, and (. = ;;*'' Then we find 



^=(a-fc)sin((cosS+0«Ad 

As the cxpreseiou for the vertical pressure is not altered by cliaiiging tbe sign of 
9. we need only uonsicter its changes uf sign as tbe centre of gravity moves, say, 
npwardB. Similar changes will occur during the descent of the centre ot gravity. 

We see also that the vertical pressure is always upwards when the centre of 
gravity of the body is below the horisontal plane through tbe axis. Consider then 
the two citremc positions in which the centre of gravity lies, (1) in the horizontal 
plane through tbe axis, and (3) vertically over the axis. 

In llieae two positions IJ has opposite signs if iPh>ti and the intervening 
vanishing points are given by a quadratic equation. Menoe we infer that as the 
oentre of gravity moves foom one position to the other, the vertical pressnre will 
vanish onee and change sign if OVi:>a. It this inei|uality does not bold the 
vertical pressure will be directed upwards in both the extreme positions. To 
determine if it can vanish for any intervening position of the body we mtist 
BBoertain wiiether the minimmn value of Q is positive or negative. By differentia- 
tion we find Ihn't ^1 is least when cobS^.--^^ — vr i and tbonce by substitution wo 
find tbe least value of Q to be .1/ {b - (» - b) cos" 0| . 

If a^h be k'ss than 2 {ii - b) and greater than 2 ^b (a ~ b), this value o( cos tf will 
be possible and the minimum value of Q will be negative. The result is tliat, if 
both these conditions ore satisfied as well as t)'/<<n, the vertical pressure will 
vanish and cimnge aigq tide as the body moves from one extreme position to Iho 
other. But if either condition (ail, the vertical pressure will not vanish between 
tbe limits. To hnd the exact positions at which the pressare vanishes, we have 
to solve the quadratic equatiim formed by equating (j to zero. We most also 
remember that the conditions of the question may exclude one or both of these 
positions. Thus we may show from equation (5} that unless iPh exceed J{i- b), 
the body cannot no all round. Or again the body may be projected upwards at 
such an inclination to the vertical that both the roots of the quadratic may be 
exchided from the arc of osciliatiou. In such a case the vertical pressutv will o( 
eourse keep one sign during the ascent. 
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The Imriiioiital pre«BUtt vauialifs wliBii a = ot ». ami w1il-u a 

thia value of vohS he greater thaii unity, the liorinontftl preasvire vanishea and 
chftHRei its diceelion only whpn the centre cil uravit)' is verlieally over or unduv 
the axin. If it be nniiierically le^a than iinity, the pressure vaiiishex uud clinii[;i's 
fligu in two more poRitioiis. ivliicli hoth occur wbeti the ceiitie of gravity i« ulnni' 
the ails and at eqnsl height)^. 

112, Secojidli/. Siip|).w i-itlicr tin- body •>!■ ih<- Inrci's iii.t i.i 
bf syinniet.ricitl. 

Lft the fixoil :uis hv Uih-n .is tho iuis of : willi aiiv •'vvni, 
■■mil phim- ,.r ,»-. Th.'s,. ui. sliiill iirt,.i\i;.r.ls s.^ rhi.iw ;is tn"siii)|,lirv 
cur procoss as mitcli as |inssibl.;. L-'l ,'■, </, : W llir n.-ur.lihid.'s .M' 
111.' r(.-iUn; nf giuvily :U llli- lirii..' /. Li'l't,! Iif (h,. aiijjiihir v.lncily 
nf thf body,/ the angular afindfcaliou, wu t.hal/= u. 

Now every elonieut tii uf thi- biidy dcwiibfs a rii'dv .■ihrnil tlii> 
axis, heoce its accekTaHuiiw along and iK-r|Joi]dicidac to t.ln' rinlin-^ 



vfctiir )■ from t!u 
which r iriaki-s w 
rowiliitirtii nf f'nrofi 



th I 



and />. L,-{ f) hv llir 
.;■: :ii. aiLV tiin,', thru Irn 



-ck-ar thill 
i- = - w-c co>! - /■;■ sin ^ = - w^-' - />, 
and similarly j/ = — w"'/ + /.r. 

These eijuations may iilsn hi' ubiaiiird hy dill'rimli.'ilin!; the 
et^natioiiH a' = )'COHC, y=csin^ Iwic.', n'nuinlii'rinj,' llial r \> 
constant. 

Conpeive tht- b.nly to b.' tixiM tu tli.' axis ;il. twi> jiMhifs dislnni 
H and «' I'roni l.hr nri>,nn, ;ind ht ih.' jvar.'linns nf ili,> |"iinl.s ,,11 
thf body ifHolvud i.arnlk'l to th,; axi's b.- rosprctiiuly /', r; // : 
/', G\ H'. The i^iinations i.f motion of Art. 72 th.-n i,'ivr 

= - w-.l/.-' -/jI/.v 0>, 




MOTION ABOUT A FIXED AXIS. [CHif^^^ 

Taking moments nbout the axes, we have (Art. 72) 
2m {yZ ~zY)—Ga— Q'a' = %m (t/S — zy)=- %m (ay) 

= M'Smyr —f%mtz (4) : 

by merely introducing t into the result in (2), 
2m {zX -a;Z) + Fa + Fa' = 2m (zx - x'i) 

= — uf^mxz —flmyz (5), 

2ni {xY — yX) = 2m (xy — ySi) = 2mr^ . cii 

-inc'.f (»). 

Efjuation (6) scrvea to determine / and ai, and equations (1), 
(2). (4), (5) then determine F, G. F, G'; H and H' are indeter- 
minate, but their sura is given by equation (3). 

Looking at these equations, we see that they would be greatly 
simplified in two cases. 

Firstly, if the axis of ; be a priiicipal axis at the ongiii, 
%mxs = 0, Smyz = 0. 
and the calculation of the right-hand sides of equations (4) and 
(5) would only be so much superfluous labour. Hence, in attempt- 
ing a problem of this kind, we should, when possible, so choose the 
mtyin tfial tlie axia of revolution is a principal axis of the body at 
tiiat point. 

Secondly, except the determination of / and ot by integi-ating 
equation (6), the whole process is merely an algebraic substitution 
of/ and CD in the remaining equations. Hence our restdts will 
still be correct if we choose the plane of xz to contain the centiv 
of gramt>/ at the moment under consideraiion ; this will make 
y = 0, an^ thus equations (1) and (2) will be simplified. 

113. ImpulslTe forces. If the forces which act on the body 

be impulsive, the equations will requu-e some alterations. 

Let », V, w, u', v', w' be the velocities resolved parallel to the 
axes of any element vi whose co-ordinat*s are x, y, z. Then 
« = — ym, -ii' = — j/oi', V = axd, r* = mw, and w, w' are both zero. 
The several equations of Art. 112 will then be replaced by the 
following : 

£X + F+F' = Im W -),) = - 'S.my (<»' - w) 

= -MTi(^-~w) (1), 

2r + G + G' = Im ("' -v) = tmx (o.' - o)) 

= Mx(<^'-w) (2), 

2Z+// + ^' = (3), 
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S VjZ - 5 1') ~ <!<' - liV = t-H {y ( >■■■ - .,.) -z{v'- r)\ 

= -i:»(.(;.((o'-w) (4), 

S {zX - .rZ) + Fu + F'n- = 1m |r (i/ - n\ - ,r ( w' - w)\ 

= -Sj,i//.-.V-w) (5), 

luY-'jX) ^^iii{J?+>f).(f>'-<o) ((!). 

These six equations are siifticieiit tij determine oi', F, F', 0, (i 
and the sum H + II' of the two pressures along the axis. 

These efpiatioiis admit of siiniilificatiim when the origin ean 
be so chosen that the axis of n)tal!"n is n principal axis at that 
point. In this cast- thu right-hand sidi-.s «( erpiations (4) and (5) 
vanish. Also, if (he plane of a'; ho cho.sen to pa.ss i,lironj,di l!io 
centre of gi'avity of the body, we hav- </ = 0, and llio tij^htdiand 
side of eipiation (1) vaui.shes. 

114. Analysis of results. 'I'ho o<|natioTis in Arl. 112 ('> 
find F, G, F'. li' aro lin.-ar: the rosntvrd pr.vs.siir.'H theivfoiv due to 
several raiiso.s may Ik- tnuiid by adding togellicJ' th.^ rrs,iK-od 
pres.sures due tn oaoh si.'inn'ately^ Tt follows that the pr.'.Ksnres at 
the a.\is are ei]iiJvalont to two sets of pressnre.i, (1) the statieiil 
pressure dne tn the iiopiesseil i'oivcH X, Y, Z, kc, and (2) the 
pressiii-e tine to the ellective forces m'j-, iny, &c. 

The resultant atatioai pressure can be found fr(Jin the tii-sh five 
equations, their right-hand sides lieinj,' replaeed bv zero. These 
equations are nnf ;ilteri'd ))V ti;in^('i:-i-iir_' tlu- iini'iwsi'd forces 

parallel U> lli.']ii-i-l\.s ii. ■.\'\ .'i1 |i.>ii,i . m .viil.-d I hat \\e 

introduce lli.- u-i,;,] r,.n|.|.- \V,. ,,, . '■ ■ ,■ ' i lh.' nmpl.. 

whose axih is (>:, whii-h nccm-s nidy in ■ 'f.i.i! ;■■ .kji! thi' st at leal 

pressure at the axis may be fuiinii hv riiiii|ii.inidiii<; thi' ivniainini; 
transfciTed forces. Thus, if the only inipves.sfd fn'rce on the body 
is that of gifivity, and the axis of sii.s])i*nsiiiu is hmizoutal, ihe 
-statical pressure on the axis is a vertiivd force equal to the wrii;'bt 
of the brxly, actinjf at the foot of thi> jierpeiidicidai- dmwu tVuui 
the centre of gravity to the axis of .snspoiisinii. In the s.'inn' 
way if an impulse act on the biwly )iei prndifular In the axis, the 
statical pressure due to it may be liiund bv siniply IrauHfciring it 
parallel to itself in a plane perpendicular tn ihe axis 1.. act. at 
a point OD that axis. 

When the axis of revolution 0; is a |)rincipal axis at some 
point the pre.ssures due to the effective foi'ces take a siriiple 
form. Let F.,.F.:, G~. G-! be the parts of the pi'ossun's dm- tn 
these foi-ces atone. Let the plane of :r: be chosen to contain the 
centre of gravity of Ihe body, then i/ = 0. Let also the origin be 
chasen as one of the two points of fixt'ire, then (i = 0. The 



equatums (1), (2), (4), (5) of Art. 112 then become I 

F,-¥F: = -m-Mx. G, + G:=/if.r., -(?;«' = 0, F:a- = 0. J 

These give FJ = 0. 0,' = 0,F, = - a>*Mx, 0, =fMx. I 

It follows that the pressures of the ajcia on the body due tol 
the effective forces are enuivaleut to a single force, which acts at I 
the principal point 0, and is equal to the resultant of the effective j 
forces of the mass of the body collected at its centre of gravity. " 
In the same way the pressure due to the effective forces when 
the body is acted on by an impitise may be represented by a blow 
which acts at the principal point 0, and whose components parallel 
to IT, y, z are the expressions on Hie nght-hiind sides of equations 
(1), (2), (3)«f Art. 113. 

Ex. 1. A hoavy bodjr oan turn frwiy nboiit a Ijori^outal axin Oi whiob ia 
principal aii« Bl (). It atarte from rest with the piano QOs throuBh the oeiitre i 
gravity hnriKoiital. Stion that the pieaaure due to the elTectirc forcea aloK 
makes an ao^le with tbe plane QOt vhone tangent ia half (he taogent at the angl 
which the plane QO: makes with the vertical. 

Ex. 2. A qaadrant oF a circle or railias a can turn freely aboat a bounding I 
radiua as a fixed axis. Show that the presgnres on tht^ aiin are equivalent U. 
presBnrefl, ooe equal to the weight of the lamina acting! at a point of the ttied radiua 1 
distant 4a/3ir from the centre, and tbe other at a point which divldpa that radiiu 1 
in (he ratio 3 : 5. 

Ex. 3. A lamina can turn freelj about an aiis Oz in its piano as a fixed axis. 
It IB Btmek liy a blow P at any point A of its area in a direction perpendicalar to 
the lamina. Show that tbe statical pressare on the axis is equal to a blow P acting 
at B where Aii is a pcrpcndicolar to Oi. Show also that the prensare due to tha 
effective forces is equal to a blow I'iijk^ acting at (J in a direction oppoHite to the 
blow at B, Here the origin O h tlie principal point of the axis, i and f are the 
distances of the centre of (fravity and of A front ().-. Mk' in the moment of inertia 
about Oc, Vi'bat is the coudition that the pressure on the axis should be equivalent 
to a couple 7 

Ex. 4. A door ii nupended by two hinget from a fixed arit makiiii/ an anijlr a 
urilh the vrrtical. Find the motion and pretture* on Ihe kinift. 

Since (lie fixed axis ix evidently a principal axis nt the middle point, we shall 
take this point for origin. Also we shall take the plane olzi no that it contains thfl 
centre of gravity of the door at the moment nndci consideration. 

The only force acting on the door is j^avity, which may be supposed (o act at 
the centre of gravity. We must Grst resolve this parallel to the axes. Let ^ be 
(he angle the plane of the door makes with a vertical plane through the axis ol 
suspension. If we draw a plane :0N such that its trace ON on the plane of 4'Oif 
makes an angle •/> with the axis of x, this will be the vertical plane through Uw 
axis; and if we draw OV in this plane making lOV-a, OV will be vertical. 
Hence the reaolved parts of gravity are 



I 
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Sincp tho roirjlvea pnvtn of the effective forcea are tlie »ame as if Hie whole mass 
were collected at the oenlrp of sravity, tbo six cqimtionH of motLoii ore 

3lgsiaacoi<f, + F-^r=-ij'^Ml! ill. 

Ms "in aninf + G + G' -nn (2), 

-)lgeo^a +/r+n' = (3), 

-O(t+GV( = (4), 

.Vi,co'.aT + /'-u-F-i = (fl). 

-.Uyainasin^.f = .W=,^ , .....ir.). 

Itite((rn.ling llie last ei|imtion, we Imve 




Suppose the door to be inltiully placed nt rest, its plane makinR wi ansle p v 
the vertical plane thronnh Ihc mis: then when ^=(3, u = 0; heiiw 



By KubHtitution in the first fimr e.|Halions f, I". G, G' imi.v In fi"i,i.l, 

115. Dynamical and geometrical similarity. It s 

be noticed that the ec]imtic)Tis ol' Arts. 112 niid 113 do not i\i 
on the form uf the liody, but only oii its momunt-'i iiiid jiroilii 
inertia. We may thcreftn-c ifplace the body hy any L'i]idriMri; 
body that may be convenient fitr our piu^tose. 

This eonsideivition wilt often enable ns in i-erhice the co 



cated forms iif Art. 112 tn tho pimpli'i 
Fur though the body m:\\ i...: l- -w 

through its centre of t,'rai;' i 

pension, yet if the iiioniriiF , ; ■■ I 
Byniraetrical about this jiImim '■••• miv ii. 
realty ayrametrical. Such .'i body uulv \h 



. no. 



i.I l<. 



^ clifniim 



... .'".'/ 

ii/mvtetncal. If at the Ranie time the furces lie symmetiicai 
about the same plane, ami ttiis wilt always be the ease if the iixis 
of suspension be horizontal and gravity be the only J'orce 
acting, we know that the pressnrcs on the asi.« must certainty 
rethice to a single pres.sure, which may be found by Art. 110. 
R. D. 1 




9S MOTm.V ABOUT A FIXED AXIS. 

116. Ei. I. A noiform heavy lominn in the form of a sector of a circle is j 
sa«peDiled by a Lorizouul aiis parallel to the radius wbich bjaecta the a 
OB«ilUt«s under the action of gravit;. tihott that the presEorea on the a 
equivalent to a single force, and Gnd its magnitude. 

Ex. 2. An equilateral triangle osciUatea about an; horizontal axis situated in . 
its own plane, t^how that the pressurca are equn'alent to a single force and find in 
magnitude. 

117. Permanent axes of Rotation. Let us suppose that 

any point of a body under no forces ia fixed iii space and that it 
is set in rotation about some axis which we may call Oz. We may 
enquire what are the neceesarj' conditions that the body should 
continue to iiotate about that axis a^ if it were fixed in space. 
When these conditions arc satisfied the axis is called a permanent 
axis of rotation at tlie point 0. 

To determine these conditions let us suppose some other 
point A of the axis to be also fixed in space. Then by using the 
method of Arts. 112 or 113 we may determine the pressures at A 
which are necessary to fix the axis. If these are zero the attach- 
ment at j4 is unnecessary and may be removed. The body will 
then continue to rotate about O2 as if it were fixed in space. 

Since there are no impressed forces acting on the body, the 
whole pressure on the axis is that due to the effective forces. If 
the axis 0^ is a principal axis at any point of its length the pi-es- 
sure due to the effective forces will act at that point (Art 114), 
Hence the pressure at A cannot be zero unless that point coincide 
with 0. The conditions are there/ore satisfied if the axis of rota- 
tion Oz is a principal axis at the fixed point 0. 

If the axis Oz is not a principal axis at any point we shall 
prove that it cannot be a permanent axis of i-otation. To prove 
this we must practically return to the equations (4), (5) and (6) 
of Art. 112. heiF, G,H, F',G',H' be the pressures at and .d. 
Then a=0, a'=OA. Taking moments about Oz we have Mk''f={>; 
thus the angular velocity of the body about the axis Oz is constant, 
It easily follows that a) = — w'a:, y = — <u"y, jr = 0. Taking moments 
about the axes of a: and y we have (Art. 72) 

— G'a' = Snj (y'i — ey) = oi^Xvit/z, 
F'a' = Xm (tiC- -xS) = ~ t.i'Smxz. 
Thus F' and 0' cannot be zero unless ^mxt = and Xniyz = 0, i. e. 
Ot cannot be a penuanent axis of rotation unless it is a principal 
axis at the fixed point 0. 



I 



e of principal axes was first eatabliBhed by Segnec in the work 
Sprcimea TheoHa Turhiniim, His course of iovestigatiou ib the opposite to that 
porsued in this treatise. He delinee a principal axis to be auoh that when n body 
revolves round it the forces arising from the rolBliun have no tendency to alter tlie 
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po'iiioii ot llie axis. Fr.mi :liis (lynnmical ilc'finition hi: deduccii the Renmetrical 
jiroppriii's nf theen axen. The renaccmiiTcnnsu]!; Prof, Caylej's report to the British 
A.=swia(jiin on tlie apeeinl pmblems of dymiwiie^. 1HB3, anil Bossiit, Hi'loin ilex 
M,iih.;„.iii.iiu<. Tome ii. 

lis. ,-1 body at rest with one point O ji.ied in apnce is iirteJ 
on h'l an impulsive couple, it is re'/"ireil to pud the inilinl ti.ris of 
rotation. 

Lot Oz be the initial axis. As before we whall regard this axis 
as fixed at some other point A. at which the |>rcs.'siircs arc to be 
e(]nated to zero. Let L, M, X be the resolved part.s of the couple 
about the axes. The plane of the couple ia therefore 

l^ + Mr, + N^=(i (1). 

Let «.', v', w' be the initial velocities of an element of tlie body 
whose co-ordiuates are x. y, z. and let ta be the initial angular 
velocity of the body. Then n' = — ya, v' = .ru' exactly as in Art. 
113. Taking moments about the axe.s nf ;(,■, y, s we have 

L - GV = 5 ,n (>jv/ - zv') = - S»,i.,'j 
M + Fa- = Sn< iz-i' -~.rw-) = - :£,»,'/. 
\ = IM o 

Heref f i b i r 1 1, ( ( ll | t 1 1 

0A= P tt f, f =0 ( =0 tl 1 It tl il 

which m St act the b iy t ] 1 t t b t S b 

stititiiit, th a! I f /■ 1/ \ (1) tl j at t th pi 
of the c pie 

-:i,»,.-sf-s»-/«, + .itt-f.i. m. 

Let the momeutal ellipsoid at ihe tixed jmiiit he eon-itriieted 
and let its ei[iiatiiin be 

A^- + Bi- + (7?- - •Ifh)^- -IK^^ - iFi; = Me'. 

The diametral plane of the axi:^ "f ^ i-^ 

-/I'f-i^^ + rf-O (3). 

Comparing (2) and (3) we s.ee that the pliijie ><i the resultant 
couple must bo the iliametral plane of the axi.s of revolution. 

If then a body at rest mth one puint jij'ed be acted on by ani? 
couple it ivill begin to rotate ahoul the diametral line of the plane 
of the couple with reyard to the momenta) vlUpsuid at tlie ji.red 
point. 

Thus a body will begin to rotate about a perpendicular to the 
plane of the couple only when the plane of the cuupli? is parallel 
to a pi-incipal plane of the boriy at the fixed point. 



119. Ex. I. If a body at rest huve one point fixed and be acted on hj aaj I 
couple whose aiia is a radiiiB vector OP of the ellipsoid of gyrdtion at 0, the body 
\iri11 begin to turn about a perpendicular from O on the tsngent plane at P. 

Ex. 2. A BoDd homogeneous eWpsoiii is fiied at its centre, and is acted on bj a 
ooaple in a plane whose direction .cosioeB referred to the principal diuneters are 
((, m, n). Prove that the direotion-ooslnas of the initial aiis of rotation are pro- 



portional ti 



i' + . 
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Ex. S. Anj plans section being taken of the momental ellipsoid of a body at t 
fixed point, the body may be made to rotate about cither of the principal diametera 
of this section by the application of a couple of the proper magnitude whose axis ii 
the other principal diameter. 

For assume the body to be turning uniformly about the axis of :. Then the 
couples which must act on the body to produce this motion are L = i^Smyt, 
M=~ itf^SwwE, N=0. Then by taking the axis of x such that Smii = we see that 
the axis ol the couple must be (he aiis of .t and the magnitude of the couple will ba 

Ex. i. A body having one point fixed in space u made to rotate about 807 ' 
proposed straight line by the application of the proper couple. The position of the 
axis of rotation when the magnitude of the couple is a maximam, baa been called 
an axis of tnaiimum rfluctancf. Show that there are six axea of maximum 
reluctance, two in each principal plane, each two bisecting the angles between ths 
principal axes in the plane in which they are. 

Let the axes of reference bo the principal axes of the body at the fixed poin 
(I, m, n] be the direction- cosines of the axis of rotation, (X, fi. p) those of the a: 
the couple G. Then by the last question and the second and third examples of Art, 



18, 






(B^^Cjmii ^ (C - A) Hi ~ {A - B) Im ' 

We have then to make Q a maximnm by variotion of (fmn) subject to the 00 
dition P + irF-\-n' = l. The positions of these axes were first investigated 
Mr Walton in the QuarUrli/ Journal of Malhmaticr, 18B5. 

The Centre of Percussion. 

120. When the fixed axis is given and the body can be so 
struck that there is no impulsive pressure on the axis, any point 
in the line of action of the force is called a centre 0/ pej-cussion. 

When the line of action of the blow is given, the axis about 
which the body begins to turn ia called the aans of spontaneous 
rotation. It obviously coincides with the position of the fixed 
axis in the first case. 

Let us begin by considering the motion in two dimensions. 
Imagine a lamina at rest and suspended fi-om a point C with the 
centre of gravity vertically under C. Let it be struck by a 
horizontal blow T which we may suppose to act in the plane of 
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the lamina at some point ,1 in Ci: luuilin-cil, \,.-\ <'A =ii. Let F 
and be the inipii]>i\'' iv^i-'limi- :it dn' tivii] }iiiiMi '.'. Let fu' be 
the angular velocity ^f ilir liL.ily i.iuinl ' ' Jn'-i ;ilr.i- ilio blow I' has 
been ffiveii. The i'liuiilionri t>l" i;].>li.,n, ..'xai.lly u< in Art, 110, arc 
therefore 

If the pressure G cm the fixed \Kmit U zero, wc have by eliiiiiiiiiting 

By Art. 92 this shows that A must be the eentrc of oscillation of 
the body. The centre of oaciUatttM is (here/ore a centre of per- 
cussion. 

Prop. A body vi cnpable of turning friihj iiln/ul ajiieil axii. To dt'tcrniine Oie 
ioiiditioiit tli.it thrrc ahill lie a wnlrc ofpneutihii and lo^fiitd Us p'/sition. 

Take llie fixed axiH as the axis of t, aad let the plane of .rz pass through ths 
centre of Rravity of the body. Lot A', Y, Z be the rEBoIveil pnrta of the impulse, and 
lei f, 7j. f lie tha fio-ordi nates ot any point In its line of action. Let .Ufs be the 
moment of inertia of the body about the tixed axis. Wu haTc nun- to find the 
pressures on the axis, and byeiiuatiug these to zero we Eihull discovpr the cuoditions 
for a centre of i)ercn<iuion. The proce^^ is virtually the same as that already 
eiplaiued in Act, 113 and aifaiu in Art. 117. It seema unnecesaary ti> repeat the 
Mtepa. Putting p-=0 and omitting the impulsive jireeHureH on the axis hosLUse by 
liypothueiB ihej are to be equated to zero, the six equations of motion of Art. 113 
beeome 

.\ = 0, V = .Uj-(u,'-u), ii-0 (1). 

j'-.V-42= -(«'-«)-,»;,: (-J). 

(l"-j(.Y= (u'-u).Ut~ J 
From tiieiie equatiaus we may deduce the fiilloiviug conditions. 
I. I'rom (1) we see Ihot .V = 0, '/.=<S, and therefore the force must act peqieu- 
liiculac to the plane ooiitaiiiiiig tilt' axis auii tlie conire of graiity. 

U, Substitiiling from (1) in the Siet two equatioiiH of (:i) we havi: 2iny:-0and 
f=~ . Since the origin may be taken auywhere in the nxia of rotation, let it be 

90 chosen tliat 2ni.iC! = l}. Then the axi« of : must be a princijial asi.s at the point 
where a plane passing thcongh the line uf action of the blow jierpendicular to the 
axis cuts the axis. Thns there i^aii be no centre of percusfiion unlet^s the axis be a 
principal axis at some point in itii lenglb. 

ni. Substituting from (1) in the last c'luatioii of (2) we have {= '.-. By 
Art. 02 this ia the e<iuation to deteniiiue tlie centre of oscillation of Che body about 
the fixed axis treated as an axis of Bu^pensioii, Hence the perpendicular distance 
bL'tween the line of ucliuc uf the impuleu and the fixed axis must be eftual to the 
distance of the centre of oscillation from tllu axis. 

It the fixed axis be parallel to a principal axis at the centre of gravity, the line 
of action of the blow n'ill paas through the centre of oscillaliou. 



El. 1. A circular lamina rests on n aniootli iiarixonUl table; how eIiouM it be 
struck that it ma; begin to turn round a point oo its circumference? The line of 
action ol the blow Bhauld divide the perpendicular diameter iri the ratio B : 1. 

Ex. 2. A pendulum is aanstructed of a sphere (radius a, mass il) attached to 
the end ot a thin rod (length 6, tnaas m). Where should it be atniclt at each oscil- | 
lation (hat there laay be no impulsive pressures to wear out the point of supportf i 
The point la at a distance I from the point of support, where 



7Vte Ballistic Pendulum. 

121. It is a matter of cousiJerablc importance in the Theory 
of Gunneiy to determine the velocity of a bullet as it issues from 
the mouth of a gim. By means of it we obtain a complete test of 
any theory we have reason to form conceroing the motion of the 
bullet in the gun. We may thus find by experiment the separate 
effects produced by vaiyiug the length of the gim, the charge of 
powder, or the weight of the ball. By determining the velocity 
of a bullet at different distances from the gun we may discover 
the laws which govern the resistance of the air. 

It was to determine this initial velocity that Robins about 
1743 invented the Ballistic Pendulum. Before liis time but little 
progress had been made in the true theory of military projectiles. 
TTia Neio Principles of Gvnitery was soon translated into several 
languages, and Euler added to his translation of it into Qerman 
an extensive commentary. The work of Euler was again trans- 
lated into English in 1784. The experiments of Robins were all 
conducted with musket balls of about an ounce weight, but they 
were afterwards continued diu-ing several years by Dr Hutton, 
who used cannon balls of from one to nearly three pounds in 
weight. These last experiments are still regarded as some of the 
most trustworthy on smooth-bore guus. 

There are two methods of applying the ballistic pendulum, 
both of which were used by Robins. In the first method, the gun 
is attached to a very heavy pendulum ; when the gun is fired the 
recoil causes the pendulum to turn roimd its axis and to oscillate 
through an arc which can be measured. The velocity of the 
bullet can be deduced from the magnitude of this arc. In the 
second method, the bullet is fired into a heavy pendulum. The 
velocity of the bullet is itself too groat to be meaaiired directly, 
but the angular velocity communicated to the pendulum may be 
made as small as we please by increasing its bidk. The arc of 
oscillation being measured, the velocity of the bullet can be found 
by calculation. 

The initial velocity of small bullets may also be determined by 
the use of sonic rotational apparatus. Two circular discs of paper 
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are attached perpendicularly tn the straight line joining Lheii- 
centres, and are made to rutate ahout this straight line with a 
great but known angiitar velocity. Instead of two discs, a cylinder 
of paper might be need. The bullet being fired through at least 
two of the moving Burtacew, its velocity can be calculated when 
the situations of the two small holes made by the bullet have 
been observed. This was originally an Italian invention, but it 
was much improved and used by Olinthns CJi-egory in the early 
part of this centuiy. 

The electric telegraph is now used to determine the instant at 
which a biillet passes through any une of a nimiber uf screens 
through which it is made to pass. The bullet severs a fine wire 
stretched across the screen and thus breaks an electric circuit. 
This causes a reeoi-d of the time of transit to be made by an 
instniracnt expressly prepaied for this pui'posc. By using Be\eral 
screens the velocities of the same bullet at several points of its 
course may be found, 

122. A rifle is idim-hed in a liorhvtital pusition to a (nrye 
block of Wood which con turn freely ahout n horizontal axis. The 
rifle being fired, the recoil causes the pendulum, to turn, round its 
axis until brought to rest bi/ the action of griiviti/. A piece of 
tape is attached to the pemhdnm, and is drawn ottt of a reel 
during the backward motion of the pendtduin, and thtis serves to 
measure tlie amount of the angle of recoil. It is reipiired to find 
the velocity of the bullet. 

The initial velocity of the bullet is so miieh greater than 
that of the penduhim that we may :inppo.si> the liall to have lel'l 
the ritle before the penfluhim ha.^i sfusibly nuiveii frmii its initial 
position. The initial uiomentum nl' the bullet may be taken an 
a measure of the impulse communicated to the peniluhini. 

Let h be the distance of the centre of gravity from the axis 
of suspension ;y the distance from the axis of the riHe to the a.xis 
of suspension; c the distance from the ntis of suspension to the 
point of attachment of the tape, in the mass of the bullet ; M thai, 
of the pendulum and riHe, and n- the ratio of M to m.; b the 
choni of the arc of the recoil which is i]iea.sured by the tape. Let 
k' be the radius of gyration of the riHe and pendulum about thf 
axk of suspension, v the initial velocity nf the bullet. 

The explosion of the gunpowder generates cipial luipnlsive 
actions on the bullet and on the riHe. Since the initial vclneity uf 
the bullet is v, this action is measured by me. The initial angular 
velocity generated in the pendulum by the impulse is by Art. W 
_ mvf 
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The subsequent motion is giv 
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^ =w, and if a be the angle of recoil, when 
w' = ~ ( 1 - cos a). Eliminating « we have ] 
Bdt the chord of the aix; of the recoil i 



Hence the initial velocity of the bullet is 

The magnitude of k' may be found experimentally by ob- J 
serving the time of a small oscillation of the pendulum and rifle. 



If r be a half-time we have T = 



V^' 



(Alt. 97.) 



This is the formula given by Poisson in the second volume of 
his MScanique. The reader will find in the Philosophical Magazine 
for June, 1854, an account of some experiments conducted by 
Dr S. HangbtoD from which, by the use of this formida, the initial 
velocities of rifle bullets were calculated. 

123. TliQ t'oi-iuula muot however be regarded as only a first approximation, for 1 
tbe recoil of the pendulum when the gun ia Bred without a ball has bMn altogether 
nogleflled. In Dr Haughlon's eiperimeiits the charge of powder was comparative^ 
small, and tltia aasuDiption was nearly correal. But iu some of Dr Button's 
exparimentB, where com pnra lively lirge charges of powder were used, the recoil 1 
without a ball waa tound to be very considerable. 

To allow for this Dr Iluttou. following Mr Bobina, OHBumcd that the efFeot of 1 
the charge oF powder on the recoil of tho gnn waa the aaoie with bb withoat 4 
bal). If p be the momiintuni generated by the powder, the whole momentum gene- 
rated in the pendulum wiU bo oic +p instead of mi'. Proceeding an before, we S 
3Ibk- ,-r 



If w 



- ^gh, where 6„ ia 
(iom the other, we hare 

_M {h-b„)k- 

''- m ef 

Thus Dr Hutton'a formula diBers from Poisson' 

vibration is lirst fuuiid for any charge without c 



e^ual charge, and without 
meogored by the tape. Subtracting 



ball, 






V^. 



n this respect, that the chord of I 
all and then for an equal chai^ 
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■ ol tlipse chords is regarded as the chord w}iich ia Juc to 

Wlien tliB njugnitilde of the chiirge of jiuwder is small, the two methods of lining 
the ballistic ptadulum give nearly the simie result. With large thaiges Hr Hiittoii 
found that tbo difference was very consideralle, a leBi; velocity being indifatud by 
the method of obLierving the recoil than b.v that of lirlii|^ tliu liiiU iatu the i>i.'Lidiihiiu. 
He therefore inferred that the effect of the ehnrije of powder ou tlie recoil uf the gun 
was not the siime trhen it wai Grel withoat a ball an nhen it was Qrcd with one. 

We may in some roeasnre underBliiiid the rea.^ion of thin discrepancy il we con- 
sider Hcparately the effeeta ot tile inflamed powder while the ball is in the gun and 
after it has left the barrel. Supposing, merely as an npproximatiotl, Ihit tlie gas 
nrgijii; the ball forward is of nniforiu density ; its centre of gravity, at the momenC 
when the ball is leaving tlie gun, will l)e at the middle point of tlie barrel and 
moving relatively to the gnn with halt the relative relocity ot the hall. If /i ha the 
mass of tile powder, the nngnliir velocity m' communicate J tu the pendulum will bo 
given appro liuiately by Mf-tj'— ["i ^.,] if- After the ball has left the gun, the 
inflamed powder escapes from the mouth and contiuues to e^cit some pressure 
tending to increase the iccuil. The de term iaat ion of tliis motion is a problem in 
hydrodynamics which has not yet been properly solved and wljich cannot be dis- 
cuased here. Wa may. however, suppose that Eoliins' principle applies more nearly 
to this pact of the motion than to tlie whule. If so, the inoiuentutu generated by 
tlie issuing gas, considei-ed aa an impulse, is neuvly the Biumt for a given charge and 
a, given gun, whatever the magnitude of the ball may ha\'e bijen. 

1{ p' hti the momentum tliui^ [generated no have 

("■])■*"- „■ -'■■■"■ 

It r\| and fc„ be tlio values ol t and b when the g 

Since r-,, is greater than i-. Ibis eiiualion would show that, for c"nsiilerable chaiges, 
Dr Button's formula will give loo smnll tv Viilae for r. The v^liie of r„ is however 
very imperfectly known. 

124. -.-1 'jnu is /iliiced in front of ii heninj jiendiihini. irlu'ch 
can t'ira />ee/'/ al»."f a liui-i:;at'il \i.ris. fl,e Ml "Irikes the 
pembilu,,, '/ujn'p.i'i'i!!'/. pma-lmles into tlie ii-uod a sliurf distfince. 
iiiid fununuiiicutea a m'jixoiI'hu t» the pei'didinii. The chord of 
Hie arc beiii'j uieasured (W Oe/ure bj apiece ufto.pe.jiiid the cduciti/ 
o/tke bullet. 

The timt, which the bullet takes to pt' net rate, is so shiirt that 
we may suppose It completed before the pemliihiiti h;i9 sensibly 
moved from its initial position. 

Let i be the distance of the liiill finni tlie nxis uf .susprnsinn 
at the moment when the peiielijition ceasi.-;; i^t j he ilir [-nqii'ii- 
dicnlar distaiiee between the axis and the liiiei-tiun of inntinn 
of the bullet; let be the angle the length j niakes with the 



leogth represented by i, so that_y' = iCOS;8. Then if we follow 
same notation as before we have at the moment when the im] 
ia concluded 

mvi cos |S = (Mr'' + mi") o. ; 
also proceeding as before we may prove 

(Mh'' + niir) a'' = 2Mgh(l — coao) + 2iHgi [cos - cos (a — ff)]. 
If the gun be placed as nearly as possible opposite the centre of 
gravity of the pendulum we have h =j nearly, and if the pendulum 
Be rather long ff will be very small Hence, since m is small 
compared with M, we may as an approximation put i = li and 
j9 = in the terms which contain m as a factor; we thus find 

_ M + m bh j—j 

~ m Tj ^ ' 
where I is the distance of the centre of oscillation of the pendulum 
and ball from the axis of suspension. 

The inconvenience of this construction as compared with the 
former is that the balls remain in the pendulum during the time 
of making one whole set of experiments. The weight, and the 
positions of the centres of gravity and oacillatiou, will be changed 
by the addition of each ball which is lodged in the wood. Even 
then the changes produced in the pendulum itself by each blow 
are omitted. A great improvement was made by the French in 
conducting their experiments at Metz in 1839, and at L'Orient 
in 1842, Instead of a mass of wood, requij-ing frequent renewals, 
as in the English pendulum, a permanent recepteur was substi- 
tuted. This receiver is shaped within as a ti'uncated cone, which 
is sufficiently long to prevent the shot from passing entirely 
through the sand with which it is filled, The front is covei*ed 
with a thin sheet of lead to prevent the sand from being shaken. 
out. This sheet is marked by a horizontal and by a vertical line, 
the intersection corresponding to the axial line of the cone, so 
that the actual position of the shot when entering the 
can bo readily determined by these lines. 

125. Ei. 1, Show that after each bullet haa been fired into a bo! 
dulam constructed on the English plan, h mnat be increased by - (j - h) and I bj | 
*" {j - 1) Dearly in ordef to prepure the formula for the next ehot. 

Ex. 2. Dt Haughton found that, for riBes fired with a constant charge, the 
initial velocity of the bullet Taries as the square root of the mass of the buU^ I 
inversely and as the square root of the length of the gun'directly. Shav from tfaii ] 
that the force developed by the eiploaiun of the powder, diiuinished by the friction J 
of the barrel, is constant as the ball traverses the rille, 

Dt Hutton found that in smootli borea tlie velocity increasaa in 
what less than the si^uare root of the leDgtb of the gun, but greater than the cab« t 
toot of the length. 



I 



ART. 12lj,] TilK AXEMUMETEIl. 107 

Ex. 3. It thu velotily of a bullet isHuin(( fioi.i tlio tuciulli o( a k-iin aO inches 
loDg be 100() feet per Eecoii<^, nhaw tbat tlie Uiiie the bullet lakes to trnverBe the gim 
IB about j^n i^C ^ ficcoud. 

Ex. 4. It has been fouuil by experiment that, if & bullet be fired into a. largo 
fised block of n-Qiiil, the depth of penetiiilion of llit bullet into tile wood vaiieEj 
nearly an tlie s.juare of the velocity, tliouHb ns the velocity ia very rauoh inercatied 
the <1c])lh fall^ ^hurl of lljat given lij Ibi? iiile. As^iiiiiiiig this rule, i^hov." that 
the resistance to penetration Ji cnnstant and that the timt.' of penetmtioti is tbe 
ratio of twice tlio depth to the initial velocity of the bullet. In an experiment of 
Dr Uuttou's a ball Ered n'ith a velocity of 1500 {evt pi>r second was found to pene- 
trate about 14 ijichcs iutu a block of sound di'j elm : eIiow tliat the time of pene- 



THE AMEMUMETEK. 

136. The .Anemometer called a "Eobiiison" conaJBts of four hcmiBplierical 
cupx attached to four hoiizoutal arms nhicb tuiii round a vertical axi.t. Tiie niud 
blows into the hollows on one ^Ide of the axis and against the couvik surfaces of 
the cupij on the other. If the aneiuolneter Htart from rest, it will turn quicker and 
ciuieker aiitil the moment of the presf^nres of the wind balances the moment of 
the resistances. Let V be the velocity of the «iud aud r the velocity of the centres 
ot the cups, het e be the angle between the direction of motion of any one cnp 
and that of the wind. Tlien the ^-elocitj- of the centre of that cup relatively to the 
wind will be c', where 

(■'^ = t^^2ri;e(ise+F= (l). 

The determination of the prefHmc of the wind on the cu|ia is prui'erly a problem 
in hydtodyn amies, but no sulntion has yet been fuuuil. In the mean time we may 
assume as an approximation the law, sutstl'sted liy numelous experimonlB, that the 
resistance to a body moving in a straight line in a Quid varies as the eijusre of the 
relative velocity. In any one position of the aneinonietei the parts of any one cup 
have different velocities relative to the wind. We GJinll therefore take as onr 
.eipreKsion for the moment aliunt the axis of the anemometer of the resultant 
pressure of the ^^ind some quadratic fuuctinn of V and r, such as 

Qp't-a^rr + v^ (2), 

where a, ft y deptrnd in some manner as yet uukiiuun uu the position of the cups 
rcUtively to the wind. 

Thus u, p, '/ are f unetions of S and will change as the cups turn riiuiid the axis. 
What we want however is tlie nvernye effi'ct i 
space is found by mtiltiplyin^ this expression 
2r and finally dividinR by 2-r. If F be the u 
anemometer of tlie wind pressure, we have 

F=Ar'~2in'v-c\-"- (;ii, 

where A, 13, C are constanla whith depend on the pattern of the aiituiometM. 
The sii^ns of these coeBJcienls may be delorniined by the followini; reasoning. 
When the anemomeler starts from rest, the initial tuouient of the wind pressure is 
regarded as positive. When the cups begin to move, the iiressore begins to decrease, 

HO that — mu^t be negative when v is small ; it follou'S that the sign of the 
coefficient of Vv in (^t| must be niij:itire. l''inally. if the wind cease when the cnps 



127. Wheti the itDemi)mi>ter Las atUiued its linal state of motina, we matt 
have F equal to the jncan raDment of tlie friction on llie supports. The inHtra- 
ment fibould be so arraneed that the friction due to its neiglit ia as small as 
possible. We may then omit this friction, aa aai formula is ool; an approximation. 
The supports of tlie anemometer have also to sastuin the lateral pn'ssuie of the 
wmd. Probably the greater part of the friction thus produced is proportional to 
the prexBure of the wind, and may be included in the formula (3) bj an alteration of 
the constants. As these constants are determined b; oiperimcnt. we may suppose 
all forces which are qoadratic functiona of the velocities to be included in th* [ 
Mpression for F, 

In the Obseivalor; at Qrecnwicb an inverted cup rotating in oil on a fixed i 
conical point is used for tbe vertimil bearing. No farther correction is m 
friction. This arrangcnient appears to be very snoceaatul, the instrument ia very . 
sensitive and exhibits a stow rotation with a very slight movement of the air 

When F is equated to zero, we have a ijuadratic to determine the ratio of K to J 
V. Let m be the poaitive root thus found. Then the velocity of the centre of any ' 
cnp being observed, the velocity of the wind U found by simply multipljing thii 
observed quautity by m. We may notice that m is independent of the speed of thfl 
wind, and of the size of the machine. It depends however on the pattern of Ihs I 
machine. 

128. A variety of experiments have been made to determine the numerical 
value of m. In some of these the anemometer is attached to the outer edge of a 
whirling. machine. The axis of the anemometer is thus made to move round with 
a constant velocity I'. If the experiment be made on a calm day, this will 
represent the effects of a wind of the same velocity on a fixed anemometer. The 
value of V can be found by counting the number of revolutions of the anemometer in 
space. In a paper in 1850, published in the Irifh Traniactioiu, Dr Eobioson give* 
m:=^3 as the mean value of the ratio as determined by experiments of this kind. 
This value of nt has been generally adopted. 

Other experiments made iu Greenwich Park in 1600 led to the same value of n. 1 
These results wore considered as confirming in a very high degree the accuracy of ' 
this ratio. See the Greenwich Obstnationi for 1662. About 1872 further expeli- 
ments were made with a steam merry-go-round for a whirling machine. These are 
devcribed by Sir O. Stokes iu the Pruc«diii0i of tke Royal SocUty for May, 18S1. 

Another method of couduoting the experiments is to have two similar anemo- 
meters rotating about ^i'«I axes and to apply to one of them a known retarding 
force of some kind which may diminish its t\ Thus we have two different 
machines moving with diflerent, but known, velocities round their respective axes, 
from each of which we should deduce the same velocity for the wind. This leads 
to two equations between which we may ehminatc tho unknown velocity of the 
wind. We thus obtain an equation connecting the constants A, B, C and the 
known retarding force. Repeating Ibe experiment, we may obtain a sufficient 
number of equations to find these constants. Tho value of m may then be found 
in the manner explained in Art. 127. The practical difficulty in this method of 
conducting the eiperiments is that of finding a known uniform retarding force 
which may be conveniently applied to the anemometer. The reader mi^ consult a 
paper by Dr Robinson in the Phil. Tram, for 1880. 
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lan. Ei. 1. SapposinR the yalue of F to be [■cpres rated by AV--2BVr, ae 
indicated by Horae experimeiits. show that, if an aiipmoiiieler Blart from rest, the 
velocity V of the cups wOl conlinuaUy iiicrense anil tend to » certain finite limit. 
Show bIeo that the time, nt wliich tlie Bclual velocity of (lie DiipB is iinj given 
fcBCtion of tlic limitioe velocity, varicH ns the niomeiU ot inertia of the nncnunnett'r 
abonl its aiis, and inversely as tlio vclncity of (lie wind. 

Ex. 2. Wlien the anemometer van attached to tlie outer edge of a merry-go- 
round, as described above, it was imposFtiblc to find a perfect); calm day. If ir be 
the velocity of the wind, wliieh is RUppot^ed to he small, then allowance may ho 
madeforlFitin the foTmii]aF=.ir!- acrr we Mtitel'+K^' for r, where, is J 
□T j according as the moment of inertia of Iho anemomoter about its nxin is very 
Bmall or very ereat. The anemometer is supposed to he without friction. Thin 
theorem is due to Sir G. Stokep: a demount mtion ia ^iven in the Prorefdings of the 
Soijal Soiifly for May, 1831. 

Ex. 3. An anemometer withnnt friction is acted oti by a Rusty «iiid whose 
velocity may be represented l>y the furnnila r(l-(-osin ;i/), where a ia so sniall that 
its squflre can be neglected. Show Ibat the veloeity of any cup will he reprcBented 
by an expreation of the form .■ 1 1 -t- o eo^ w^ sin ii ('-^)|. "o that the nnemouietrr 
follows all Uje c1ian|,;eii in the force ot the wind after nn interval ^. Heit? 
,ir'-2fll'iT-c;t' = 0, and 

In 






where a is the dif-tanee of the centre of a cup from the axifi, nnd 7 is the nionicnt of 
inertia of the niaehina about the axis. 

The vcloeitiea of the currents of air in mines are usually determined by Ihc aid 
of auemomctcta of a sumewhat different couBtruclion. The priueijile of these is 
Biinilar to that of Whewell's auoniometer. They are formed of several lii;ht vanes 
placed on a liorizontal axi.i like the sails of a wimlmill on a email scale but more 
numerous, Tlie asis is attached to a dial or some other apparatus by which the 
number of revolutions made by the litllc windruill can be read off. It I' be the 
velocity ot the wind and v the reading of the nueiuometer it ia found by experiment 
that between certain limits V—ui--^h, where a audb are two constants which dejiend 
on the iiattern of the anenioraelei' and the friction which the wind has 
The reader may consult a paiwr by Mr Snell in the luno'niei-r, June 23, 1882. 



CHAPTER IV. 



MOTION IN TWO DIMENSIONS. 



On the Equations of Motion. 

130. The position of a body in space of two dimensions I 
may be deteraiiued by the co-ordinatca of its eeutre of gravity, 
and the angle some straight line fixetl in the body makes with 
some straight line fixed in space. These three have been called 
the co-ordinates of the body, and it is our object to determine 
them in terms of the time. 

It will be necessary to express the effective forces of the body 
in terms of these co-ordinatea. The resolved parts of these > 
effective forces parallel to the axes have been already found in 
Art. 79, all that is now necessary is to find their moment about 
the centre of gravity. If {x', y') be the co-ordinatea of any J 
particle of mass m referred to rectangular axes meeting at the i 
centre of gravity and parallel to axes fixed in space, this moment , 
has been shown in Art. 76 to be equal to h, where 
k = Sm {x'y' - y'x'). 

Let be the "angular co-ordinate" of the body, i,e. the angle 
some straight line fixed in the body makes with some straight line 
fixed in space. Let (r', <f>') be the polar co-ordinates of any particle 
m referred to the centre of gravity of the body as origin. Then 
r" is constant thi-oughout the motion, and ^' is the same for 
every particle of the body and equal to §. Thus the angulai 
momentum k, exactly as in Art. 88, is 

k = %m (xy' - ,/x) = Im {v''^') = Smr'' f 

where M!(^ is the moment of inertia of the body about its centre 
of gravity. 

The angle is the angle some straight line fixed in the body J 
makes with a straight line fixed in space. Whatevei- straight t 
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lines are chosen -j: is the stime. II' tliis he imt obvimis, it may 

be shown thus. Let OA, O'A' U- iuiy two str;iight linos fi.\ecl in 
the birtiy inclint'd at an iiiigle a to ciiHi i>tln'i-. Lut OR, O'B' be 
two stiaight lilies fixed in space iuclincd at an angle ^ to each 
other. Let AOB^S. A'O'Ii'^0\ tlieii e' + ^ = e+>x. Siuce 
a and ^ are indoi>cndeut of tlic time, d = 0'. By this pn ipi.wition 
we leani that the angnlav velocities of a bmly in twi dimensions 
are the same about all point.':. 

13L The general method of pi'oceediug will bo as follows. 

Let (x, y) be the co-ordinates of the centre of gi-avity of any 
body of the system referred to rectangidar axes fixed in sjtace, 
M the mass of the body. Then the effective ibrcca of the body 

are together equivalent to two forces measnred by M -.^ , M .r. 
actiiig at the centre of gravity and jiiirallel to the axes of co- 
ordinates, together with a conple meamired by Mltr' -r-, tending to 

^is m. ■ ■'■■ I. ]■■ V- . "■ "'■■"' :i i. . ■-. , ',,!■ 

all til.' I. , ! ■ ■ . . ., ■, ■ .,1 ■ ■ ..| 

to the ordinary ruk's of sLalii^s, See Arl. 83. 

Suppose we wish to i-esolve the furee« pai*a!lel to t)ie axes of 
.r and i/ and to take moments about the centre of giavity. Let 
the impressed forces aeliiig on the bo^Jy, together with the re- 
actions due to the other bodies if any, be ec[uivnleut to the forces 
X and I' acting at the centre of gmvity ami a couple L. The 
equations of motion of that body are evidently 

It is found useful in statics to ho able to i-esulvo in other 
directions besides the axes and to be able to take moments about 
any point we please. In this way we often givatly shorten and 
simplify the solutiou. Thus if we wish to avoid the iutroduetion 
into our equations (»f some unknown I'eiietioii we take moments 
about the point ol' application idi' use the principle of virtual 
velocities. So in dynamics we are at liberty to resolve our forces 
and take moments at pleasure. For example, if we take moments 
about a point C whose co-oi-dinates are (fij) we have an equation 
of the form 



where L' is the momeut about P of the impressed foraes. In this 
eauation (f»j) may be the co-oiiiiiiates of any point whatever 
wnether fixed or moving. 

In resolving our forces we may replace the Cartesian ex^l 
pressioiiB by the polar forms M\ , "'"[ jt) [ an J M - -j (t^^) 

for the resolved parts parallel and perpendicular to the radius 
vector. If u be the velocity of the centre of gravity, a the radius 
of curvature of its path, we may sometimes also use with advantage 

the forms M-^ and M for the resolved parts of the effective 

forces along the tangent and radius of curvature of the path of 
the centre of gravity. 

As a guide to a proper choice of the directions in which to 
resolve the forces or of the points about which we should take 
moments we may mention two important cases. 

132. First, we sliould search if there be any direction fiased ia ■ 
space in which Vie resolved part of the impressed forces vanishes. 
By resolving in this direction we get an equation which can be 
immediately integrated. Suppose the axis of x to be taken in 
this direction ; let M, M', &c. be the masses of the several bodies, 
B, a^, &c. the abscdssce of theii' centres of gravity, then by Art, 78 
or 131, we have 



, d}x 



M' 



dt' 



..= C. 



which by integration gives 

where C is some constant to be found from the initial conditions. 
This equation may be again integrated if necessary 

This result might have been derived from the general principle 
of the conservation of the motion of translation of the centre of 
gravity laid down in Art. 70. For, since there is no impressed force 
parallel to the axis of ar, the velocity of the centre of gravity of 
the whole system resolved iu that direction is constant. 

133. Next, we should search if there be any point fixed in \ 
space about which the moment of the impressed forces vanislies. j 
By taking moments about that point we again have an equation i 
which admits of immediate integration. Suppose the point to be I 
taken as origin, and the letters to have their usual meaning, then 
by the first article of this chapter we have 



i 



t {,w 



['df 



(fj_ 



'<IC') 



t Mlf 



df 



-0, 
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the 2 rell'iTiiig to aiuiiinfilinn Im- iill lln' limliis nC thr sy.'ifi'iii. 
Integrating wt have 

where C is some cniistiiiiL tii he ilch-rniiin'il l>v llic initial cnii- 
ditioris of the ([uestion. 

This C(|ii.ition expresses the fact thai, if the iiiiiiressi'd forces 
have no moment ahout any point, the nn;,'nUir inoinentuin ahDiit 
that point is constant throiij^hnut tlie mntion. This resiill. follows 
at once from the reasoning in Art. 7.S. 

1^4. Angular Momentum. A-- wr shall have sn fVi''|iH'ntly 

tti iiw (I |ii.iii..;, f.. ! ■■■. i.i!,'',- lui.iaeiits, it i.. iio|inrl:iiit 

tOCun-i.' I ..i !..■..- ■■■, ■: I i:iy he |IM1. L<-\ t he pniiit 

Jiboiil \' '■ ■ I i ■,.'!■ Ill- li.rci! in ,-yi(/n', so lliat 

it nun' I.. . li.i- :l .1- l|j. ..u-;!i ■ : ■ ■-■.MliiLales. Then the immient 
of thJ eJleetive forces on the hody M is 

where x mhI y are the cn-oi-diuatcs nf the centii; of ^rravity. 

The attention of the reader is iliieete.I to the mennintr of the 
several parts of this uxpri'ssinu. \Vr s.r ihat., as ex|)l;iineil in 
Art. 78, (he nionienf «t ihr iti'.rliw toivrs is ihe iliH'./n'tilial 
cm-ffieieiit of fhe niomeni. of th- \n>nn.'\<tuut alMiit ilie same point. 
ThenK.nv-.n(.-.t t),,. in-nionlnui hy An. 7.1 i> tlir same as the Uloinent 
abont til.' I . I ■■■■ ! I '^ity t^^^Tr her with tlie nionirnl of the wliule 
ina.ss i-i.ll. ■ !■ ■' ■! :■.- ■■ iih-eiif "iiiuilv. ami iiinviiig willi the velocity 
of the ch'f ..I ^1 iMiv. Thv naaa.'iil nnnal tin'' cenhv of u.nivitv 
is by the fnst Anir'lL^ i.ith-r -.f (^h:ip. ni. >„■ ChMp, [V. ,.,"|aal To 

MlA^ and thv nionie.Ltof l.h,. eull,.-!,.,] n,as, i. M :,■''■'- /f] . 

at in ' ill j 

Hence in space of two liinieiisions we havf inr any hmly of mass M 
angular nionieiitinnrHnnit( _ ,,///,'/ ''■'■], u,,<"^ 
them-igin r V df~".lt>^-^''' .I/' 

If we prefer (n use polur e.-nnliualos, wr ran |.nl tins into 
another form. Lvt (r. tj,) \^.- the j.ol^ir m-nrWinati -^ of llir rniliv 
of gravity, then 



If V be the velocity of the <-rnlro of gi-nvity, and /» the j>ei'- 

pendicnlar from the orii;ii lln' ituigmt to the direction of 

its motion, the momenl nl nUini of the ma>s collected iit 



de 



the ceDti-e of gra^ty is Mvp, so that we have agiiin 

anpular momentum rouiidl ,, „,, 

>u - ■ f = ^n> + ^^ S. ■ 

the ongm ) "^ at 

It is clear &om Art. 75 that this is t.he instaiitaDcous nugular 
momentum of the body about the origin whether it is fixed or 
moving, though in the latter case its differential coefficient with i 
regard to ( is not the moment of the effective forces. ' 

Since the instantaneous centre of rotation may be regarded as ■ 
a fixed point, when we Iiave to deal only with the co-ordinates and 
with their first differetiHal coefficients with regard to the time, we 
have 

angular momentum round the! ,,, . ,,.dd 
mstantaneous centre J ^ ' di 

If Mid'' be the moment of inertia about the iustantancoua 
centre, this last moment may be written MW -j- . 

In taking moments about any point, whether it be the centre 
of gravity or not, it should be noticed that the Mli? in all these 
formula? is the moment of inertia with regard to the centre of ' 
gravity, and not with regard to the point about which we are 
taking moments. It is only when we are taking moments about 
the instantaneous centre or about a fixed point that we can use 
the moment of inertia about that point instead of the moment 
of inertia about the centre of gravity, and in these cases our 
expression for the angular momentum includes the angitlai' mo- 
mentum of the mass collected at the centre of gravity. 

135. Cleneral Hode of Solution. Suppose we form the 
equations of motion of each boily by re.tolving parallel to the axes 
of co-ordinates and by taking moments about the centre of gravity. 
We shall get three equations for each body of the form 
Mx = f cos -I- -fi cos i/f + . . -I 

My = FHm<f> + Rsin ^+...> (1). 

m^6= Fp + Rq -I-...J 
where F is one of the impressed foi-cos acting on the body, 
whose resolved parts are F cos (ft, Fsintf), and whose moment 
about the centre of gravity is Fp, and R is any one of the re- 
actions. These we shall call the dynamical equations of the body. 

Besides these there will be certain geometrical equations 
expressing the connections of the system. As every such forced 
connection is accompanied by a reaction, and every reaction by 
some forced connection, the number of geometrical equations will 
be the same as the number of unknown reactions in the system. i 



I 
I 
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Having obtaiiu'd fhn pi'ujKT niimbi'r uf I'ljiiiitiniis nf nintiiin 
wo proceed to their solution. Two geiiLTdl mt'thiHls have bwti 
proposed. 

First Method of Solution. Differentiate the geonaetrical eqna- 
tions twice with respect to (, and snbstitute for r, y, from 
the dynamical nuiations. Wi^ shall thou have a sufficient nuniber 
of e*iiiations to drti'i-inine tlie ivnclii.rjs. Tliis niethiMl will h.' 
of gi-oat ad van til go whi.'iii'Vfi- llii.' yen metrical i'(|iialiniis air »f 
the form 

Aa: + B!/ + C'9 = D (2), 

A, li, C, D being constants. Suppose also that the dynaniicid 
eipiiitiuiLs are .nuch that when wiitti'ii in thr liinn f I) they rnntiiiu 
oiil'j the rciictiijiix inn! cu}istiiiits on the rifil-f-li'tii'/ m''/c ii'lili-iil mit; 
.'', ;'/. IT e. Then, when we f^nb^titnte in" Ihi' i',|iialiuu 

7li^ + Bi/ + CfJ=0, 

obtained by differentiating (2), we have an equation containing 
otdy the reaetitms and coiiHtaiitfi. Thi.'i bi?iiig true for all the 
geonietiical relations, it is eviitent that all the it-actious will be 
constant throughout the motion and their values may be I'uund. 
Hence, when these values are substituted in the dynamical eipia- 
tit)]i8(l), their right-hand membei-H will all be constants* and the 
values of a', >j, and 6 may be fmtnd by an easy integmtinn. 

If however the geometrical or[uatioiis are not of the form (2), 
this method of solntioTi will usually fail. Thus snpjiose a. geo- 
nietncal e("|uatioii tu take the t'urni 



containing squares instead ni' Jirxt puwei's, then ils 
ential equation will be 



and, though we can substitute for 'f, ij, wo enunot in gi'ueral 
eliminate the tenns i^ and if. 

136. The reactions in a dynamical problem are in many 
cases produced by the pressuifs of .some smooth fixed obstacles 
which are touched by the moving bndu's. Such iil>sl;K'ii'H enu only 
push, and therefore if the einiiiii-'^i- -li-v. ifiii -Hili :i nai-';"ii 
changes sign at any instant, it i- ' ■ .I'. ■ n' 

obstacle at that instant. Thi^ ^^l. ■■ 'li' i: '^i- 

tinuity into our equations. At iii.-.i ili.- r,j.-i,-iii iii.i\.-s i.outL' 
certain constraints, and our eiiuations are found on that suppo- 
aition. At some instant In be determined by the vanishing 



of a reaction nue of the bixlies leaves its constraints, and 
tlie etiHations of niotuin have to be changed by the omission of | 
that reaction. Sintilai- remarks apply if the reactions be produced ' 
by the pressure of one body against another. 

It is important to notice that wAsw Oiis first method of solu- 
tion applies, the reactions are constant throughout the motion, so 
that the above discontinuity can never occur. In this case, then, ■ 
if one body be m contact ivith another, Uiey will eitliei' separate at the 
beffiiiiiiiig of their motion or mil always continue in contact. Such 
reactions are also independent of the initial conditions, and are 
therefore the same as if the system were placed in any position at 
rest, 

137. Suppose that in a dynamical system we have ttvo bodies 
which press on each other vnth a reaction ^i let us consider 
hmv we are to form the corresponding geometrical equation. 
We have clearly to express the fact that the velocities of the i 
points of contact of the two bodies resolved along the direc- ( 
tion of R are ei]ual. The following proposition will be often i 
usefiil. Let a body be turning about a point with an angular i 
velocity ^ ^^ w in a direction opposite to the hands of a watch, | 
and let 6 be moving in the direction GA with a velocity V. It I 
if rc<]uirL'd to Hud the velocity of any poiut P resolved in any ] 




direction PQ making an angle ^ with GA. In the time dt the ■ 
whole body, and therefore also the point P, is moved through a 
space Vdt parallel to GA, aud during the same time P is moved 
perpendicular to GP through a space « . OP . dt. Resolving 
parallel to PQ, the whole displacement of P 

= ( Fcos - « . Gf sin QPN) dt. 
If ON = p be the pei-pendicular from G on PQ, we see that the 
velocity of P parallel to PQ Is V cos ^ — o>p. 

It should be noticed that this expression is indepemlent of the 
position of P on the straight line PQ. Itfollaios thai the velociiies 
of all pointjt in any utroight fine PQ resolved along PQ are the 
same. This rewdt will h<: ovidi'ut if wc remember that all the 
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]ifiiiil.s in the straighf line PQ -.ivu riyiiily coiinoctoil together, so 
that if the resolved vcloeities of the points io it wij'e nueiiual, the 
liue PQ would dtei- in length. 

When t.hnvC.Mr ^■.. r...|'iii. Mi. , ■ '...-ll \ ■ .|' :,,n |,..ii,t iMu any 
direction Pi^ \\r m.r, :■ j . ■ / :■■ ■■■. ■ ■ ', . , li),. linr plj 

HOsituated iIimf ji-, i, 1 ■■ i. Ikiiiilly 

the point X i-- ill- III— i-iiMhi'iii |i..,iir i., I,-,, [).]■ withnitt 
i|Uoting a fornmiii, its velocity resulveii almg P(J is srvri by 
iiispcctiou tube Vcosip—ap. 

If (.<■, //, 6). (y, >j\ &) be the co-onUimtcs '(K Ihc tw-, hu.lirs 
q. If the perpend iciilars Irum thi^ iioiiils {.i\ ij), (j', ij') .in lii^' dirre- 
tion of any reiictioii R, ^ the angle the diieetion of H. nuike.s uitli 
the axis of a:, the rei[iiired geuna'triual equation will be 

jrcoH 1^4- j/ sin i/r+ dq =a;'eus \^ +^'aiii i/r+ B'lj. 

It" llie biHlies be perfeetly rough and roll on eaeli othii uiili.nil 
sliding', tli.-re will be two resolved reactions at the poini of loul^iel, 
one uoi'nial and the other tangential lu the eoinninu sm'faee of the 
timehing bodies. For esieh of these we shall have an c'luatiou 
siniiiai' to that jn.st foiuiii But if then- bi' any sUdimj frietioii 
this reasoningwiil not ap|ily. The latter ease will be cunsiilered a 
little further on. 

i:iS. tfemiid Mdhiid uf .^lutiw. Suppose that in a dyiianiieal 
systi'ni two bodies of uaLsses M, M' aie |iressing on eaeh other 
with a reaetion It. Let the eipiation« of niotioTi of J/ be tho.'-e 
marked (1) in Art. l:t.->. and let tho*; of M' he obtained from 
these by accenting all the lettui-s cxeept R, i/r and t, and writing 
~R for H, ^ and ( being uf eoui'He unaltered. Let us niidliply 
the e([Uations of motion of M by 'l.r, 2y, id ]e.-ipeetively, and 
thotic of J/' by enrresponding i|iiantitie.'i. Adding all these si.\ 
eijuatiuus, we get 

'2M(.i-j+li'j + l.--ee) + '^-<: 
= ■2F{:r. cos + y sin + j}0) + Ac, 
+ -2R(xcu^f + >j .^in ^ + qd) - 2/i' (.;■' cos i/r + i/' sin -f -(- qO' ). 

The eoetticient of R will vmiisli by yictne of the geonieliical 
eniiation obtained iii the last Artiele. Similai' tvasoidng will 
apply to all the reactions between each two of the moving binlies. 

Suppose the body Jf to press against some external fixed 
obstficle, then R acts only on the body M, and the coefficient 
of 2fl will be restricted to the part included in the (irst 
bracket. But the v.-loeily of the point of contact ivsnlved along 
the direction of R nnist vanish, and thi-reiore thi- eoetfiei,-iit of A' 
is again zero. 



MOTION IN 1 



Let A be the point of application of the impreaaod force F, 
and let the velocity of A resolved along the direction of action of ^ 



be/ Then we sec that the coefficient of 2f isf. It also follows 

" "'* " *"'-■ ■ ■■ lulled 
virtual moment of the force F. 



fi'om the definition of df that Fdf is what is called in statics the I 



We have thus a general method of obtaining an equation free 
from the unknown i-eactions of perfectly smooth or perfectly 
rough bodies. The rule is, multiply the equations having Mx, 
M^, Mk'9, &c, on their left-hand sides by i, y, 6, Siq., and add 
together all the resulting equations for all the bodies. The 
coefficients of alt the unknown reactions will be found to be zero 
by virtue of the geometrical equations. 

The left-hand side of the equation thus obtained is cleiirly 
a perfect differential. Integrating we get 

M [a? + f + H''\ + kc. = G + IjFdf + 

where C is the constant of integration. 

In practice it is usual to omit all the intermediate steps and 
to write down the equation in the following manner: 

%M[i?^-iC + y^ = C + -2U, 
where U is the integial of the virtual moment of the forces. 

This is called the equation of Vis Viva. Another proof will 
bo given in the chapter under that heading. 

139. VU Viva of a Body. The left-hand side of this equa- 
tion is called the vis viva of the whole system. Taking any one 
body M, we may say that 



-'^-^{(Sj-dj-*-©]- 



If the whole mass were collected into its centre of gravity and i 
were to move with the velocity of the centre of gravity, k would be f 
zero, and the vis viva would be reduced to the two first terma 
These terms are therefore together called the vis viva of trauaia- 
tian, and the last term is called the vix viva uf rotatiun. 

write this 



If V be the velocity of the centre of gravity, wi 
equation 

via viva of M = Mii" -\- Mk' [-3- ] . 



may « 



If 



we wish to use polar co-ordinates, we have 

(r, ^) are the polar eo-ordinates of the centre of gi'avity. 



If p be tho distanco of the centime of gi-avity from the inatanta- 
neous centre of rotation of the body, p-j- \a clearly the velocity 
of the centre of gi'avity. and therefore 

vis viva of ilf = Jtf (p= + 1?) (^ . 



140. Force Function and Work. The function U in the 
equation of vis viva is called %ha force function of the forces. It 
may always be obtained, when it exists, by writing down the virtual 
moment of the tbrces according to the rules of statics, integrating ' 
the I'esult and adding a constant. This definition is sufficient for 
our present purpose; for a more complete explanation the reader 
is referred to the begiimiug of the chapter on Vis Viva. 

When the forces ai'e fitnctions tif sevei'al co-ordinates, it may 
be supposed that it will often happen that the vii'tual moment 
cannot bo integrated imtil the relations between these co-ordi- 
nates have been found by some other means. But it will be shown 
in tho chapter on Vis Viva that this is not so. In nearly all the 
cases we have to consider the viitual moment will he a perfect 
differential. In the remarks which follow in this and iu the next 
three articles it will therefore be convenient to suppose that the 
function U exists, and is a known function of the co-ordinates of the 
system. 

In a subsequent chapter we shall discuss more particularly the 
various forms which the force function may assume. For the 
present we shall merely show how to find its tbrm for a system of 
bodies untler any constraints which are falling through the action 
of gravity alone. 

Let X, y be the hoiizontal and vertical co-ordinates of any 
particle of the system and let the latter co-ordinate be measured 
downwards. Let in be the mass of the particle. The virtual | 
moment is thei-efore ^mgdy. The force function may therefore be 
written 

U = jtmgdy = %mgy + C 
= gy%m + a. 



where y is the depth of the centre o 
below the axis of x. 



gravity of the whole system 



Sometimes to avoid the constant C we take the integral be- 
tween limits. Tho force function is then called the work uf the 
I forces as the system passes from the position indicated by the 
lower limit to that indicated by the upper limit. 

The result just arrived at may therefore be stated thus. If, at [ 
a system moves from one position to another, its centre of gravity J 



descends a verticil epitce h, tlie work done by gravity in Ugh, ivliere 
M in the whole mass o/l/ie system. 

Wc notice that this result is iudepeiideut of any changos in 
the ai-mngciuiout of the bodies which coLstitutc the system, and 
depeuds solely on thu vertical space desceiidcd by the cenlit! of 
gravity. 

1*1. Principle of VU Viva. SumctimL-s a system may 
move from one position to auotlic-i- in one of several ways. Per- 
haps we do not want the intermediate motion but only the motion 
in the later position when that iu the earlier is given. In sueh a 
ease we avoid the intraductiou of the constant V in the etpiatioa 
of vis viva by taking the intogi-ul in Art. ISH between limits. 
Thus wc say that 

the change in) _ (twice the work done 
the vis viva | I hy the forces. 
In this eijuatton the change in the vis viva is found by subtracting 
from the vis viva in the linal position the vis viva iu the tirst. Id 
linditig the work done by the tbrces, the upper limit of the integral 
(as ab'eudy explained) depends on the final position of the system 
and the lower limit depends on the initial position. 

The gi'eat importance uf this equation is that we have a result 
free from all the reactions or constraints of the system. The 
manner in which the system movus Irom the lii-st position to the 
la»t is a matter of indifference. Ho far as this equation is con- 
cerned, we may change the mode of motion in any way by intro- 
ducing or removing any eoustraiuts or reactions, pi-ovided only 
that they are sueh as do not appeal- in the equation of vii-tual 
moments as used iu statics. 

We must notice that some reactions will not disappear fi-om 
the equation of virtual velocities in statics, for example, fiictioa 
between two surfaces which slide oe«r each other. In Ibrming the 
equation of vis viva in dynamics this kind of friction, when it 
occurs, wall appear along with the other forces on the right-hand 
side of the equation. 

As the system moves from one given position to another, it is 
evident that the change in the vis viva pnxluced by each force 
is twice the integral of the vii-tual moment of that force. It 
follows that the whole change is the sum of the changes pi-oduced 
by the separate forces. Taking then any one force F, we see that, 
when its direction makes an acute angle with the direction of the 
motion of the point A of the body at which it acts, F ami df 
have the same tngu, and the integral in the equation of via 
viva is positive. The effect of the force is therefore to increase 
the vis viva. But when the dii'ettion of the foice is opposed to 
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Ihr tlin'CLinn „[■ III. M, . ;..M ,,r J, i,,.. whuL the Wm-r ln:iU-H Ml 
^•:\iUr iXU^W- witii ill. .. ■ ■. ■: I. rium uf Lliu iiiMlion of A. I1k> 
L'HW-LHlthi.. l.uxv ;-;..■..;., r^.' ^\s^u■.^. Tlii^ nili' will rm.hic 
lis l.i dotcniLitie iIil' .;. n .i.lI ■ II. .1 ui' iuiy fi.iw ..11 ihu vis viv;i 
oi' the systuin. 

U2 Su!>i«)M (ui (x.iii|)l. I binU ln,i]<.\i <.t mil 1111,1,1 tliL 
iicUijii III i<ii\iH "III 11 [loiMl 111 Liiiii n.t «ilh I fisui stul.iii 
whahihLiihi 1 iliil\ lu'h i.r |»iI,lIIj Mil i>th s.ilhitt!uu 
(til hi no -I In „ t I II I ! 1 1 It li M til i I rt 111 iii\ itiiuiKi 
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hy Art 7!) will Iht-ii ik-vuiibi a jiaiabula iml tin uigiil.ii iJiicily 
iiFthc buiij abmit its caitit ul gi-nit\ will h< (Drisliiit Pusinll^ 
iIr b <!v Mm niiiiii^. l^ mi mi lb mHi b.i unlil sik !i 
iiaiuUHluiivth. , luiiimil Msvn , i i i^ dl a ■] In ih, 
biidi kuiii^ iIk siiilui l.nt Ih. . 1- I III! II -lihlh \> ih 
nujjiuyLs nil LliL Miilatf. lii nnlvL lIli-- | ml lI ii i, kl F W 
l\u. iLa(.tioii ul till. HU]lu(.L A lliL [itiiiiL of Uil biiil^ at ivhich it 
.«,t-a, aiiJ FdJ it') Ml till! mitniiiit .v. m Art H'5 Thi.n iia the 
b\}tiy iiimcs ou the siirfocL d/ is /cin and whtii tin. biidy hii kft 
tht, burfatL, i' IS ZLiu, SK tb.it duiiii^ ihi nnitiwii bi lou tin iiiipict 
ucciii-b thL Mrtiidl iiiijKRiit FIj is zi.10 foi thL oiii. u js ii "i iKl 
Dthci Tht. itattmii thLufm dues not it]i]i(.ai iii thi i(|iiaii'Jii 
III via vmi But whi.li thi, budy iiiiiiiiigLs uii Lht siiilin the 
))uiiit .^1 is ji])piud(.]iiiig thi. aiitluit. mid thi. i< u tioti /' is Rsi>,LiMg 
the od^aiicu ul A -vi that in,ithLi F inn (if is /i.ni Hue we 
me^iirc F ill the haini iii uiiiei a*) iii tin hi it pai t <if the motion, 
rcgirdiug It as a m,ij tin it loico whiih distmjs thi vilniitj 
uf A ID a vtry shuit tiim. (Ait Si) Diinny the piimd nt tmii 
pfLasion, th( lori,p F lesists iht idv iiiu nt ,1, ,iiid thin Ion tliL 
VIS viva of th b d\ i-. ' 
itstitutioii 1 1 I I 
viva is Ul 1 I I \\ 
i'5 dtcicubi 1 !i\ 1 1 [ I 
bodies an, putLCll^ ilist 
lost As a general iiile v 
vi\a lb alteied bj an imjia 
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We may find ii suiieriur limit tu thu allii 
centre of gi-avity can riMe abm'e its oHginal li.'vi 
^ia viva may be written 




PION IN TWO DIMENSIONS. 

whei'fi M is the masa of the body. Now the vis viva can never be 
negative, hence the centre of gravity caanot riee so high that 

'i.Mgy > initial vis vivo. 

lu oi-der that the centre of gravity should reach this altitude it ' 
is necesBary that the vis viva of the body should vanish, Le. both 
the velocity of ti'anslation of the centre of gravity and the angular 
velocity of the body must simultaneously vanish. This cannot 
in general occur if the body jump off the surface, for the 
angular velocity and the horizontal velocity of the centre of 
gravity will not usually both vanish at the moment of the jump, 
and both will remain constant, as explained above, during the 
parabolic motion. After the subsequent impact a new motion may 
be supposed to begin with a diminished vis viva and therefore a 1 
diminished superior limit to the altitude of the centre of gravity, ] 

143. Sometimes there is only one way in which the system 
can move. In such a case all we have to iind is the velocity of 
the motion. The geometry of the system will determine the «, y, 6 
of each body in terms of some one ([uantity which we may cull ^ 
The vis viva of the body M, as given by Ai't. 139, will now take I 
the form 

where i* is a known function of the co-oixliniitcs of M. The , 
equation of vis viva will therefore take the form 



,.P)m^a 



# 



and thus -^ can be found for any giv 



II position of the system. 



It follows tbat, if there is only one way in which the system 
can move, that motion will be determined by the equation of vis 
viva. But, if there be more than one possible motion, we must 
tind another integral of the eijuations of the second order. What 
should be done will depend on the special case under considera- 
tion. The discovery of the proper treatment of the equations is 
often a matter of great difficulty. The difficulty will be increased 
if, in forming the eijuations, cjire has not been taken to give 
them thi' simplest possible fonns. 

144. EzamplGB of these Principlei. The following ex- J 
amplcs have been constructed to illustrate the methods of applying 
the above principles to the solution of dynamical problems. In so 
cases more solutions than one have been given, to enable the reader 
to compare different methods. The mode of funning each einiation 
has been minutely explained. Running rcmai'ks have been made 
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which it is hopL'd will clear up thuse difficiiUius wliich genei-ally 
traublu a bcginuei'. The attentiftn of the studunt is therefore 
particularly dii'ccted to the different pniiciplcw used in the follgw- 
iug solutioua 

A homogcneam sphere rulU dheclbj dmi-a a pi-r/cclly rimyh incUncil ptoiic umh'y 
the action o/jiracity. Find the motion. 

Let a 1>e tlie iiiclin&tiou oF the pUnv to the hurizon, n the radlua of Ihc tiphcre, 
inic' its momeut of inertia about a hori^'.onlal diameter. 

Let be that point of the inclined plunt which was iuitinlly touched b.v the 
Bplii're, and A' the point of contact uL thu time t. Tlien it in obvionaty convtinlL'iit 
to cliooxe U For origin, and IIS for axis of j*. 

The lurci^H which act on the spliero ate, first, the reaction R perpendicularly Ui 
0.\\ secondly, the friction I-' aoti]i(; at A' alony Xt> and ing acting vertically nt (' 
the eeutrc. The effective torcc^ are nt"'', inj/ aotiug at C parallel to tlie axtn 
ut.r and y. and a couple iiik-ti tending to turu the sphere roiinJ C in the dircetiuji 




^ 

.VJ. Here 9 is thu ani;le which any straight Unc liscd in the liody umkcs with a 
straight lino lixed in Hpoce. We Hhall tate thu lixed straight line in the hady to bo 
tha radias CI, aud thu Hxed straiijlit luiu in Kpoeu the uornial to the incliued 
pliuie. Then C ie the angle turuml tlimugh by the sphere. 

Kesolving along aud perpendicular to the icchucd plane we have 

„a^m!,»ma-F (1), 

,<.jj=-,..3eosa + R (2). 

Tailing mouicuts iLlxiut .V to avoid the reactions, we have 

»,oi + mk'U = >,l!,<i«n^ (S). 

Since there are two unlinown reaotiouH t' and H, n-e nhall rc'iuhe two geome- 
Irioftl relations. UecauHO there is no slipping nt ft' we have 

j:=ue (1)- 

Also, becftuae there is no jurnpiug, j = n ..(.'i). 

Both theao eiiuations are of the form reipiired in Lhc first mutlnxl. I'ifF.'v- 
cntialing {i) we get j — uH. Joining this to (:1) we hnvir 



« the .^i>hi;ie is honiuj^ 






If the sphere hsd been slidiiig down a tmiioth plane, Ihe equation of molLDn 
would have been 'i — gaiaa, bo that twu-seTonUiB of gravity is used in taming 
the Bpbere, and five-Bovcnths in urging the sphere downwards. 

Supposing (he sphere to start Erom resl ne hare clsarlf 



and the whole motion ia determined. 

In tlie above Bolutiona oniy a few of the equations ii( motion have been used, ' 

and if the motion only had been require') it woulit hnvo been unnecessary 1« writ* I 

down aaj cqualioos except (3) and (4). U tlio retmtions also are required, we mnit J 
use the remaining oquatious. From (1) we have 



'■=-,-•" 



From (2) and (5) we liave 



It is nsual to delay the substitution of the value of k^ in the equations until tba 1 
end of the investigation, for this value is ullen very oiiinplicBted. But there ii ^ 
another advantage. It Herve» a* a verification of the ai|^B in our original eqnA- I 
tions, for if equntion (6) bad been 



we should have oxpeoted some error to exist in the solution. For it aeems clear 

that the acceleration cauid not be miulo infinite by any alteration of the internal 

struotare of the sphere. 

Ei. If the plane were impcrfeolly rough nith a coefficient of friction /t less 

thsn J tan a, show that the angular velocity of the sphere after a tiine ( fmra rest 

111 ^1^ S COB a . 
would be -^ ' (. 

145. A homoi/fiteiiiu iphrrr roLU doicii niiollier pcrfcctli/ ruiiyft fiitd iplu-rtM 
Find the nuilion. 

Let a and b be the radii of the moving and fixed spheres, respectively, C and O 
the two centres. Iiet OB be tlie vertical radius of the filed sphere, and ^= iBOO. 
Lot F and S be the friction and the normal reaction at A'. Then, rasolTing 
tangentially and normally to the path of C, wc have 

m(fl + i.)ii = n.3Bin*-F (I), 

ni(a + 6)^"=mj(0OB(.-n (2). 

Li:l A be that point of the moving sphere which originally coincided with 
Then if f be th<^ angle which any filed lino, us Cil, in tbe body makes with may 
Uiod line iu space, as the vertical, we have by taking moments about C 

"«=r« W- 

It should be observed that we cannot take S as the angle ACO because, though 
CA is fixed iu tbe body, CO is not fixed in space, 

The geometrical equation is clearly ii{d-^) — li4i 

No other is wanted, since in foruung equationB (1} and (3) the constancy of (I 
distauce C'U has been already assumed. 
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The form of equation (4) shows tliat we can apply the tiist method. We thus 
obtain 

F= -,-, .. nnf Bin 0, 




and we are finally led to the equation 

By multiplying by 2^ and hitograting we get after determining the constant, 

the rolling body being supposed to start from rest at a point indefinitel}' near />. 

This result might also have been deduced from the equation of vis viva. The 
vis viva of the sphere is ?» {r'-4- A-f^-j and r = {(t + h)<p. The force function by 
Art. 110 is mfiy, if // be the vertical space descended by the centre. We thus have 

((/ + b)- 0- 4- k-ir- = 2ri {(I + h) (1 - cos 0), 

which is easily seen to lead, by the help of (4), to the same result. 

To find where tbe body leaves the sphere we must put li = 0. Tbis gives by (2) 

{a + b) <p- = (j cos <p ; .'. _ /7 (1 - COS0) =//cos ; .'. cos0 = ttt . It may be remarked 

that this result is independoit of tlie magnitudes of tlie spheres. 

Ex. 1. If the splieres bad been smootli tbe u])])er sphere would liave left tbe 
lower sphere when cos <p='r^. 

Ex. 2. A rod rests with one extremity on a smooth horizontal plane and the 
other on a smooth vertical wall at an inclination a to tbe borizon. If it then slips 
down, show that it will leave the wall when its inclination is sin ' (;-| sin a). 

Ex. 3. A beam of length a is rotating on a smooth horizontal plane about one 
extremity, which is fixed, under the action of no forces except the resistance of the 
atmosphere. Supposing the retarding effect of tbe resistance on a small element of 
length (Ir to be Aiic (vel.)-', then the angular velocity at the tinu- t is given by 

1 1 Aa^ 



io Q A Mir 



J. [Querns' Coll.] 



Ex. 4. An inclined pltne of miua JH Is oapable of moriDg freet; o 
horizontal plane. A perfectly rough spiiere of mass m ia placed on its inclined 
and rolla down nader the action of giavitj. If z' be the horizontal space advanced 
by the inolined plane, x the part of the plane rolled over by the Ephere. prove that 

(.U + m) j' = BtreoiiB, ii-z'coBa = lff*'Bino, 

where a In the inclinalioD of the plane to the horiKOn. 

Ex. 5. Two equal porfoctly rouf-h spheres are placed in DDatable equilibrium, 
one OB the lop of the other j the lower sphere resting on a perfectly smooth table. 
A slight diatDrbsnce being given to the system, show that the spheres will 
continue to tooch each other at the same points, and that, if # be the inclination 
to the vertioal of the itrttight line joining tiie centres, 

( jt' + oH a' Bin'tf ) # = V (1 " <«» «)■ 

Ex, (i. T*o nneqnal perfectly Mnooth spheres are placed in nnstable eqnlli- 
briiun one on the top of the other; the lower sphere resting on a perfectly smooth 
table. A very slight dlstarbanae being given to the system, show that the spheres 
will separate when the straight line joining the centres mokes an angle ^ with the 
vertical given by the equation r^ — cob'^-3cos^ + 2=:0, where .If is the mass of 
the tower and m of the npper sphere. 

Ex, 7. A sphera of masa .1/ and radina a is constrained to roll on a perfectly 
rough curve of any form nnd initially the velocity of its centre of gravity is I'. If 
the initial velocity were changed to )", show that the normal reaction would be 

increowd hy il and that the friction would be unaltered, p being the radini 

of curvature of the curve at the point of contact, 

Ex. 8. A uniform rod is placed at an inclination a to the verticnl with one 
extremity touching a horizontal plane. If the rod start from rest show timt its 
angular velofiity u when it becomes horizontal is given by nui* = 4lf cos a whether 
the plane is perfectly smooth or perfectly rongh. Show also that the rod will in. 
neither case leave the plane. '■.', :> ■ ■ ■ •" ' 

Ex. 9. A Htraight tunnel is constructed from London to Paris. Show that m | 
sphere starting from rest at one terminus will arrive at the other in about forty-two J 
minates if the tannel is smooth, but will take about eight minutes longer if the 
tunnel is perfectly rongh. The sphere is supposed to move solaly under the aation 
of gravity, which inaide tlie earth is supposed to vary as the distauoe of the sphere 
from the centre of the earth. Would the time be the aame from London to Vienna 7 

Ex. 10. A heavy uniform chain occupies a smooth tabe of small seotion whose 
medial line is a quadniut of a circle witli one bounding radius vertical. If the chain 
start from rest show that its velocity v on emerging from the tube is given by 

Ex. 11. A heavy chain occupies a smooth tube of email section who^e form is 
the semi-cardioid r=a (l + cosc'l bounded hy the axis. The axis is horiionlal, 
one end of the string is at the apse and its length is 2a. prove that the velocity of 
emergouoe is given by 10t>°=au(S3-U^a. 

Ex. 12. A perfectly ruugh cylinilrical grindstone of radius o is rotating with 1 
uniform acceleration shoot its aiis which is horizontiil. Khnw that, if a spher 
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contact with itfl edge can remain witli its ceutrc nl rest, the anKU'ar acceleration 
of the crindBtoue must not csce*d 5r//3a. [Coll. Exaro. 1877.] 

ue. J nxl OA iviii m™ iifcoMf (I hlnne tit 0, while the end A Te>t< oh k .mmif'i 

trr.);(f le/iir/i cnii uli'df almitj n franullt hori:"iiUtl plniir Ihroiijih O. Fi'iiil the moHnn. 

Let B = the Bnglc of the wedee. .l/=ita masfl and x = OC. Let ; = thc length 

of Ihi' Iwiim. m=it(i mana and B-AOC. Let 7J=^ the reaction ct A. Then ncliave 

III.- ihjUttinUal f,imllioiis, 

ii:f = !i^^^^- (1). 

.r,f-V/=7;/.cn>,(n-rt)-.»„,^cO«fl (2), 

.rMlla^/.H.l («-()( (a). 




It is ohtioiiH llint wo inn^t Hpl'ly tlii' sceond method lif si.liilioit. H™i-p 

2.1/..Vr i-'iml-'iy^ -iri;|/coKfl() + 2/; |sina.f t-fcotflo - fll(l|. 
Thf eui'diticul of /.' fs seen to vanish liydiffcrentiutinR equation (,S|, Infi'RijifiiiE 

.i/.;-H iiri'-'fi'^r'-HiyBiiifl. 

This rcHult niii;hl liav. |. ■ n ■,rr,.i .|..v. i^ at once by the [irinoiple of ris viv-n. 
For the tis viva of tl- ' ■ '■ il\ UJ- and that of thp [vmI Hit-ii-. 

It 1/ be the altitude «!■.■■ ■ ■ 1 1 . of Rravit.v of thp rod (J,l. tnice the 

force function is 6' - Si";;;/ I ■■ \. i 1 i>> ^ i' .1/ = i(sin fl, this rrditces to the rennlt 

already written down. 

Substituting for x from (A) ti- Lave 

\m .'l C0K-(«-flH-nij4 ()'J = C-Hi/,fsiuH (4). 

If the beam start from rest ivhnn 0=^, liicn C^Hijif sin /J. 

This equation cannot be integrated any furtJier. We cannot therefore frnd (' in 
terms of (. But the auRular i-elocity of the brani, and therefore tlic velocity of 
the vi'edge, ia given by the above eijuation. 

H7. Tko rods AB, BC nrr hiniifd tnnelher nt B iiiul cut 'liile freehj on a 
rmoolh horitontal plane. The e.rlrfiH'1'j A vf the nd AB ii nlUirh.d hij anolhrr 
hinge tn a fixed point on the tiMe. j\n e!ni-lir ilrimj AC, ichote iif\:-tielchi'd Iciit/th is 
equal lo AB OT BC, joiiu A (0 llie ,-Tli-eu.!l,j C uf the rod DC, Iniliitlly the tvo roih 
and the Hiring farm nn tqullnler'il lri'ii':ile -md Ih- lyileni ix started iiilh iin unaiihr 
vtlocity a round A. Find thr ijrenfen hiujlh -J the rlanlie >lrii"j dim'inj ll>e nmliim. 
Find nUo the annnl-ir veloeiHe' «f the rmh iclira they .i,v .tl rifihl a.ii,les, niul llie 
Uait value of (1 thit thit pmilion nmij be iiomihie. 



MOTIUN IN TWO DIMENSIONS, 

The following solution niay appcrtr at first eighl rather long. The object is to 
iltoBtrate the different muthoda of using the piiociples of angular momentum and 
via viva. They are here minutely explained as thia ia the Brst eiaoipla of the kind. 
It IB however aBuol in praotioe to nrile don'u the oquatioua (1) and (3) derived from 
these principles with but little if any explanation. 

Let 2(1 be the length of eitlier rod, oik' its moment of inertia about iU 
centre of gravity, so (hat k' = la'. Let D and E be the middle points of the rods, 
and let (r, d) be the polar co-ordinatee of K referred to J as origin. 

The only forces on the system arc the reaction of the hinge at A and the tenrion 
of the elastic string .AC. If we search for any direction in which the sum of the 
resolved parts of these vanishes, we can find none, since the direction of the 
reaction is at present unknown. But since the lines of aetion of both foreei 
pans throngh A, their moments about A vanish, and therefore, by Art 133, the 
angular momentnu) about A ia constant thronghoDt the motion and eqnal to its . 
initial valoe. Let bi, u' be the angular velocities of AB, DC at any instant (, 




BUgnlar momentum of BC about 
momentum of AB in by the same ar 
as a fixed point. The initial valu 
m(*< + a>)n, since u. w' and d a 
equal to the perpendicular from A 
formed by the itystora. Heuoe 



is by Art. 134 t» (r>d + JtV). The angnlut 1 
le in (Ji'4n') ui, sinoe Alt is turning aboat A 
of these are respectively m{Sia' + V) Q, I 
each initially eijual to (1 and r is initially 1 
I the opposite side of the equilateral triangis | 



mr*(l = m(2tH4a')n (1), 

We may ohtain another equation by the use of the principle of vis viva. The 
via viva of the rod liC is hy Art, 13i) m\P + r'^ + Ww''] . The vis viva of ^il is by 
the same article m (t' + 'i^ w" since it is turning round /f as a fined point. The 
initial values of these are respectively m (3n' \- i') if' and m (t' + u^) W. If r be 
the tension of the string, p its length at time t. the foroe function of the tension is 

I ( - 7'] dp. According to the rule given in statics to calculate virtual moments, 
the minns xign is given to the tension because it acts so as to diminish p-; and the 
limits are 2<i to p beoanse the string has stretched from its initial length 2a to fi. E 
Hooke'slaiv r = i'.'^^'.»o that, by integration, the force function = -E^- } 
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The teaetion at .( doca not nppoar, by Art. 141. The equalion of via viva is 
therefore 

nM)i' + «=)«»+B. {r' + r^+i'i..''|=m(2*' + 4a')n»-E'.^^^^' (3). 

There lire only two possible independent motions of the rods. We can tnm AB 
nbont A and BC about B, all motions, not compounded of these, being inoon- 
slslent with the geometrical conditinnn of the question. Two dynftmieal equations 
are anflicient to determine tlicee, and we have just obtained two. All the other 
eqoatioua which may be wanted mnat be derived from geometrical eonsideratioTiR. 

We mast now express the geometrical aonditions of the qaestios. Let ^ be the 
supplement of the angle ABC, then 

r' = 5a' + ia*oOB* (3). 

Since 4 's the relative angular velocity of the rods liC, AB, ^ = w'- w (j). 

.•.rf=-a.«Bin^K-«) (5). 

Let ^ be Oio angle fiJ/!, then »in^ = Bin^- (6), 

and since ^ = d -w, we have 

cos ^(d-^) = ^%osi(, + ^%inVJ («'-«) (7). 

Also from the triangle ^BC p' + 2a'=2r=' (8). 

From these eight equations we can eliminate u, u', r, f, p, tji and 6. We shall (hen 
have a differential equation of the first order to solve, containing ip and ^. 

It it Ttquired to fittd the greatest length of the itiutie ilring during the molion. 
At the moment when p is a maximum ^ = and the whole ajrstem is therefore 
moving as if it were a rigid body. We therefore have for a single moment u, u' and 
6 all equal to each other and r=0. The two first equations become, when we have 

sabstilnted for k' ita value r- . 

(5a> + 3r')u = 14a1) 1 

(Ba» + 3r»] ai*=I4ii'lP- ^ (p- 2o)»r 
Eliminating >■> and auhstitnting for r from (B) we have the cuhie 

{Sp' + lGa') (p-ao) = ^^^- (f + 2.1). 
which has one positive root greater than 2(i. 

11 it aito requirtd to find tJie motion at the irutant lebtn the roda are at right 
anglft. At this moment ^ = 5 , and henoe by(3) i-sa ^6, by (B) f = - -1^0(6/-*,), 
by (7) d = I (1/ -)- 4u). Substituting in equations (1) and (2) we get 
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the values of 1 



will nut l>e real iiiileBaIF=. 
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We may ortea eave oorselvea tlie trouble of some olimination if ire form 
equadom derived /rom the pri-nciplen of anffular momentum and ri> iiva in a ilighclf 
difrrent maanfr. The rod BC is tumin); round B with an angular velocity u", 
while at the Batne time B is tooHng perpeudicularly to AB with n velocity 2iiu, 
The vclDoity of K ia therefore the resultant of ou' perpencticultir to BC and 2aia 
perpendicular W Jfl, both velocitieB, of courae, being applied to Ibe point E. When 
we wish our resaltH to be expre^s^ in terms of u, iJ we may use these velocities to 
expreBS the motion of E inatead of the polar ao-oi'dinates (r, 8). 

ThuB in applying the principle of angular momentum, we have to take the 
moment of the velouity of K about A. Since the velocity 2au ia perpendionlar to 
AB, the length of the perpendicular from A on its direction is AB together with the 
projection of BK on Mi, which la 2<i + acoB0. Since the velocity ou' ia pcrpen- 
dionlar to BE, the length of the perpendicular from A on its line of action i% 
together with the projectioD ol All on UK, which isii + Sneos^. Hence the angular 
momentum of the rod BC about A ia, by Art. 134, 

mk^w' + imaa (2(i + n coa 0) + mau' (o + 2a cob $). 
The prinoiple of angular momentum tor the two rods gives therefore 

m(*'' + Sii' + 2.i'coa^)iu + ni(*" + a> + 2ii'cofl*)iu' = m(3*^ + 4«")Q. 
The right-hand side of this equation, being the initial value of the angular mon 
turn, is derived from the left-hand siile by putting ci:)S0= - J and a) = b/ = n. 



(p-a.}' 



e that, i 
u' = (2aui)' -(- luiu')3+ a . aa« . aw' cos *. 
The initial value being found, as before, by putting ooa^^ -J, u 
principle of vis viva gives, by Art. Ill, 

m (f -H Sa'} (bH m (1-' + 0=) lu'H Ima' um' COB p = Bi (a(;H *u') n'J - A' 
the force (unction being found in tlie inmc manner as before. If we join to this 
equation (i) given above, and aubstitulo p = ia cob | , we have just three equations 

to find u, u/, and ifi. If these quantities are all that are required, as in the two 
cases cousidered above, this form of solution has the udvantutjc of brevity. When 
p Lb a maiimum wo put w = ui', whan the rods are at right angles we put cos ^ = 0. 
The equations then lead to the results already given. 

Ex. 1. Two rods AB, BO of equal mass are hinged together at B and the 
extremity A is fixed. Tliey fall from any initial position under the action of gravity. 
U their lengths are respectively ia and ib and their inolinationa to the horizon at 






ee, 0p 



'e that 



- {I6a'^ + ib^.f, + Gab BOB i^-e) [6 + ^)\^%g 006$ + 3l.g cos <!, 

Ba'd'-f ab'^H fiut cos (* - 0) 6^ = ilag sin ? + 3tg Bin f + C. 
The first equation ia obtained by taking angular momentum about A for bolb bodiei 
in the manner explained in Art. TB. The second ia the equatiou of vis viva- 
Ex. 2. A unifono rod of length 3a has a particle attached to it by a string b; 
the rod and string are placed in a strait^ht line on a emootli table, and the particle 
in projected with a velocity f perpend icul at to the string, prove that the greatest 
angle ^ that the string can make with the rud is given by sin-^^-n (1 -hn)/12b, 
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where n in the ratio of tliu mii»a of tlic rod to that of Hii; jiarticle, Pto\c also 
tliat tlic ftUMular velocity then is r/(» + ft). IColl. Ex.] 

The common centre of );riLvit; (r moves lu a Ktrni){hc line with uiiirorm vi^locity. 
The ^'iB vlvit and the angular momeiitnm about G are each conatant. 

E^, 3. Three tqiial uiiifonu boiti, formed of bucI) inaterinl that any particle 
repels any othur with ititcnBity proportional to the product of their maseca and 
diri'ctly as tile distance betwei'ti them, arc loosi^Iy jointed at their ends so us ti> foi-tn 
an equilateral triangle. If one of the conneiioii^ at the angles be severed, prove 
that the anjiiilar velocity of either of tlie outer bara ivheo all tliree ore in a Htraight 
line is ^ (H'4) times tbeir nniiidat velocity when Uioy uro at right angles to the 
middle bar. [.l/,i(/i. Triimt.] 

148. The M, of ii Iwiinj pen'hliiai rnntoiiii „ 'pha-iail rorif;/ ^chlrli U filled 
iciih lealei: It U rt'iHirt-l to detrmiiif Ihf viotian. 

Let 1) be the point of auspctiHion, G the centre or};t]Lvity of the Molid part of the 
pendulum, MK-ita moment of intrtia about (I, and let UO = h. Lot C be the centre 
of the sphere of water, >i its radiuH and (IC = c. Let in he the innMS of tho water. 

If we suppose the irater to bo a perfect Uuid, the action lietween it and tlio casa 
moat, by the Jelinltiun of a fiuid, be normal to the sphencal bounilary. There will 
therefore be no force tending to turn the Huid runud ita centre of f^ravity. As the 
pendulum OHciUatea to and fici the centre of the sphere will partake of its motion, 
but there will he no rotation of the water. 

The effective forcen uC the water are by Ait. 131 cjuivalcnt to the uCTocIivc force 
of the whole mass colketed at itw centre of nf'ity ti>i!clher with n coujile iitk-u, 
where u is the antiulnr velocity of the water, and nik- its moment of inertiit ahimt 
a diameter. Hut u haa just lieen proved zero, henee this cou|<le may bo omitted. 
It fnllowa thut in all piolilcnia of tliis kiml where the linly does nut tm-n, or turns 
with uniform aiUj-ulnt vehicity, we miiy collect the body into a stinglo particle placed 
at its centre of gravity, 

Tlie pendulum and the collected Hnid now form a ri);id body turning ahont 
a lixed axis, hence if U bo the angle made by CO a, li.tcd line in the bi>ay with the 
vertical, the equation of motion by Art. ifj k 

{tlK-^- Hic') « + (.W/i + (HC) i; siu 0=0, 
where, ill finding the moment of gravity, O, ij and L' have beeu auppoaed to lie in 
a straight hne. The length L' of the simple equivalent pendulum is, by Art. ',12, 
^J/ A-' + Hic'' 
" Ml, \-me ' 



L'= 



Let nil.-' be the moment of inertia of the siiherc of water 
n, if the ivoter were to become solid and to hi' rigidly eonm 
length L at the simple -qniviileiit pendnlum would W; li.v sh 



IW. Characteristics of a body. If »(■ ivfi'i' tu the 
Ti.qti.iiis ,il iiiMiinti ..{■ a li,«|\ .^'uru in Ail, |:i,"., w hi-i- timt 



of the centre of gravity. ("3) the external forces, (4) the moments 
of inertia of the body about straight lines through the centre 
of gravity, (5) the geometrical eijuations. Two bodies, however 
different they may really be, which have these characteristics the 
same, will move in the same manner, i.e. their centres of gravity 
will describe the same path, and their angular motions about their 
centres of gravity will be the same. It is often convenient to use 
this proposition to change the given body into some other whose 
motion can be more simply found. 

For example, if a sphere have an eccentric spherical caviiy 
filled with fluid of density the same as that of the solid sphere, 
the motion of the sphere is independent of the position of the 
cavity, so that, if it be more convenient, we may put the cavity at 
the centre. To prove this, we may notice that since the sphere of 
fluid does not rotate, or rotates with uniform angular velocity, the 
motion is unaltered by cfjilecting the fluid into a particle placed 
at its centre. This being done, the first, second, third, and fifth 
characteristics are clearly independent of the position of the cavity. 
As for the fourth characteristic, let a be the radius of the sphere, 
6 that of the cavity, c the distance of its centre from the centre 
of the sphere, then the moment of inertia of the solid part of 
the sphere is JTra' . Jii' — ^irl/ . (^b' + d'). The moment of inertia 
of the fluid collected into its centre is ^irb'.(^. When we add 
these together c disappears, SO that the whole moment of inertia is 
independent of the position of the cavity. 

The motion of a uniform triangular area moving under the 
action of gravity is another example. If we replace the ares by 
three wii-es forming its perimeter but without weight, the geome- 
trical conditions of the motion will in general be unaltered, and if 
we also place at the middle points of these wires three particles, 
each one-third of the mass of the triangle, this body will have 
all its characteristics the same as that of the real triangle, and 
may replace it in any problem, 

Ex. 1. A triarigiilar area at rent h Bttnok b; a bloir perpendicular to its plane 
at the middle point of one side, show that tbo instaDtuneons axis binectJ> the oiber 
two Bides; bnt if the blow be delivered at a corner the innUDtancoUE axis dividea 
in the ratio of 3 : 1 eaob nf the sides which meet at that comer. 

This IB rot strictly a case of motion in two dimendoos, but wc may dedoce the 
remits from first principlen, b; taking moments about a straight Une whiuh pan«rfl 
through the point of application of the blow and one of tho equivaluut partiolcs. 

Ex. 3. A tiiangular area ABC osciilatos about one sido All as a horizonlal 
aiis under the action of gravitj, show that the pressures on the fixed axis am 
equivalent to a vertical presunre at a point O which bisects AB. and a presnare in 
the plane of the triangle whieli bisects the distance between O and the projection of 



J 
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Wlin, ii sl|■ill^' ..■uLiiirctini; lui. |inrls nf ;i dviiaiiiira! sv.si.;rii 
p;iss,'.l nvvr !i ruiii^li iiiillrv, il, w;is lonu.Tly llir' t^ii.siniit to Uiki: 
an-nuiil. of tlir iiiritm .M'' ruUltinii by irii'kciiig ihi- ]nil!oy by 

;UlnthLT nf tho SilllLL. Si^u Ijllt witllOUl lll^S'^ lUld loLlllcd VvUtl 

II ])ailic!i^ iit ity drcumfui'cu™. If a bu iLu radius uf tho pulltry, 
/l its riKliiis of gyiiitioii abutit the ctiitro, wi its mass, the uiaas 

oi the partieli; is —hi, su that lor a cyliiidrioal pulley the mass 

of the pjuiicie is hiitf that iif the jjiilley. This mass must theu 
he iulJed on tu the other jiartieles attadleil tu the string. For 
example, if twn heavy masses J/, Af be coinu'ctetl by a string 
liassiiig iivei' a eyliiMlrieal pulley of mass m, whieh can tmn IVeely 
about jts axis, the ei|uati(m of motion is 

(.v + ^r + 'D^^H-v-^m^ 

wh.Te ,- i^ llie velo^ily. Mere the inertia of Mie piilley is taken 

oi^eouiit of by simply iidihug — to the mass moved If the jaillcy 

lie moveable in spaee as well as fiee to rotate, ilN inertia of tj'aas- 
hilioTi is aK usual taken aeeouiiL of by collecting the whole mass 
into its eeiitre of gravitv. As this ivpresenlalion nf the inertia 
of relation is not .ifteii lisnl now, the ilemonstrulion of l\u- abovu 
remarks, if any be needed, is left to ihe ri'ader. 



in the nitio 1 + -. : 1, wliue -in is tlio leni;tli .lb ami I.- the radhin of t^raliou 
about tLci coiilre of gravity. 

Ex. 4. A circnlili' disc whoEC centre of Krnvit.y is in its emitre rolls on a perfectly 
rouKL curve unilur tiiB action nt any fovetis, nbovf Hmt tlie luutjon of llic centre is 
tlio Hanit: uh if tlic curve wore Hiiiuoth and all the forces wucc reduced lit tbc ratio 
l-H— , : I, u'liere a h the rnJiuH of the dlmi anil k its radius of iij'ratioii about 
tbe centre. But tlie normal pressures on the Clirvo in the two oaBcs arc ucl Ihu 
same. In any portiliou of the di^c thu.r tliSiii hy X „ — , wlicre .V ia the forae on 
tho disc resolvi'il nlonc tin' iioiiiiiil l.i llii" rough curvf. 

Oil (he .v^ir.'j.s' (// .iit'f jmi'id uf a ru,/. 

l--,0. Suppos,. a rod O.! lo U' in o.|uilibnu!n und.T ihe aelion 
of any fiii'ees, it is rei|iiiriil In delniiiini- thi- aetion ncrow ■,u\y 
section of the ri>il at i'. Tlii- .uliou may hi' eoiifi.a\ ud to he the 
resultant of the tenwidns posili\i' or negative of the innnmenible 
fibres whieh form the materia! of ih,.- rod. W'r kmuv l.v slatie.'^ 



that these may be compouDdcd into a single force R acting at 
point Q which we may choose and a couple G. Since i 
portion of the I'od is in ecluilibrium, these must also balance 1 
all the external forces which act on the rod on one side of the 
eectton at P. If the section be indefinitely small it is usual to , 
take Q in the plane of the section, and these two, the force R 
and the couple 0, will together measure the stress at the section. 

If the rod be bent by the action of the foixies, the fibres on i 
one side will all be stretched and on the other compressed. The J 
rod will begin to break as soon as these fibres have been suffict- I 
ently stretched or compressed. Let us compare the tendencies of J 
the foi-ce R and the couple to break the rod. Let A be the ] 
aix-a of the section of the rod, then a force F pulling the rod will i 
cause a resultant force R = F, and will produce a tension in the I 

fibres which when referred to a unit of area is equal to -j . The 

same force F acting on the rod at a distance p from P will 
cause a couple Q = Fp, which must be balanced by the couple 
formed by the tensions. Let la, be the mean breadth of the 
rod, then the moan tension proiluced by G i-cfcircd to a unit of 

area is of the order . . "-. Now if the section of the i-od be very 

small — will be large. It appears therefore that the couple, when 

it exists, will generally have much more effect in breaking the 
i-od than the force. This couple is therefore often taken to 
measure the whole effect of the forces to break the rod. The 
" tendency to break " at any point P of a rod OA of very small 
section is measured by the moment about P of all the forces which 
act on either of the segments OP, PA of the rod. 

The resolved part of the force R perpend iciilai- to the rod ia 
called the shear. This is therefore equal to all the forces which 
act on either of the segments OP, PA, resolved perpendicular to 
the rod. 

It' the rod be in motion the same I'easoning will, bv D'Alcm- 
bert's principle, be applicable ; provided that we include the re- 
veraed effective forces among the forcos which act on the rod. 

In moat cases the rod will be so little bent that in finding 
the moment of the impressed forees wc may neglect the effecta- 
of curvature. 

If the section of the rod he not very small, this measure of 
the " tendency to break " becomes inapplicable. It then becomoe 
necessary to consider both the force and the couple. The case 
does not come within the limits of the present treatise, and the 
reader is referred to works on elastic solids, 
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111 iho casi.' Ill' ii siring thi' ciniplc vjuiishc'S jiiiri ihi' t'urci.' iiclH 
ivitiiig a tatigfut Ui the sliing. Tlio sh-css at any ixiiiit in thcre- 
iDrc sirnply incn-siiifi! by the tension. 

151. J ro,l OA. •■/ Uiinlli 2a, ""■( '""»» m, ul'kli enn tmii frrehj ,.l«mt onr tz- 
tremilg 0. fath in n vtrlkal jilmi'- i'ii,b-r ihr nci'um o/ uroiilij. Find the "liiideiicy 
III break" al aivj point V. 

Let <lii bi! ftoj- uluiuenl uf llii' rod ilihtnnt u from /' and on the name siJe of P us 
Ihe I'ud A of tlic rml, ami let Ul'-i: Lot be tlio mifc'le the rod raakua with Ihe 
wrtioRl nt the time t. The cllcclive [uieeH on I'li nrc 

tf s[K'i.'liii'lj- iHr[itfniiiculnr lo and iitui!; tlie rod. The inipressiil font i,s j;i .- ij aotLng 
vi<i'tii:a] ly diiu-unaidH. The ('iriH;tiv(' forc(»> hiding rtvcrs^d tile tendency' to hreak 
nt I' JH i'ijiihI t<i ihu iiiuiticut nliolil /' uf all tile (orcvs wliieh aut ou the purt I'A at 
the rod. II thiu be called I., u e hnvc 



H'i -f£" 



tlio liinitK buiiiK ftmii ii^l) to ii^-io - x. AUu, takini! i 
e>iiiiitiini ot inuliuii i* 



The mcanluL: uf tW miniid hIkii i< that tho fuicoH tund in bi'iid I'A ruund i' in tlie 
ii['l)OHitc dirfction lu tliat in whjdi II has hfcii luunaiutd. 

To find where Iht rod, Bui'iwHeJ equally Htroii;? tliroughoul, is most likely to 
break, we muat nnike L ii maximum. Thifi gives ■; ' = and lLert>fo[o.r= . The 



point required is ut a ilifilance from Ihe tixud end eiiUal to ouc-tbird of the length 
ol llic rod. Its poHitioii, it should be noticeil, is independent of tht initial 
oonditioDs. 

To find Ihe Hlimr at f vv. must resolve ijcti>i;iidicillar1y to the rwl. if tlic 



the liniitti bciii)" the buiiio as before. Tliis gives 

which vnnihhex nheo the liiidenuy to break is a iuil\lniuni, and ia 
liiatancc from tile iiiid viid oniiftl to two-tliinbf of tho luiiglh of the lod. 
To find tlie tension at )' wc iiinst u'solvc along the rod. If the reai 
A', and \ie taken posiiiie in lUe diiection (J.I, we havo 




liiid, bj inlegmting 
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MOTION IN TWO DIMEN'SIONS. 
It the tod start bom rest at BD mclinatioD a to the veitiual, w 
the equation of motion, (57)=^ ("™ S - cob a). Hence 

~^,{2a-x)\-iaeoB0 + 3{<>oBa-eoaB)[3a*x)\. 

From these equationn we may deduce the FoUoiriiig resultfi. (1) The raagnitndei 
oC the Btrcea couple and the eheur are independent ot the initial conditiona. 
(2) The magnitude of either the couple or the shear at an; given point ol the rod 
e of the inclination of the rod to the verlicaL {3) The ratio ot the 
magnitudes of the strera conplvs at any twu t'iven poiotB of the rod is always the 
aame, and the same proposition i» also true of the shears, [i) Tiie tension depends 
on the initial conditions, and, unless the rod starts from rest in the horizontal 
position, the ratio ot the tensions at any two given points varies with the position 
of the rod. 

153. A rigid hoop tompUttly eraeked at one point roll* on a per/tcllg nmgh 
horitoRtal plane and u acted oa by no /orcet bal gravity. Prove that the vreiirh 
couple at the point of the hoop mott remote /rum the crock mill be a maximum when- 
ever, the crack being lovier than the centre, the iacHnation of tlie dianteter Ihrouoh 
the crack Is the horiim is tan~' 2/r. (Math. Tripos. 1864.] 

Let u be the augnlar velocity of the hoop, a its radius. The velocity of any 
paint f of the hoop is the resultant of a velocity aa parallel to the horisontal plane 
and an equal velocity ow along a tangent to the hoop. The fiiEt is constant in 
direction and magnitude and therefore gives nothing to the acceleration of P. The 
latter is constant in magnitude but variable in direction and givos aufl as the 
aooelerotion, which is directed along a radins of the hoop. Let A be the cracked 
point, B the other end of the diameter, C the centre, d the inchnation of ACB to 
the horizon. Let PP" bo any element on the upper half of the circle, BCP — ^. 
Then the wrench couple, or tendency to break, at B is propoitional to 



fll-a^-a^ 



)8(* + e)!]<irf^= -2a'wS+j/a'(TCC 



ne). 



This it a maiimnm when tan B = 2/t. 

Ex. 1, A semicircular vrire AU of radius a is rotating on a smooUi horizontal 
plane about one eilreniily A with a coufltant angular velocity w. If a<p be the are 
between the fixed point A and tlie point where the tendency to break is greatest, 
prove that tan # = t-^. If the extremity I! be suddenly Gied and the extremity -J 
let go, prova that the tendency to break is greatest at a point P where 
l,tartPBA=PBA. 
I, 2. Two of the angles ot a heavy square lamina, a side of which is a, are 
oounected with two points equally distant from the centre of a rod of length 2a, so 
that the square can rotate abont tlic rod. The weight of the square is eiiual to the 
weight of the rod, and the rod when BU)iported hy its extremities in a horizonliU 
position is on the point of breaking. The rod is then held by its extremities in a 
vortical position, and an angular velocity u is impressed on the square. Show that 
the rod will break if ii«'>3fl. (Coll. Exam.] 

Ex. 3. A wire in the form ot the portion ot the ourve r = (i(l + cosfl) out off by 
the initial lino rotates about tlie origin with angular velocity u. Prove that the 

tendency to hreak at the point 9 = - is measured by m ^ uiV. [St John's Cull.] 
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Ex, i. A iiiA DA whoxe ilonsity vaiipB iu any luanncr is swiini; as a pendulum 
Hboiil 11 liorizonlal niis tlirouuli O. Prove tlmt if tlio rnJ liroak it will be at n point 
I' diitcrniincil liy the conilitiim tlmt the ccutiu of ];ravity of I'.l Ih thu cciitro o( 
osciltatioii of the |ieiii1ulum, [Matli. Tripoa, IRRO.] 

0,1 Fridlofi bdm-eo Imperfovll'j Uvwil, Uudics. 

lo3. Componenta of a Reaction. Whuji um-. inidy inlls 
(III aiKithiT iindu'i' invKsiiif, the two biKiius yiuiil slightly, anil are 
tht'i-flin-i; ill contftct ahuifr a small ai'ua. At every point ol' Huh 
arua thfi'i- iw it Tiiutiial nctKni bctwei'ii the hollies. The eleiiieiita 
just behind ihc ^^Tnmih'iral p.iint of ciuitiiet :ire ou tliu jKiint uf 
scpai-.ilioii and u\.,s [,-\A |.. ^nlheiv to >';ieh oIIht, those in front 
may ti'iiri tu iv^i-t Ci'iiiini --imi. The uimli' nl' the actimis across 
tho elemenls are iijiihaliiil lo (1) a eimi[MiiieLiI, It. normal t,) the 
commuiL langi'tit plane, and usually called ihe rend ion ; (2) a. 
curnpiiiieiit F in the taiiyoiit plane nsiiaily ealli'd ihe friction : 
(3) 11 cnple L about an axis lying in the tangent plaiie, whieh 
we shall call the co'ijile of rutUiig frldion ; (4) iC llie bndies have 
anyivlative angular velocity ahinit ihcir cm 
A' about this riorinu! as axis ivhieli may 1 
twisting J'rivtion. 

The two eonples aiv f'onnd by e.vperimi 
very small and are generallv neglected, 
where the Irietiun torees are also small it n: 

accontit of them. Wu .shall therufuiv consider iirsl. llie lauw wliieh 
relate to tht; frictiuii foi'ees, as being the mu^l iin|iiiitaiit, and Ldler- 
warda thosu whith rtlate to the couples, 

I,J4, LawB of Friction, In order to <leli 
of frietiuu forecs we must make experiments > 
eases of ('i|nilihi'iuin and iiintiim, Sniipn^-i' the] 
budy to be placed on a rough horizontal i; LL .m, 
foi-ce so placed that every ]ii>iiit ^f the \< 
diK-s move ])arallel to its direction, li 
foi-ce be less than a cei'lain amount the ii.iili .1.. - .i..- iii-.vc. The 
tiinst law o I" frietiuu is therefore thai llie lVi'-li<in act:- in Midi a 
direction and has such a magnitndi as to h.- jnst siil^cient to 
prevent sliding. 

Next, let the furee he gradually iuciva.sed, it is foniid by 
experiment that no muiv than a certain amount of friction can 
be calleil into pluv, and that when more is iei|iiired to keej) the 
body from sliding, sliiiing begins. The secuud law of frietiot, 
asserts the existence of this limit |i. ihe aiijuiuil of frieliMU 
which can be aallet! into play. I^^ vahie is ealle<l llie liinilii';/ 
friction. 

The third hnv uf IHetiun found l>v rN]MTinieut is that the 
magnitude of the liniilin'- lii.-iioii l>eai-. a rati" u. liie Ln.rmal 
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pressure whiuli is vcvy utarly cimKtant for the .same two bodies in 1 

contact, but is changed when cither body is replaced by another 1 

of different inatL-rial. This ratio is called the coejficient of friction I 

of the materials of the two bodies Its coustaucy is generally 1 

assumed by mathematicians. I 

Though all experimenters have not entirely agreed as to the I 

absolute constancy of the coefficient of friction, yet it has been J 

found generally that, if the relative motion of ihe two bodies be I 

the same at all points of the area of contact, the coefficient of I 

friction is nearly ivdependent of the eixtent of tlie area of contact I 

atid oftlie relative velocity. 1 

15d. Coulomb has pointed out a distinction which exists 1 
between statical fiiction and dynamical friction. The Mction 1 
which must be ovui-cumc to set a body in vwtion relatively to I 
another is greater than the friction between the same bodies wlien, I 
in vwtion under the same pressure. He found also that if the J 
bodies remaini^ in contact for some time under pressure in a J 
position of equilibrium, the friction which had to be overcome was 
greater than if the bodies were merely placed in contact and 
immediately started from rest under the same pressure. In some 
bodies the difference between the statical and the dynamical 
friction was found to be very slight, in others it was oonsidei-able *. 
The experiments of Morin in general confirmed its existence. Ac- 
cording to some experiments of Fleeming Jenkin and J. A. Ewing, 
describixl in the Phil. Trana. for 1877, the transition fi'oni statit»l 
to dynamical friction was not abrupt. By means of an apparatus J 
which differed essentially fi-om any previously employed they were 1 
able to make definite measurements of the friction between sur- ^ 
faces whose relative velocity varied from about one hundredth of 
a foot per second to about one five- thousandth of a foot per 
second. Between the limits of these evanescent velocities the 
coefficient of friction was found to be decreasing gi-adually from its 
statical to its dynamical value as the velocity increased. 

The experiments of Coulomb and Morin were made with bodiea ] 

movingatmoderatevelocities, but some experiments have been lately ] 
made by Capt. Douglas Galton on the friction between caat-iroa 

brake blocks and the steel tyres of wheels of engines moving with < 

great velocities. These velocities varied from seven feet to eighty- I 

eight feet per second, Le. from five to sixty miles per nour. I 

Two results followed ivom his experiments: (1) the coefficient of . 

friction was very much less for higher than for lower velocitie6i I 
(2) the coefficient of friction became smaller after the wheels had 

* The reaultB of Conlomb's eipemuontB arc given in his TMorie dn mackitiei ! 
nrnple; Miinoirfi da .Savaalu itrangers, tome i. This puper gaioetl the Prize ot J 
the Acnd€«de det Seitneff in 1791 and wa« piLblixhcd eeparatol; in Piiria, ISOQ. 
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AltT. iri7.] FliHTHlN ISKTtt'KKX iMl'KllVKrn.V liill'«il! IWIDIKS. 1 :ti) 

.■..II.1-. S... til.' lleport of the BrilKli 

'■ ' ■ :.. IS7H, Th^ roadur will 

!■ M .[I wUinu fi-ictiwt by Pruf, 

'.', Tr.n,- \..v 1H7(1. 

l")(i. When bodicH aru siid to be perfectly rough it is usually 
lUL'jiiit thiit thi.'y are so rough that thf inji'iiint (»f' fricHoii 
uwcssaiy tu prevent sliding uiidiT the ^wn eii'-iiin-f im '■- > ;iii 
certainly bo called into piay. The cuefhcii'ut ul ii 
fore practically infinite. By the tir.-<t law uf IVin :■ i ...i ■ ■ m. 

which is eallcil intu pluy is that which is just sullirji a i.. j.r. ■,. m. 
slidiiijf. 

I iT Application of the laws of Friction L t ii-- m n\ 
L\t.lHlLh thun il du d Itulii this .\p liiiieiLls I. Iht tas. ni 
ivhith a bixly niiJ\Li in ih ni^ed In nuAi, in aii\ inuiiin m i>uu 
plane It IS a km wn Ivinmntical the irtni which will Ik pmved 
at the bigiiinint; el th iiL\t (.liuptLi that sm h a, niotiim nia> 
be K-iiiLscntcd hj Mipp mu^ thi bed\ tn be tinning iiniiid 
sonic instantaHcoiis untie nf mtiticm Let (/ be the ci ntre of 
rotation then any puint F ol the h idj is nio\ing oi tends to 
move 111 a direetiun pup nditiihi to 01' 

Ihe fiiLtion at P Ijj the fust rule jnst gutii must iK > ict 
ptrpi niiiinUi t> 01' but iri Ihi eppiisiti dimti n It J' nine 
thi aim lint I Imlnn ■it /' i>. Innitiiitr liiiti n nil is ujiial 
to ii.}i «hLiL It IS th. [t ssiii It 1 iiid ^i Ih I Ihuuit ot 
triLtnn Thus in i m ui^ b d\ th dii li ii iiiltli niiiinitude 
i.fthi tiKli.n It nu\ sllcllll^^ [),int „. kn \mi in t nns < t the eo 
onlinates ot U and thi piussnie at the jionit 

Snpp< St fill exainph that tt is iei|iiiJid to tind ih h isi i npli 
reiinired to iiKUt a hea\j disc lesting bj siviral pins n i h n 
zonUd tihh the pussiiiis it the pms hi ing known 11^ lesoliing 
in two dnectiuus lud takniij nionunl- ibeut i vnticil i\is we 
obtain thrte ei|intiuis Fi jni these we tan find the reipiired 
cunple and the two co ordiuates of 

It Honiotitnes hapncni ihat Ociunid ^ w ib n t th p nils 
of suppoit of the biMl) In this ease thi In 1 n it tl i p nil il 
snppeit IS not limiting It is onlj jitst siitiuKnt in iim mil tj 
preMnt thi prnnt fioni sliding 

Es A hittij bod\ rLSts 1 y thrtp p iij< I / ' ii i i.h lion/ontal lalilc tlio 

preSBureB at tin pmf bcinu iyi"]!! Iiac mplc hu thnt it 

Id joat tin tilt p" lilt f iiiosiut, «] ™ ll l n nl b pmnl (I piith 

that tLe siiio-, of iIil an lii ioH 1 1 B it if tlie point O 

tbuB iletcnuuieil <]oeK nat liv nithm tl Lulri. of lotatiun co 
inciles nith one of tbi. pin 

Those reauUi follow immelut W tiuii llie Uiuiit<t f f ii-ch 




MOTION IN TWO DIMENfilONS. 

I.i8. Discontinuity of Friction. Tht itadcr should par- 
ticularly notice the diacoritimiity j'tst mentioned. The friction at 
any point of supjioi-t which sliaes is fiR, where E is the normal 
pressure. But if the point of support does not slide, the friction 
IS some quantity F, which is unknown, but must be less than 
fiR. It3 magnitude must be found from the equations of motion. 

As this is important let us prcacut the argument in a slightly 
different form by considering the case of rolling. 

Suppose a body to roll on a rough surface, the friction called 
into play just prevents sliding, and is possibly variable in magni- 
tude and direction. By writing down and solving the equations 
of motion we can find the ratio of the friction F to the normal 
pressure R. If this ratio bo always less than the coefticieut ft of 
friclion, enough friction can always be called into play to make 
the body roll on the rough surface. In this case we have obtained 

the true motion. But if at any instant the ratio p thus found 

becomes greater than the coefficient of friction, the point of 
contact begins to slide at that instant. In this case the 
equatioufi do not represent the tme motion. To coircct them we 
must replace the unknown fiiction F by /iJt, and i-emove the 
geometneal equation which expresses the fiict that there is no 
slipping between the bodies. The equations must now be again 
solved on this new supposition. It is of com'se possible that 
a second change may take place. If at any instant the velocities 
of the points of contact become equal to each othei', all the pos- 
sible friction may not be called into play. At that instant the 
friction ceases to be equal to fi,R and becomes again unknown in 
magnitude and direction. 

159, Discontinuity may also arise in other ways. When, for 
example, one body is sliding over another, the friction b opposite 
to the direction of relative motion, and numerically equal to the 
normal i-eaction multiplied by the coefficient of friction. If then, 
during the course of the motion the direction of the normal re- 
action should change sign, while the direction of motion remains 
unaltei'ed, or if the direction of motion should change sign 
while the normal reaction remains unaltered, the sign of the 
coefficient of friction must be changed. This may modify the 
dynamical ecjuations and alter the sul^quent solution. The same 
cause of di'fcontinuity operates when a oody moves in a resisting 
medium, the law of resistance being an even function of the 
velocity, i.e. any function whir'h does not change sign when the 
direction of motion is changed. 

IGO. Indeterminate Motion. In some cases the motion 
may be rendered indeterminate by the inti-uductiuu of friction. 
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Thus«, 1i, . -..!, ii, \,'.. U-2 ih.r Kh<-n a body swings oil twu 
hiiigi'-. ' . I" ■■ ■■■ "'. I I ■ — iilwil ill the (liructioii of 

thesti.i _ ■: ■: :.. t.iiind. The siiiiii.f these 

conipi.ii. I:--. . i;, I.. I ..I, l.iii iM.i .irli,.r uf thoiii. But thcru 

is no iiii!uli;i-miiiut.uin.vsa ill Um umliou. It' howt-vur the hinges 
AVore iiiiperfoctly rmigh, there would be two fi-irtioii couples, one 
at each hiiigt", acting nn tho bndv, thrir comnniii nvis being the 

Stmight linejniini,;,' llir bir,-, s, tlir ]„;.,- h!; ,m1. ..[ ■ - li wnuld be 

equal tn llu' ]ii-<-iii.- iinilii].!!. .1 !n- u . ..i.-; : ■ i. !■■ . i.ii^; on the 

i-onghiie:.-nr rh,- liiiiL;., II ill. lii'nuv. V. '. / ,crh, the 

magnitude of tbu ru^^ultiml .■,,ii|,],- ii,,u|iM. |.. ]l.[ ■ u [ In .iL-lvibiition 
of the iiressuie on the two hinges. In .snili ;i i;ts,- iIil' niotiun of 
the bnuy woidd be iiideterininute, 

Itil. Bxamplca of Friction. A hniHi"j,-»i-i<'iK t/ilii^re it jiluerd at rcl im ii rniifili 
iiirliMil flail'', III.' i-wffifiriil nf friclwii Mug n, ilrlermiw ich,-tli.ir tlu- iplieiv iriH 
tlii!,' ,>r ■••tl. 

Let F lit llic fription rpi|uired to mftke Hie sphere roll. Tlie problem then 
hecoiiicfi tilt' Bdnie as thut discu.'^sed in Art. 114. Wc liavo, tliercfore, F=^ Ittttna, 
where a is the inclinrttion of thi' plnni' to the homon. 

If then f tan n bn nut (.Tenter Ihan /i, l!ie nolnti'in tjiven in the article referred 
to is the coriect one. liut it' ^ ^ ; tiiD a thit sphere iiLi;iiiN to elide cm the.- iiielined 
plane. The Biibni'iiueut motion is i;iven Ijy llic eiiiiiitiimN 
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The velocity ot the point of tlie ppliere in coutnct witli the plane is 
J'-<r') = ..;MBina-Jf.cosQ). 

But stnee, 1iy hypothcai'i, ^ in Ipsn thttn < tut 
The friction tliereforc will never change to roll 
been completely iletennined. 

1G2. A hmiinneacoua njilwr.- ii ml.iliiiii .ihunl » h>iri:-"iliil •tinmi-t.T, miil in fftiitlij 
plueril oil a niiiijh Imrizuiitul iiliim-. Iln' riujih'ifiil uf Ji'h-lii»i li'iiiii v. Determine 
llie miliMiiUfiil iiiulina, 

Since the vctoeity of the poiut of cmtnct n*ith thr liori/otital plane is not zero, 
the sphere evidently begiiiK to sliile, and the motion of it>s centru is along 
a BtraiKlit line per]>endiciilar to Ihr initial ]i\iH nC rutuliuii. Lrl thin »<t[jii|;1il line lie 
talien Us the uaiv a! .r, and let H b« the ancle iH'tnei-n Che vertii-al and Ihut tmliua of 
the sphere nbiili ivaa initially vertical, Iict ii l>e the nUUiix of the sphtrre, mit* ila 



momGnt a( inertia nboot a diamotcr. aiid CI the initiftl angular velocity. Let R be 
the Dormftl reaction o( the plane. Tlieii tbe equatioDs of motioa are ctesri; 

0=mff-JiJ. (1). I 

vheaae we have x=ifj, aS= -Jw) (3)- 

Integrating, and reniemlicriiig that the initial value of ^ is Q, we have i 

j=J^flP. e=m-\^U^ (3). 

Bnt it is evident that ttiese eqimtioDB cnnnot represent the whole motion, for 
they make i, the velnoity of the centre of the sphere, increase ooDtinually, h result 
quite contrary to experience. The velocity of the point of [he sphere in contact 
with tlic plane is | 

This vanishes at a time (, = l ^ {*). 

At this instant the friction suddenly changes its ohnracter. It now becomes 
of ms4{nltude only xufficient to keep the point of contact of the sphere at rest. Let 
F be the fiictioo re<jnired to effect this. The equations of motion will tlion be 

0=mB-R\ (5), 

and the geometrioal equation will be x = aS. 

Diftercntisting this twice, and substituting from the dynamical equations, we 
get F{H''-^k'^) = 0, and therefore J-'=0. That is, no friction is required to keep 
the point of cootaut of the sphere at rest, and Iberefore none will be called into 
play. The sphere will therefore move uniformly with the velocity which it had 
at the time f,. Babatituting the value of (i in the eipreaaion for i obtained from 
equations (B) we And that this velocity is fad. It appears therefore that the 
sphere will move with a uniformly increasing veloci^ for a time f — and will 
then move uniformly with a velocity ^aO. It may be remarlied tliat this velocity 
is independent of fi. 

If the plane be very rough, n is very great and the time !, is very small. Taking 
the limit when li is infinite we find that the sphere begins immediately to move with 
its uniform velocity. 

163. In this investigation the ooople of rolling friction has been neglected. 
Its ellect is to diiuinisb Ibe angular velocity. Tho velocity of the lowest point 
of the sphere tends to be no longer zero, and llius a small sliding friction is 
required to keep that poiut at rest. Suppose the moment of the friotion-couple 
to be measured by fmg, where / is a constant. Introducing this into tho equations 
(S) the third is changed into 

m*=ff= - Fa ~fmg, 
the otherEi reinnining unatt^rcil. Solving these as before we find that i 
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We nee from ILit, Ihat F is neKalivi: ami rcUuiis the spliere. The effect of the 
couple is to cull into piny a fiiction-foici^ wLitli Kiwliiallj" rtilucos thi; sjJierc tu 

Ah till! Bplxeru luuvos \vc may wish to aetcniiioe tbu effect of llio resistance of the 
air. Tiie chief part at this rtsifltanco umy hv pictty acoiiratoly representud by 

a foroe iiiff— aetine at the ytiitii: in the direction opposite to motion, r being the 

velocity <.f [■,. -I I,. I ,-!., r. , .Tir v1,. -, i.,,,.,.Ii...lr.l|.. 'hi ill. .l.r.-ityuf 

theair, I .!.■■, i ■ ■ ■ i ■ - i. ,■! 

where F is tho viloeity of lliu spliere iit tlic epocJi from which ( in measured. 

10+. Friction couples. In intler U> (k'tcrmiiio by ox|3eri- 
iiK'iit thn uinfjiiitnili' i>t' inlliiii^ tm'tiim, 1ft si nyliiiiUT <if' itia-is M 
and radius r \»: j)iiici.;d on iv rniijjh liiiii/initiil plane. Lot two 
wuiglits whusL' luasRi.'s aiv P ;ii)d f + p bi> s(i!-|ii'Lidt'd by a tiuo 
thn^iil iKissiiijf uvLT Iht! cvliuder ;iiiil h.m^'iiij,' dmvii tbi'ungn a slit 
ill the hi.i-izniital pliiiu-.* T..1I, F br tbo fun',. ..{ Inrtiun, L the 
n.iiplL- ;il tho [HiiLir nf,'niLla-'iJ ollbr ryliiidcr with Lhc hnrizoiital 
plinic. Iin.'ijjiiii' /I to bi' ;it first /.•■m, iiiid hi bi' f,'r;id(iMlly iiiM'casmI 
until the cvliiidfi' just Ti:.>v,>s. Wlicu ihi' fvlindiT i.s .iii the point 
of m.itii.ri,"wL' luivu by iv-oUliig li.iviK.iLitiilly F^O. ;iiid by taking 
moniciitH A = l<ip'. Now in tlir i'\piTiiiiiMl.sijfC(ndo)iibaiid Muriii 
^) was found to vary as tbr imiiiinl jH-Hssuri- diri'vtly. inid iis r 
invei-sflv. When /» wa,s giviit .■iniii^rh tn s.'t the I'vlirKkr in iiiolioii, 

CmL.tllb r.illMd l)l:U ils urrcb.Mlinli Was in.irlv'^nll-tnrd, u)ir1ii-i- 

it fbll.wed that th.' n.lliiic. (Virliun was indqinidinl of (hi' 
velodty. M. Mnriu f.niiid th;,L il. was nut iiidrpnidnit nf tin' 
length of tht; cylindL'!'. 

The law.s whii.-h gw^ux \\\-.- v'>yi\>\<- nf mlliinr IVirUon mv siiiiihir 
to thuso whii'h guveni ihr f.nvt. .if IVirlinii, 'I'iu' ina.Lrniliidc is 
just siidii'ii'nt to pi'i'M'iit. ntllin;,'. hut \\n inuri' than a I'lTtaici 
amoiuit can bo ciillid into iiluv. and this is callrd tht- luiution 
rolliiiff ample. Tho nu.niont </ this cuutiio biius a (.■.jii.staiil. rati'ii 
to tho t,Ko_'tHi.|.|.. ..r ibi- iiuriiial ]Jivssiiro, 'I'hif^ rati.. Is "-allod 

the O-r;/.' ■' ' .' ■ '■' -'I ih'rtin,,. It do|.olids n|, I hi' llllilorials ill 

coiitaol :' ^ ': ■' 1 ■ . ■;. Ill of tho i>iir\;it.iiros uf iho bodios, and, in 

somo r:i-i --. (i| Mr aii_;iiLir volnoily. 

Nij exporiniLiil.s sooni tu liavo b,'on made on b.jilios whioh touch 
at one point only and havo thoir cnrvatiirOM in diffiTont directions 
iiTici|nal. But, since tlie niagnitiido nf tho i-nn]ili' is indopondcrit 
of the eiiiwutnro, it soen.s ronsnnabi,. tna^^sunio tb,-.l iho aNisuf tho 
rollinnoiiu]ilo.uli,ii tlioiv is no i wi^-linjf cuijiK', is ihr jnslantanonns 
axis of riitrilinii. 



165, 111 order to test the laws of friction let lis compare I 
the results of the fciUowing problem with experiment. 

FTletlon of a eoirlas*. A carriai/e on a pain of alieeU in liragged on a Uvd I 
hoiUoiital plane by a horitoiital force aP vi'ith uuifartii rnod'on. Find tkt nutgntluii \ 
off. 

Let the nulii of Ibe wheels be teBp«ctira]j r,, r„ te., theii weii^ts te,, iv,, &o., 
and the lodii of the axlea />,, p,, &c. Iiet 211' be the whole weight of the cKiriage, 
3Qii ^Qii ^°- the preaauies on the several axles, so that IF'=£Q. Lot thepresBurM 
betweeu the wheels and axles be it[, H,, its. and tbc presaures ou the Rround 
Iti', it,', Ao. Let C be the commou centre of any wheel and ule, B their point of 
contaet, and A the point of oontaet of the wheel with the cround. Let the fuigle 
AC It = 6, supposed positive when B is behind AC. I«t n be Uie coefficient of the t 
force of dUding friction at 11 anil / the coefficient of the soaple of rolling (riattoa j 
at A. The eqnationB of equilibrium for any wheel, found b; resolving Tertioally i 
and taking moments about A, are 

Ji' = Q + " (1), 

^R {r COS B - p]- lir tine =fR' (3). 

The friction force at A does not appear becaune we havo not rcBolved horizontally. 
The equatioQB of equilibrium of the fArriage, found b; resolving verttoallj and 
hoiizoii tally, are 

Ilco»e + ,tRtinB = Q (3), 

2(KBinfl-»Jico89) + P = (4). j 

The effective forces have been omitted because the carriage is supposed to mova 
anifumtly, so that the ilv of the carriage and the uik'u ot the wheel are both 
Eero. The tirst three of these equations give, by eliminating R and R', 



iHil 



= /('i 



...(.I). 



Baoh a case nco»e~mn8 iit a small quantity. If therefore fi-tanc we faaveP=* 
very nearly. The third and fourth of the equations give, by eliminating R, 

the latter by eqnation (S). If ° be small, it will he sufficient to stibstitute for t 
in the firat term its approximate value c This gives 

P.E j,m ,?«*/*-*■"( (S). 

Here we have neglected terms of the order {~\ Q, 

U oil the wheels are eqnal and similar we have, siuco ZQ = W, 

P=«in(^ir+/-'Lt— (7). 

Thus the force required to dreg a carriage of given weight with any constant 
velocity Ii very nearly independent of the nomber of wheels. 



AltT. li;r;,l KRICTIhX MKTWKKN- [MPKIirKrTl.V UOrf;ll llliDIKS. 14.'> 

III 11 ni« tlie wUeela sre iisimlly liiTKi-i- tbnu ill a fovit-wlieel CHi'i-iago, liild llii^re- 
fore the fmco of truetion i* umially less. In a, foiir-M-1lpel Crtrringi' llie two fore 
nlieels must 1« umaW in oi'ilor to jiass under Ihe uaniiiHC whuu luniini!- Tliia will 
cftiise tlie term sin i J V, in tlio cuiirestiion for J', ilfpondinu on the railiiis '', of 

llio fore wheal, to ho InrKi!. To diiuiniaU the effect uf tliin term, the load slioulil bo 
«i ftdiimterl tliiit its ceulrt of Rravity in nenrly over the u.x!u of the larKe wlieels, 
wlioii the jwettHiire V, in the nnjiioratoc wUl lie Bmtill. 

Numerous ciiieiiiiiouts nuru niadf bv a FfcucIi eii("mepr. SI, Jlorin, nt Jlelz 
in the J-WU8 IW:i7 and ixnii, and afti't winds nt Courlu'Voic in IHIKI anil IMll, witb 
A vipw to dftcrmini' «'ilh the iilnKwl ixneliieiM llli^ force necesunry to drnj; earriayeB 
of different kiniln .i\i i ..i.1m:i'\ i..liU Theite exficniiicnts verv uudtrtakcn by 
order ot ihe Pr.'iKli 'I : ■ \-' ■. nmi aftrnvarilfl under the direction of tlio 

Minister oS I'ublic W. i ..; ivii'li vsiintion was determined tiepHrutely. 

tlniH thi- Kaiiic einn.t-.'. ,- !■■ ,.|. ] ■. irli difffrcut weiKhta to dflermine the effect ol 
jiri'ssiit'e, and draiigtil uu thi' sunn- loiid in the same vtate of luoisturii. Then, the 
weighl bein^ the itanic. wlivoU of different radii hut of the tmiue breadth wore uhIkI, 
and so on. 

The Bencral result was thiit for ciirriaitcs on eijual wheoli", the rwistanee varied 
as the prcBsnre directly, and Ihe diameter of the vhuck inversely, wliiUt it was 
in<le|ieni!ent of the itninlKT of wheeti^. On wet soiIr the rcBiHtanee inoicawd an the 
lireadtli of llie tire deorensed, Inil nn ■^nlid roruls the risi^l.niee was indepcudent of 

the breailth of tlii> tire. F'O- v<'I><. <ii, . I,j. I, i .u >. d " i i i ; \ma.- to a t>a1tn]>, the 

resistance on n~ct HoilH did ni:i m :« iiy, hut on Holid roads 

it did inei'eaHe with the tuIikiii >' i^ iIlIilj^ on the road. Ah 

an approximate result it wo- 1._.l'.I iK.il (hi' il i-i.hill mi-lit he espressed by a 
function of the form n + l'l', wbric ii iind b uiiie two eunittants depending on the 
nature of the road and the siiffneBK of the carriaRe, and I' wan the velocity. 

M, Morin'n analytical determination of the value of P doe« not altogether asree 
with that given liere, but it so hapjiens that thiK does not niatcriallj affect the 
comiiatison between theory and obscrviilion. See hid S'otiuii" t'imd'iliiriiliiUi tie 
M-'cmnqiip, Paris, 1H53. It is easy lo Bee that M. Morin'n experiments tend to con- 
firm the lan'ii of rolling friction stated in a previous article. 

lllti, Problama on Frletioii. Ex. 1. A homognneoun ^pliere in projected 
without ri'tatinn direelly op an imiierfectly roniih plane, the inclination of which 
to llv ]i"ii?nn ifl a, and the coonieient nf friction ik Show that the whole lime 
■tiirinj,' which the Mjihere ai'eend-' the plane is the same as if the plane were smooth, 
and that the time dnring which the spliere .'dides in tn Ihe time durlui; which it 
toUh as 3 tan a : 7>i. 

Ex. 2. A Tniiform rod is placed at rest with one er 
plane whose eoelVieient of frietion is ^. If the iuclin: 
in a, show that it will begin to slide if ^(1 + 3cos-a)^ Ssinneosa. 

Es. 3. A homoecneoiiB sphere rolls down an imperfectly ronuh lixcd sphei 
BtartiOR from rest at the hlRhest iwiint. If the spheres separate when the straii; 
line joinine their centres makes an angle tp with the vertical, prove tlint 



MOTION IN 1 

Proceeding as in Art. 145, wc bIiow that Jl remains positive and that the sphcn 
rolli) ontU 2 nin <pl/i, - IT cos ^ - 10. The sphere then slidua ami R vhangee a 
whOD ^ satisfleB the cqitation given in the question. 

Ex. 4. A rough cylinder of maaa 2>iiii capable of motion about its horizontal I 

Axis huB a particle of mass n and eoefficieiit of friction n placed on it vertically ] 

above tho axin. The system is then xlightly disturbed. Shov that the particle will 1 

Hlip on the cylinder after it has moved through an angle B given by 

{n+S)coaB-2 = »iiia8lii. 

Ei. 5. A homogencona sphere of mass M is placed on an inperfectl; rongh ] 
table, the coefficient of friction of which in /l, A particle of mass m is attached to 1 
the extremity of a horizontal diameter, Show that llie sphere will begin to roll a 

slide according as u ta greater or less than _,,^ ,-,,, , -■ I' l* ^^ equal to i 
7.ii'+ njim + utn- ' 

this value, show tliat the sphere will begin to rolL 

Ei. C. A rod AD has two Bnmlt riiiRB at its extremities which slide o 
rough horizontal rods Oi, Oy at right angles. The rod is etarted witli an anipilar 
velocity Q when very nearly coincideut vrith Ox. Show that, it tho ooellicicDt of I 

&iction is less than ^2, the motion of the rod is given by C = — — tf^ ( 1 
nntil tan = " , and that when the rod reaches 0}j its angular velocity is u, 



What is the 






167, Rigidity of Cords. After having UHcd to dptermine 
the laws of friction the ajtparatus with a fine cnrd described in 
Art. 164, Coulomb replaced the cord by a stifler one and repeated 
his exporimcnts with a view to obtain a meiuturo of the rigidity 
of cords. His general result may be stated as follows. Suppose 
a cord ABCD to pass over a pulley of radius r, touching it at B 
and C, and moving in the direction ABCD. Then the rigidity 
may be represented by supposing the cord to be perfectly 
flexible, and the tension T of the pi.>rtion ,^B of the cord which . 
is about to bo rolled on the pulley to be increased by a quantiW i 

H. The force R measures the rigidity and is erjual to — 
where a and h are constants depending on the nature of the cord. 

It appears therefore that, in the eiiiiation of moments about 1 
the axis of the pidley, the rigidity of the coi-d which is being wound 1 
on the pulley is reprcBented by a resisting couple of magni- j 
tude a + bT, where T is the tension of the cord which is being j 
bent, and a. b are two constants depending on the nature oi I 
the cord. The rigidity of the cord which is being unwound will I 
be represented by a couple whose magnitude is a similar function f 
of the tension of that cord But as its magnitude is very niucli J 
less than the first it is generally omitted. 
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BL'siilrs the i-xiirriiijciits jii^t allii'lr.l t... Pniilonib m:\<l' iiiony 
othei-s on ,-t .imWviit sv^trui.' ir.' al.-.. . ..n-l nu-(.i! 1,'ibk-s nf the 
valiifs .){ ,1 aiul t r>L- rn|i,.-S uf .]itV.i.-iit kiu-ls. Tlir <|ijiiv,-s i.f 
'Imif^^s nii.l iiPwnrss ;iil<1 th- iiiii,il..-i- of ii.Kprh.K lit. (limuls 
fminitiK Ihr .■nnl wrtv all fnusiik'ivJ. Unh'S wvi-o -uvu i.-v n.iii- 
iiariin' tiR. i-i-i,liii,s urn.i.ls ofdiffrrriit thick ik'Ssl-s. 



fJ/( Jinpnlsire Farces. 
Hl.s. Equations of motion. In the cfiRi' in whirh tlic 

Arl. KlI uf tills .■ha|.tLTiv.|iiiivsl.rit sli<rli( iii,«liti,Mtinii. 

Let. ((', '■), ("', )■'> !».■ till.' vi'l.tciiirs nf llii- I'fiitiv fil' j,'ravity ..f 
any bmly of thu system ii/snh I'li j.ai'alh'i ti. ;viiy roctaiignhi]' ;i\us 
rea|KTtively just ln'fi>iv ami just (iftiT tho nntimi itf tho impiilwR. 
XiCt a> ami oi' be the !ii];,'iiiar vi'hioitios uf t!iu body abmit the 
cciilre of ffi-avity at tho sami' instants. Ijot jV^'- be the motiieiit of 
inertia fif the bixly about the centre of gi-avily. Then the t'H'cctivc 
forces on the bodv are i-qiiivalent to two inijuilsive forces 
measured by M (u' - u) ami M(v'-v) acting at, the centre of 
gi'iivity pariillel to the axes of co-oi-diuateH together with an 
imjinlsive coiiiile nieaiured by Mk-(ii)' — w). 

The resiiliaiit eHeetive foives of all the bodies of the system 
may be foiini] by the same rule. By I) 'Al em be it's princijile 
these will be in eiiiiilibriiun with the imiiressed forces. The 
einiations of motion may then be fnnnd by rcsolviiiff in such 
(lireetiouK an<l taking moments about such jwints an may bo found 
most convenient. 

To take an example, let a single body be acted on by a blow 
whose components are A', 1' and whose moment round the centi'e 
of gravity is L. The et|uatious of motion are evidently 

In many cases it will be fomal that by the piinciple of 
virtual work the elimination of the unUnown rcaetiunji may bo 
etr.'ct.d witiiiiut difficulty. 

lliiJ. We liiitiee that these e\]iiessiniis fi.r iIji' ^H'rlive I'lireeH 

ileprnd i>li the (Utteivtire oi' the tiiniu.iii;, |i -i I.. L;.' and just 

after the aetion .if the iiiipnlsi..K. We mm ' ■ ■ ■ ■ ■ ■ ..i.\,iiiently 

sum up the equations nblaiiied by ivsnh in., i i.i\ .;;i. .liDU and 

taking moments about any point in the l\\" l..il,,niit^ i.pinin; 

/Bes. Lin. Moni.\ _ /Res. Lin. Mom.N _ /RtsolvcdN 

^v after impidse ) ^before impulse/ \ im]rtiise / ' 

/Ang. Momenliim\ _ /Aiij,'. MomeutnnA _ /Moment '•i'\ 

\ after impulse ) Ibefnie iinpiiK.. j ^ ^ impnW- J' 



MOnOS IK TWO DIUBNSIOHS. [CHAP. F 

Au elementary proof of those two results is giveo in Art. 87. 
The expi'ession for the Liuear Mouieuturu is given in Art. 74, i 
and varions expressions used for Aiigutar Momuutum arc given 1 
in Art. 134. 

When a ^igle blow or impulse acts on & system, we may 1 
conveniently take moments about some point in its line of action, .1 
and thus avoid introducing the impulse into the e(]uations. We J 
then deduce from the equation of moments that tJie angular'! 
momentum of a system about any point in the line of action of a 
impulse is vnaltered by that impuhe. 

170. Ei. I. A Klnn0 ii icoiind roiinrf the riTCiiuiference. of n ciretilar reel, ani j 
the free tad attached to a fixed point. The reel it then lifted up and lei fall in that, j 
at the moment Kken the itring becomti tighl, it U vertical and a taiigrnt to the rttl. ' 
The tehote violion being tuppoted to be parallel to ime plane, defrrmiae the effect l^\ 
the impuUe. 

The teel in tbo Rret instance falls vertically witboat rotation. Let r be Ibe 
velocity of tlia centre at the niDmciit uhen the Htring bMMimca tight; <', u' the 
velocity o( the centu; nud the Bnnn1ar vflocity just after the iiopnlae. Let T be 
the impulHiTS tension, vik- tlie moment ot ilieitia of the icel about ita centre of 
levity, n its radios. 

In order to avoid introducing the unknown teuaion into tbo eqnntions of motion, 
let u» take momentii about the point of contact of tlie string with the reel i we 
then have 

m(iJ'-fOa+mtV=0 (1). 

JuRt after tlw impact the part of the reel in contact with the string has ni 
Telocity. Hence v'-aii'-O (2). 

Solving these we have u'— , . If the reel lie a liomogeneonfl Eylindef I 

t*=5-, and in this case we have "' = 5 - 1 ^-^"^ '^ '' •* required to find the 
impnlsive teruion, we have by resolving vertically 



Renoe r=-7Mi'. 

To End the subxe^inent motioD. The centre of tlie reel liegini to dewentt J 
vertically, and there is no liorizuutikl fora> on it. Hence it will continue to descend fl 
in a Tertian! straiebt lino, and throughout all the snbieqaent motion the string itfl 
vertical. Tlie motion may therefore be csuly inveetigated aa in Art, H4. If « 
pnt a = Jt, and F is the finite tension of the string, it may lie shown that P is on 
third oE the weight, and that the reel descends with a uniform acceleration |ir> 1 
The initial velocity of the reel has been found in this article^!'', bo tliat the space 1 

deaeended in a time 1 after the impact "sf't + s ■ si"'- 

Ex. 3. A irp)irre with any initial eondilioia mora in a verlical plane lehiek | 
interteett a fixed inclined plane along the line of greateit itope. If the tph 
rough ami elaitic proce thiil tlie ej-pretnion U = au + k'u -agtain a ie uiiallered b^ J 
aiiij impact an the iilmie and it coiiilaiit thixnighout the motion, where u i' the angular j 



Wu iiDtioi! Ihat Hic imimlse aula at liiu imint of toiitacl, Takiug iii 
lliia point ve Imvc 

»', ill' liciiiR the values of H, lu nfler llic iraimct. Tlio exjHiissioii I! is therefore 
iiueliangi'd liy an iiii|Htct. 

Nil geoinctricnl equation lia^ buon ii^^til in arriviuR nt llii.s ruKull. It is Xhvrvlore 
true wliL'thcr tiie boily Lc eintitic or nut iluJ wLttiiev it roll or tliik'. 

If llio body icln'unil atid Itavu llio jilnnc, ila Uulllre of ynivily will duaerilje a 
)Mti'abu1a. Wh know tliat ii — ;ilnina and u will tliea cncli le codbIuhI. Tbe 
cxpri'SHiuii (' tiitircfure ruiliainK ullvliiinged ilurin|{ the paiuboliu motion. 

If lliK boily nKaiii iuijiiuges on tbt- iilmio wo sec ua bcfom thnt lliu exiiri'ssion (; 
Is imaltvtcd by tiiix eucoud ot any Hubsciiumt impul^^c. 

If the body Kiiuply rolls or ulideH on llio |itfiiic without r<;lioinulini; wc hnvu us 
in Alt. U 1 »ui.r-|- ml'-ii^viiia sin a. 

HencL- by inti'tjcatiun the oxpreiwiuii V I'l'iiiulna uiivliau^rd during tliis luotiun. 

I[ after any numlii'r ul luboundii Ihe ^pliei-c pnsa over tmnie pait iif the plime 
which in so rough und iiii'laNlic that the sphere rollH we have in oihlition the 
Hjuation ii — nu. Juiiiinu lliis L'liualion lu the cuuditioii lliiLt the I'lpieHsiim I! ia 
eHiiul to ita initial mlui', ne linvc tttti Cijimlioiis to (iud tliu viilues uF ii and u. 

171. Impact of a single Inelastic body. A riuic of mi'/ 
fiirm IN iiiuriii'j in itn o"'" jihine in iiiiy iiuniiier. t^iirlifciili/ u Jioint 
I' III, ii ,'.■; .-iciu-il and iiiniln to iituve in noiiie ffii-eii nmniinr. Find 
Ihf hiUl.'l miiliiin ii/the (liw. 

Lt.a Oj', IJy bu twii <liri>ctiuiis at right aiigl<;s tn which it, is 
couvtiiioiit to fl'Tlt tlio iimtiuu. As i^xplniiifd in Art. 168, let 
{II. I!) hv tho ivsuKt.1 vi-liicitios i,f the uuut.ii; nf j^'iivity G in thow 
Llirtictioiis iiTiil w thr aiigiiliir vi-'lucity of tin.' biiil_v just bi't'urc the 
iiiotioiL of is chaiig<'(L Thus if (J.c eau bu c-hci.^L-u coiivouiL'Utly 
IKirulk'l to tht; fliii.'ctin!i nf thf imitiuiL nf tho coutro of j'l'avity wc 
havL' the stiiijilitinitinu r — (). Let ("', v) hv tht' rosolvi'd voliicitics 
of thu criitri^ III' gravity in the same ilircctioiis ami m' ihi' angular 
vclocilv ju.st. aflri- ih.Vhiitigi-. Let (.'■, y) be the cu-oi-ili nates of 
the fciitii.' .il' H'-'t^ ity refunvti to thu a.wK O-v. {)ij at thu itistaut uf 
the- c-haiige, and let i)G^r. 

Since the ^lugnlLir ii ntimi uf the hn.lv .ilinul. the pninl, c.C 

s|Kiee thioiigh \\\\w\i 'I i.s pa-ssiiiL,' is uiieiiali^v.l liv ihe lilnw, xve 
have, by Art. I:U, 

M{j'i! - y<i' + Ic-oi') = M (jv - 1)11 + t-(j). 

Let {U'> T) be the rewjlveil |jarts .-f the veloeily of jiimI 
after the change. Then we have by Ait. 137. 
„'=(/■-,/„■, ,,'=1" +,,.„•. 
From these three ei|uatiHiis we e^isily tiiiil 



// the pvbil O be suddenly Jit-ed we have f/" = 0, F = 0. and 
thun wu titid 

(k' + ?-^) «' = A-v - ijti + k'K. 
Another invcHtigatiou will be given later in the chiipter under 
the heading relative motion. 

172. To find the blow at necessary to produce the given 
change. 

Lot A', J' be the componouta of the blow mrallol to the axes 
Ox. Oi/. Then by Ai't. 1G8 wc have, resolving parallel to the 
axes 

M(u'~ii.) = X. M{v'-i>) = 7. 

If we take the axis of iv to pass thiijugh the centre of gravity, 
we have y = 0. Wc then find by subatitution 

.V=-J»(«-tr). r-Jfji^(r«-.+ n 

173. Ex. 1. A circular &res is turning about ■ fixed point A on its oirciun- 
fercnoe, when auddenl; A is loosed Rnd another |>oint It on the circunifiireDce it 
fixed. If AB ia a qnadrant iibow thai tlie angular velocity is ruduccd to one-third 
of its vftlne. If AD ia e. third of [he circumference the area ia reduced to rest. 



Ex. 2. A diet) o( auy foru ih moving in any m 
a point O is obongod, show that the incrsaae of vis 



ler. Suddenly the n 
a 18 e<(ual to 



••(■-^..)-v»-(.-f^). 



where H*, If" are tlie renultant velocitiea ot O jnat before and just after the chotige; 
p, p' the peipeudicutam from the centre of gravity ou the directions of motion of O, 
and the rest of the uotaliou \b the same at before. 

It O be reduced to reat and the loss of via viva ia to be a given quantity, then 
muHt lie on a certain conic which beoomea two coincident slr^ht linee vben tlM 
whole via viva is loat. 

m. Bxamvlea of dUlamt IdaOa of Unpaou. Ex. 1. An inclaatic aphen 
of radios u, alidini; with a velocity 1' ou a Hiuooth horisontul plane. impiuBes OD 
a perfectly rough hied point or pc)^ at a height c above tht! plane. Show (1) thftt 

nnlesa the velocity V be greater than a/ 2gc ° — the sphere will ttot janip over 
Uio peg. Supposing the velocity r to have this value ahow (2) that the sphere 
will immediately leave the pet{ if be greatL'r than ■ . In this latter case 

show (3) that the aphero will again hit the peg lifter a lime f, ^iveu by Iho Icsaw 
root of the liquation is/'f-Uninaat+U'-agooBtt^O, where f^a^c -^--^ and 



Show alao that the i 



;b of this quadratic are real and posit 



[. 2. A rGctAiigulur purnllvlepiped of moGR dm. having a Bqaure base AllVD, 
)u a horiionlol iilauu luid in moveable about CD as a hinge. The hcifjlit of I 



tlie Holid JB Stt and llie siile of tlie base ii. A partiule nt moviag with a horii^ontal 
velocity r strikes directly llie niiddlu of tliat vertical face which stands on AB ntid 
lodges tlieri! witliout pcnctrivling. Sliow that tlie solid will uot iifidut uiilcsa 
i'=-*'^\-/... [Kii.g-s Coll.] 

Ex. 3. A vortical- coluniti in tlic forin of a ri|jbt circular cylinder renin on 
B iicrfectly raujih horizontal plane. Suddenly the plane is jerked with a velocity V 
iu a direction makini; an angle .' with tlic lioriKon. Show that the colmim will nut 
be overtumtit unless (1) the direction of jerk lie such tlint a patallol to it drawn 
through the centre of tjravity does not cut the base, and (3) the velocity of 

jerk \>e greater than (', where (' ia giTen by U-= Ujl ilH + cos-S) - ..,- ,, 

- ' COS-(tf + f) 

.*linder and is the anii\c any diagonal 

Es. i. If the vulocity of the jerk of the horizontal plane ho exactly cjual to [/, 
lind tlio vertical preaniiro of the cylinder on Ihe plane. Khow that the cyhudcr 
will not continue to touch the iiUne dnrinj! the whole ascent of the centre of 
gravity unlena 1 + J sin tf<L;f cos (J. What is the general character of Iho motion 
if thta condition ia uot sutistiiHl? 

Let tile cylinder touch the ground at the point .1 of the lini, nnd lit fi he the 
angle made by the diagonal through A with the vertical. Then by tlio jirinciple of 

where i- = P(J cos'fl + i »in-*)), hy Art. IH, Ex. B. If the angular velocity of the 
cylinder vaniBhcB when the centre of grai ity is at ilB higlii'sl »*h have C - 'itjl. Let 
init be the vertical reaction at .1, where in is the mass of the cylinder. Then 

' .('cos^| = j;-;). From these equations we find 



II 11 vanish we have coB#=! (l±iKinfl}. In order that 1! may kecii one sign both 
them! values of ifi must be excluded hy the circuniBtanceB of IIlc case, Lc. both theao 
values of 4> must be greater than 0. This leads to the result given above. 

ITo. SarUiqnaka*. The last two probleniR are interesting from their connection 
with Malk-t's theory of carthquakex. Ivt us suppose tliat the action of an curtli- 
qunke on any building may be represented by such a motion of the liasc an that 
uf the plane just ilcKcriUed. Then the direelion and the magnitude of the iiiiiii-aleM 
jerk are both independent of the building operated on, and depend only on the 
nature of the earthquake at the place. 

On Uieae principlea Mr Miill. t fi.i- ij ' i\- \ ,v soii^monietcr nf great simplicity. 

A set of six right cylindei-, i i ■ i iimi uiatcrinl such na boxwood. 

The [^lindcrsaFe all of the .-:ui.' i< i i- m diameter. Tlicy stand uptight 

on a pUnk fixed to a level iln'-j lu r!,. ...|.[ ..i iliuir size, with a sivice betwueu 
each pair greater Ihuu their hrii^Ll, ru thul ulicn one falU it does not strike its 
oeighbOHr. Wlien a shoek passes Bonic of the cylinders are overturned and sume 
left BtandiuK- Suppose the jerk to knock o\-er the narrow bascil cylinders 4, 5. It, 
Icavini! the broitder buDed cylinders 1, 2, 3 standing, then the jerk tun^t have been 



k 



KTMter than that required b 
overturn cylinder Ko. S. 

The forniala used is that hIvcd in Ex. 3, wliich is a^cHbi'd by Mr Mallet to 
Dr Haii;;htoa. The value of e is small when the origin or toons of the eartliquake 
is distHnt. so that as a Qrst approximation wo may put c = 0. It doua not appear 
ta havi! been noticed tliat if we nie to ase lAr'« tarmuln for the aliimliiig cgliiidert 
the; must be sueh as to Batisfy Ibe Donditioas given in Ex. 4, . 

In December, I8ST, an carthqaake of great violenoo occurred in the southern I 
provinces of Italy. Mr Mallet visited the plaoa early in the neit year for ths i 
express puipuse of detenuining the circnmstanues of the shock. The problem to 
be solved was to aonie extent a mechanical one. Given the positions of the over- 
turned columns and buildings, to £ud the depth and position or the focDs or origin 
of the earthquake, the velocity ut the earthquake wave, and the maguitude of the 
jerk at any plaoc. In this case the depth of the locus was about three miles 
below the surface at the earth, the velocity of the wave was abuut BOO feet per 
seoond, while the velocity of jerk, which upset scveml buildings, was as little as 
13 feet per secund. This last is about the same velocity as that aci|uired by a 
particle falling from rest under gravity through a height of between two and three 
feet. See The Great XeapnlitaH Karlliqitake o/ 1667, two vulumes, 1863, by R Mallet. 
The obsecvationa made during the earthquake of Deo. IBM in Spain and Ihat 
of August 1BB6 at Charleston indicated a depth of focus very much greater than that 
above given, t'lamiiiarian AitniiwmU, Oct. 1887. 

The column seismometer described above has not been very successful in 
practice. The displacement of the earth ia not a simple rectilinear motion, bat 
rather a prolonged series of motions in different directions. These give rotational 
motions to the columns which therefore fall in diffeiunt direationii, A model, by 
means of a long copper wire, of the actual path of a point on the earth's surface 
dming a severe earthiiuake in Jan. 1887 in Japan has been constructed by Prof. 
aekiya and is described in Nature Jan. 26, 1BB8. Whatever degree of accuracy Ihl* 
may have, it tends to show the oomplieated nature of the dieplooement. For an 
acoount of modern seismometers the reader may consult Milne's Eurthiituiktt 188B, 
Nalttre April 12, and July 36, 188d, and PUii. Mag., April 1887. Some recent 
experiments in oonneclion with earthquakes are described in the Procecdingt i<( the 
Royal Society for l>ec. 1881. The veloeitiefl and amplitudes of the waves of dircot 
and transverse vibration were separately determined. The motion of a point on the 
earth's surface was found to bo such as would rcsolt from the comjiusition of two 
harmonic motions of different periods and in dillercnt directions. 

17G. Impact of ■ Compound Uialavtle body. Fmir equal rodi each of length 
Sa and mi»i ra art freely jointeil to ai to form a rl/oml-un. The xjittm falli frmn . 
Tttt viith a diagonal rerlieal under the action of iiravity and itrikei agaimt aJUtd , 
luiriiontal inelailic plane. Find the mlneqvfnt mntiou. 

Let Ali, BC, Cl>, DA be the rods and let AC be the vertical diofionitl impinging 
on the horizonUl plane at A. Let f be the velocity of every imint of the rhombus 
just before impact and let a be the angle any rod makes with the vertical. 

Let H, V be the horizontal and vertical velocities of the centre of gravity and m 
the angular velocity of cither of the npper roils just after impact. Then the 
effeolive forces on either rod are equivalent to the force m {•• - I'l acting verlieall/ 
iriKuiitally at the centre of gravilj' and a couple ink'u tending (u increase 
the angle a. Let ii be the impulse at f, tliu direction of which by the rule of 
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symmotry in horizontal. To avoii) introducing the reoctioDB at B into our equations, 
let na taka moments for tlio rod DC about B and wg have 

Hit'u + m(r-r)uflina-r»«acosa=-R.2uDoaa (I). 

Eitlicr of the lower rods Legiun to turn round its extremity A te a Sicd point 
If u' be its angular velocity juut after impact, the moment of the momentum about 
.1 juat after Imimct is mfk^ + a'^a' and just befoTe is riirusinn. Tlie dillerenoe 
of these two ie the niomcut about J uf tbe effective forces on the rod. Wu may 
now take moments about A for the two roda A II, JIC toj,-ether and we have 
M(y+.a^<i/ -iiiVaBiaa - iiik-a + mlv - V)'i iiiaa-\- ma.aucoaa = R .iaoiMa...{2). 

The Keoroetrical equations may be found thus. Since the two rods must make 
equal ati){les with the vertical during; the whole motion we have 

"■ = " (8). 

Again, since the two rodu ore connected at ft, the velocities of their extremitiea 
must be the aarae in direction and maRniludc. Kcsolving those horizontAlly and 
vertically, we have 

u + au COS ■ = 3nu' COBB (4), 

!'-nBisino = 2oio'Hina (5). 

These live aquuliuns are suOicicnt to determine tlie initial motion, 
ElimioatinK R between (1) and (S), and substituting for ii, r, ui' in terms of u 
from the geometiioal equations, we find 

3 Fsin a 

"-a-.r(i + 3»iu'T) '^'■ 

In this problem we might have avoided the introduction of the unknown 
leaclioD ft by the use of Virtual Velocities. Supposing we i^ve the system such 
a displacement that the inclination of each rod to the vertical is increased by tl 
Bame quantity Sa. Then the principle of Virtual Velocitiea gives 

mA'u8a-m(i!-r)a(3ucosa) + ;«ua(.isino) + m(t' + a')«'5it + mr)(u«>8a) = 0, 
whioli reduces lo 

(2t' + «')u-rusina + a(c-r}nsiun + »« 0080 = 0, 
Bud the solution may be continued as before. 

El. 1. Prove that the rhombus loses by the iniiuict ,- — -.—^ — of i 



E». a. Show that the direction of the impulsive action at the iiiuKes II 
makes with the horiuon an Hngle whose tanRent !■ - - . 

To Jliid Iht mhie'jiieul hioUihi. This may be found very easily by the method 
of I'll yiva. Btit in order to illustrate as many modes of solution ita possible, 
we sliall proceed in a different manner. The effective forces on oitbor of the 
upper rods are represented by the differential coefficients ni(', mil, pik'Si, and 
the moment for either of the lower niiU is m[k' + a^)ii'. Let he the angle any 
rod makes with the vertical at the time (. Taking miimcnts in the sauiu way oa 
before, we have 

mk'il + aiOaeiae-miiavoliS- - n , 3n cos fl -t- ih^ii sin ff (!}'. 

m(itH •'-)«'- m(-<u + mrusiu0-M'i').».(coxM=£.4'icuatf + 2.iir|iiHiii0.,.(2y. 



Tlie geometricBl eijuationii are llio sanit 
ir a. Eliminalinij It aad Bubatituting for ii 



»•:'*••> 3, * 



» J, I" ■'"•'■' 



i those Kiven above, with 8 written 
we jjct 



then multiplying both sidea by u = d and integratmHi wo gat 
|2(i'+a')+8tt'8m'fl}u' = C-8/MOOBfl. 
Initially, when = a, oi has the trIuc Rircn by ciiuatioa (l>). Bence we G 
thttt the angular velocity u when the inclination of any rod to the vertical ii 
is given bj 



(1- 



OF' 



3Bin'ff)«'=^ 



^(=o 



Bfl). 



177. Ex. I. A ai|uarc is moving treoly about a diagonal with angular velocity w, 
when one of the angular pointii not in Chat diagonal booomcN Gicd; dotermiiie the 
impulsive pressure on the Gxeil point, and show that the instantaneouH angular 
velocity will bo ". [Chrisfa CoU.] 

Ex. 'i. Three eijual rods placed in a straight lino arc jointed by bingee to one 
another; they move with a velocity r perpondioulor to their lengths; if the middle 
point of the middle one become Huddenly tixod, show that the extremities of the 
other two will meet in a time , ii being the length of each rod. [CoU. Eiaro.] 

Ex.8. Thepoints.J/!C/>aie theangularpointBof ft Biinare; AB, CD are two 
eijUft! similar rods connected by the string IIC. The point A receiving an impulse 
iu the direction JD, show that the initial velocity of A is seven times that of the 
point D. [Queens' Coll.] 

Ei. 4. A series of ei|ual beaniB AD, DC, CD is connected by hinges; the 

beams are placed on a smooth boriKontnl plane, each at right nngles to the two 
adjacent, so as to form a figure resembling a set of steps, and an impulse is given 
at the end A along AD: determine the impulsive action at any hinge. [Math. 
TripoB.] 

Bemil. IF A', be the impulsive action at the n"' angular point, show that 
•f»+i-6-V)«+i-3-V,,^ = b and that ar«„-6A--,+,-2.V„ = 0. Tbenco find A„. 

Ex. 5. Two uniform rods AB. BC of equal length and mass, smoothly 
hinged at B, lie npon a smooth horizontal table; the end A is strucli no a» to begin 
to move with a given velocity in a direotioa which makes angles B, ip ronpcotively 
with the rods, show that, if ■in(S^-0) = Ssin 9, AB will begin to move without 
rotation. {June Emm. 1880.] 

Take moments for the rod BC about D and tor both rods about A Mcording to 
the rule in Art. icn. ' 

178. TI»« kick tMfOra and bahlnd. A free intUutic lamiua of any form U 
tumimj in lit mm jiliinc nl-mt iiii in'tuiiliiiirntiii centre of riilaium B. and impingef on 
an abttatU al P lifiiated in llie straiyhl tine joining tlx ceiilre of grariiy G (o 8, To 
find Ihe point F ichtn the magnitudt nfllie liloic U n imizimnni*. 

* Poinsot, Bur la percussion des oorpi, LiaaviHe't Journal, ISTiT; translated in i 
the Annul! of Philoiuphy, 185S. 



Fii->ll;/. Ift III.- :h~lad.- V be ajlml ii.„iil. 

Let iU' = .r, mid lut II lio tlio forco of tlie blow. Let .S<: = li, nail let w. la' lie Hie 
aii|;ulai: volueilk'K alioiit tlic ct'titri.' of Kravity before and after tlie iiu|i)u:t. Tlii'n /lu 
In tlia liuoiir Yi^locity of G jlist before tbo impoul; let e' bo its linear vulucily juHt 
ntlt-T the iiiipaet. Wt bnvc the ti|UatiouH 

"■-"-"(v^^ '■-»--;; m. 



aubfllitutini! for u' and r' frum (1) in eiiaatio 



.(■s + a/tc-i-^O; ,■. i=-A±^//i^ + i-' (3). 

One of t\icw vnlnoa of .r U positive aoil the other iie),-alivc. liulh these cor- 
respond to [lointa ol imuiiiiiiiii pcrcuiwioii, hut ill oiiposile dircclion'i. Thus thurt iu 
a paint 1' with which llie bod.y strike^ iu front aud a [Hjint I'' with which it Htrikva 
in rear of its own tranxlntion in Himce more foi'cilily than with any other iiuint. 

Ex. 1. Hhow thai the two pointH 1', F are pcjually dihtant from S. and it Iju 
the centre of oHoillation with te(;«i'd to H ai a centre of Hnapcnaion, .';l''= ."I'tt . SO. 

Ex. 3. If F be mady n [willt of siispfusion, f" ia thi; oorrcslKinding ceutro of 
oscillntioD. AIbo I'F in harmonically divided in i! and il, 

Ex. a. Tlie miimiitudeH of the blows at P. I'' mo invcrwely propfirtiomvl tu their 
diatauccH from G. 

Hei-uiiillii. h'l llif .A't'irle he ■• Jiv jHU-lirU' ••_! iii'n< In. 

Then, bcHJdcs the eipiationH (1), we have the eiioulion of niutim] ut the pailiele 
HI. Let r' he its velocity after impact, then V- . 
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dtb the cenlie of owiillation, we must put 
t-h he the leni-tb of the simple cipiivatiiut 




MOTION IN TWO DIMENSIONS. 

There are other Biiigutur pointii in a moving body whoso poGitioii« nuiy be 
found; thns we may initnire at wliat points n bo<ty must impiDge agaiuBt B,/i.ie 
abtitttivijirttly that the linear Telocity of the centre oC gravity nmy be am 
and lecoiiitly, that tlie angular velocity may be a maximum. Theae poiots, 
respectively, have been called by Poiuiiot the centres of maximum Itefleiion and 
ConTersion. Iteferring to oc|iiationB (1) we sen that when tf' ia a maximum R is 
dtber a maximum or a minimum, aud hence it may be Hbown tliat the firat point 
coincides with the point of greatest impact. When u' is a maximum, we have to 

make u - i,»=a maximum. Substituting for if.tLis givee i^-'i , x - l:- = 0. U 
be the oentn of Oioillation, we have h. GO=i^. Let QO:^h'. Then this equation 

becomes ^-2h'x-k^^ii (6). 

The roots of this equation are the name fanotions of h' and it that those ot 
equation (3) are of Ii and it, except that the aigiiB are oppoaite. Mow S and O 
are on opposite siden of G, hence the poaitions of the two coutres of maximum 
CoavonnoD bear to and Q the same relation that the positious of the two centres 
of maximum IteSexion do to ,S' and G. If the point of auapenaion be changed 
from 5 to O, the poaitiona uf the centres of maximum Beflexion and Converaion 
are intei'cbanged. 

Ex. A free lamina of any form is turning in ita own phtne abunt an inatanta- 
neoas centre of rotation S, and impinges on a fixed obataole P situated in the 
Htraight line joining the cunlre of gravity G to S. I'lnd the poaitioa of P. Jirilly, 
that tile centre of gravity may bo reduced to rest, ncroNif/if, that its velocity after 
impact may be the same as before but reversed in diruction. 

Iteiult. lu the Grst case, P coincides either with G, or with the centre of oseil- 
lation. In the second case it HG^h, x = GP Uic points are touod from the equation 
■2lu:-'-k'(:r-h). [Poiosot.] 

171). Elastic Bmooth bodies. Two ladies impinge on eacit 
ottun; to ejrplain tite nature of the action wliicfi takes place between 
thenu 

When two spheres of any hard material impinge on each 
uther, they appear to sepai-ate almost immediately, and a finite 
change of velocity is generated in each by the mutual action. 
Thw auddt'n change of velocity is the characteristic of an im- 
pulsive force. Lot the centres of gravity of the spheres bo 
moving before impact in the same ati-aight lijie with velocities 
a and v. Then after impact they will contiuno to move in the 
Kamo straiglit line; let u', v' be their velocities. Let m, vi! be 
the masses of the spheres, li the action between them, then we 
have by Article IG8, 

R . R 

U -U= , V -v=—, (1). 

These equations are not sufficient to determine the three quan- 
tities w', v', k. To obtain a thii-d equation wo must consider what 
takes plaee during the impact. "J 



ART. 170.] nS- IMl'IM.SIVR I'nIJCKS, ! ,"i7 

Earh of Iho bills U sliylilh- L-.mi|.r>;M.sod by (ht- othc-r, «i that 
they arc no loiigor jK'iffct sphrivs. Kach iilso in ^'I'lu'ra,! U'riIm 
to n-tuni to its nrii^'itnil sliii]'?, m. thiit thnv is a irlvninH. The 
]ierio<l .if ini|->:Lri i,,.,\ ■),■ >. '.iv 1.,. (Uvi.lrdiut" tw,. ].,i!- !■';>-' Iv, 
thu jpcn.Kl nf .i-ning which the .i:- ■ ■ '■ ■ .'i, 

th(.' O'lltll'S I.I :. ■ .■, 'l. HVM bl.(HvS i^ llll: ih.l 

sccinitllv the |"i i..ii i.i ii -I ii lir , ill which Ihi- (li-iuM'. Iii -i.. i n 

thi' ci'ritn.'s iif gia\ily is iiicivasiii)^. Al thi- ttinuiiiatiijii uJ' Lliu 
sccDiui jH.TJud Ihc bmlit'a suimrate. 

Thi- n.iT!iny(-iiii.'iit of the ijortiolos of n body boiiif; distiirbt'd by 
inilind, wv oiit,'ht in strictiics^s tn di'tLTiiiiin' the ivlativr mnlinn.s 
f.f th.- srVL'ial VaiU of Ihi' body. Tlui-s wv nii-ht n-^iml lm\i U«\y 
as a r.illi'Cliipn nf fivi> [i^irtirli's ouin.rrU.il In- iniitual auliuiis. TlirM- 
p.iHiL-le,s bring ^'i m miitiui, mi^r|,t n.niiniu. ahvays i„ nn.linn 
osinllating about sonn.' ioL'y,ii positiMiis in llir body. 

It is howL'ViT usual i(» a,i.«nnii' llial. tln' cha i iji^s nf shaiii.' and 
stMicfiiiv atv so wnial! that Iho I'H'coi, in al(rnii>; t'ho pusitiun nf the 
C'litiv nf Rravity and th,- nioia.'uls of iiarlia of tho budy may bo 
iifgkrtcd ; idso tliat llio wlnile time of impart is sn short that the 
motion of the b,,dv in that tim,' may be m't^l.-ulnd. If for any 

bi.Hlii- il,. - ,,- I.;. .OS are not true, the etVeel^ ,,f their hiiliaefc 

must 1.. .■.::.!. .;,, Ibr eL|n;Ui.nis nf I h,- seennd nnler, \V.' 

tht,- ei iiiK-- "1 ^■.i.\i\} nf Ihe Iwo njiIu'Ivs are moving with eijiial 
VfliKitieM. 

Tho i-atio of the maguitudo iif the action betwcuii tho bodies 
dnriiig the peiiuti of restitution to that during conqnvs.sion is 
found to bo diffemnt for bndier^ of difl'erent Tmttorials. In sonio 
cases this ratio is no small that the foree daring tho period of 
restitution may be negU-cted, The bodies are then said to be in- 
ehislit: In this ease we have just after the impact »' = )>'. This 

gives n - --—,{» - v). wbenec »' = "--t^,- . 

If (],.■ f..r ]■ ;.-■:■.,■ ■■I, -. !>,■ iie-leMed. let It be iho 

whnle .. . ■■:.; /; ■. .i.rinn np to the nmment 

of gn..i -. ■, ,. ., I . ,. ; ■■ ..|,. nf A' most be fnund bv 

expeilr ■. Tl,"i. I, i\ I.. .I..r. Lv,!. i ■ , iiiioiiig the vahies of ,/ and 

jj', and thus detcniiiiiing R by means nl' ennalions (I). Hnch ex- 
jieriments weroinafloin the first instance by Newton, and leil to the 

residt that -yr- is a coiistunt riifio depending on the material of 

tho balls. Let this constant rati'i be ealli'd 1 + p. The ijuaiility 
e is never greater than iniity; in the liniitiiig eaie when r ~ I 
the bixlies are sai(i to be perfeetly elastic. 

The value of e being su|,p,,-..d km.^Mi ih.' vvlneities after 
impact maybe easily fuimd. Tin aeii-m II.. miisl be ll]-.l ealen- 



lated as if the bodiea were iaelastic, when the whole value of R 
may be found by multiplj'iiig by 1 + e. This gives 

whence «' and v mivy be Ibnnd by equations (l), 

180. Ah an eiample, let us considfr Low tlie motion of tho reel dinoiwsed in 
Art. 170 would be aFFectcd il the string vere bo HliKhtl; elastia that we could apply 
tbU theoij. 

Since the point of the reel in coDtact with the string has no velocity at tbe 
moment of grealcut comprcflslon, tlie impulsive t«nBion found in tho ftrticle referred 
tOi meaxurcs the whole momentum commuuicaled to the nxl from the beginning of 
the ]in|)act up to the moment of i^reatetit compreagion. By what has been aald in 
the last article, the whole momentum communicated from the beginning to the 
termination of the period of rentitution will be found by multiplying the tension 
found in Ait. 170 by 1 -h f , if r be the measure of the elaaticity of the siring. Thii 
gives T=:Jnii.'(l4-e). The motion of a reel aotcit on by this known impulsive foroa 
IB easily found. Bosolving vortioally we find iji(r'-i')= -iinr(l + e). Taking 
moments nboul the centre of gravity, mVai = \iB,ta (l + e), whence v' and u may 
be found. 

Ex. A nnifann beam is balanced about a horizontal axiR through its centre 
^ of gravity, and a pbrfectly elastic ball is let fall from a height h on one extremity; 
j determine tbo moubn of the beam and ball. 

ReniU, Let J', m be the masses of the beam and tbe hall, 2a the length of the 
beam, I', V the velocities of the ball at the moments just before and after impact, 

u' tho angular velocity of the beam. Then "'^TTf-a-T,— ■ '''= 



(jU -I- 3m) a ' 



■3i)i + JU' 



181. Rough bodlet. Hitherto we have only considered the 
impiilfiive action normal to the common surface of the two bodies. 
If the bodies are rough an impntsive friction will clearly be 
called into play. Since an impulse is only the integral of a very 
great force acting for a very snort time, we might BU[^se that 
impulsive friction obeys the laws of ordinary friction. But these 
laws arc founded on experiment, and we cannot be sure that they 
are correct in the extreme case in which the forces are very gi'eat. 
This point M. Moiin undertook to determine by experiment at 
the express request of Poiason. He found that the frictional 
impulse between two bodies which strike and slide bore to the 
normal impulse the same ratio as in ordinary friction, and that 
this ratio was independent of the relative velocity of the striking 
bodies. M. Morin's experiment is described in the following 
article. 

182. A box AB which can be loaded with shot so as to be of 
any proposed weight has two vertical beams AG, BD erected on 
its lid; CD is joined by a cross piece and supports a weight 



ABT. ISS' •.* 3!?'~^-c~t r-trxs 15i* 

bf»i jf Jf7 A cmiiT ^Li/" latsCT t! tr^aru^y b-.nii lin K.x ..<xt 

» SOi'.-li JHJ.-7Z UtL -r, TJf.. L-> t V-ITLI t- i^--. nil. 3 -V - Jl. iff^ 

in & strtii^: _ii -rrj. i ',:ii!i -riL 1-1 ."r-r *ij(i, ur -rii; tall V. 
SuAfeii^v Tilt ^?2^!ir •-TT'i'Tiiur mr :i ^"u-; ilus lio* wrtiirhi faJU 
intclWV'i liui lu-uiT-iiiKv-r ':^- ■njrr tit-- V iIk H.I. "nxrt- 

h-3i biii tlir !. irii iLU^ jtajjTu Ii r.L- t-j r-zTv ..? ibc- h-'X im- 

iuipul-ivr- iti-ij .^ 1- — /-ut ■ 'Li,: 't^z:'. irij-n ii- 

nmr '4 liiTT i^,. Wii-.:. iii- v r ^-l- <Ti*.-^ zh-.- i" i. ii La?- a ii"ri- 



■ J/- JT- ■.. - 

iiii]juL-- l»-i*'-ii ;}.■: I* 1 ii^i ;a- h ■riz- ^t;i! ]>Iain, Thtiv will 
bfc ail ioijiaLv bcTW'-ri. ih^ tillmi: wriabt auJ ibf U-s ami au 
iiiipuL^^'; i«-ti*i>L Uj It,- -Trit.;; AEF - l-y imviu* ..I iht-^i- the 

givr ih«? -iihule -y--<:lii. I^: I' b^ ihv (■■ iiiliiou vi-li.-iiy of thi> 
whiili.- >vsWiiJ j'l-t aft-rJ Thr u^jvil-^- f ai.-I ii arc Oiiiiiik'Uii. 
Thl- vt-lix-ity I' i- fmiid l*v i-'cittriiiiriii im \v t-.[Miil to 1'. Kf- 
S"i]viiig h-iiii^.uuilly nii'i V'.-ni'-V.Jy a.- in An. l'-^. wt havi' 

I'tiUin- 1"- r .11..] iiib-ihmiii- f-r f, w.. :in„i,.Uai..h fin.l tluU 
K:(. Show thai the rr-n)lanl impul^r Wnv,Tn iW W\ aii.l tin- falliiii; M.ifUl is 



-Siniit: piiiut A, the' jftinls in i-cntini at ilic lifijiiitiiiiL; <'\' \\w im- 
pact have a n-lativi- vi'luKty almig the (.■■umiiuii iaiii;i'iil (iliiiii' 
■At A utnl ulwi i.nc alfiiig ihi'imnual. Tliii-. t«n jrai'liun.-^ will hv 
calluil into play, a iiurmal fiircL- anil a IVii-tion, llii' laiiu ol' llii'si- 
two bciug [I, the f(H.-ifitieiit cf li'ii'tii.m. As llu- iuipai'l prm-i'i-ils 
thu relative normal Vflijcity gi'ts lU'stroyoii, ami is wm al llu' 
niuMirnt fjf greatest comprcssiou. Let ii bf tbr wtiulc moiiiriitiiiii 
tmii.sfciTfd iiiii-nially fiinii cnic butly tn the mIIi^i- in iliis m'h 
short time. Thi« fnrro R iw an ndkinnvii nai-hMii. \., iIi-lii minr n 
we havt; the geonietrical citniiitinu tlial jnsi iilln inipai'l llio 



normal velocities of the points in contact are f(jual. This condi- \ 
tion must be expressed in the manner explained in Art, 137, 

The relative sliding velocity at A is also diminished. If it 
vanbhee before the moment of greiitest compression, then during 
the rest of the impact there is called intfl play only so much friction 
and in such a direction, as is necessary (_if any be necessary) to ^ 
prevent the points in contact at A from sliding, provided that 
this amount is less than the limiting friction. Let F be the ' 
whole momentum tranafen-ed tangentially from the one body to 
the other. This reaction /" is to be detoi-mined by the condition 
that just after impact the tangential velocities of the points 
in contact are equal. If, howi'ver, the sliding motion does not 
vanish before the moment of greatest compression, the whole , 
of the friction is called into phty in the direction opposite to that 
of relative sliding, and we have F=fj.R. Generally we may dia- i 
tinguish these two cases in the following manner. In the first 
case it is necessary that the values of F and It found by solving 
the equations of motion should be such that F<fiR, In the 
second case, the final relative velocity of the points in contact at 
A must be in the same direction after impact as before. These 
are however not sufficient conditions, for it is possible that, 
in the more complicated cases, the sliding may change, or tend i 
to change, its direction during the impact. See Art. 187. ' 

ISi. If the impinging bodies be elastic, there may be both 
a normal reaction and a fnetion during the period of restitution. 
Sometimes we shall have to consider this stage of the motion as a 
separate problem. The motion of the bodies at the moment of 
greatest compression having been determined, these are to be 
regii-ded as the initial conditions of a new state of motion under 
different imnnlscs. The friction called into play during restitu- 
tion must follow the same laws as that during compression, Jnat 
as before, two cases will present themselves ; there will bo sliding 
either during the whole period of restitution or during only a 
poi-tion of it. These cases are to be treated in the manner 
already explained. 

185. There ia one very important difference between the con- 
ditions of compression and restitution. During the compression 
the normal reaction is unknown. The motion of the body just j 
before compression is given, and we have a geometrical equation ' 
Bxpi-essing the fact that the relative nonnal velocity of the points , 
in contact is zera at the termination of the period of compression. 
From this geometrical equation we deduce the force of compres- 
sion. The motion of the body just before restitution is thus J 
found, but the motion just after is the thing we want to deter- ' 
mine. For this, we have no geometrical equation, but the force i 



of restitution boaiv a givfti latiu tn tlu' furco ui" coni])rL'Hsii)ii, ami 
is therefore kuowii. 

ISf). Kiatorlcal Saaamary. The pinblem ol the impact of two snwnth lii--lai<tie 
boilies is ronRidcrtd li.v PoisBoii in hU Trnilf ih M^<-u>li<iHr, Seconde Edition, 1S38. 
Th9 mntion of oaeli hodv just before impatt being supjiosed civcn, he fomm sis 
cqvialiona of inotion for each body Co detorrame the motion jURt after impnct. 
These contain thirtwn nnI«iown i]uniitities. vi^., the ccnolved velocitica of tile 
ociitres of Rravily nf t)ic bodie« along three reclancijliir nxes, (he teaolved angiilnr 
Tclucttiea of the bodies nbout the same axes, and, lastly, the nnitual reaction of the 
two bodies. Thus the diuationti are insnRicient to determine the motidn, A 
thirteeuth e<|niitiDn is then obtniucd from llse principle that llie impact leiminntoa 
at the moment of jn^aleBl compreBfiion, i.e. at the monient when the normal 
velocitie.i of the points of uontnct of the two bodies which inipin^e are eqiial. 

When the hodjep are rln'lir. PoiBHon flividea the inipa(!t into two periods. The 
first liegins at Ihr first contact of the bodies find terminaleB at the moment nf 
^rentfBt compression. The second hcKins at the moment of (jreatetit cnrnpression 
and tei-oiinatei' when tlic hodies sepaiate. The motion at the end of the Hrst iieiioil 
is fonnd exactly ns if the bodieit were iuelaKtic. Tlie luolion at the end of the 
secnnd period is ronni) from the principle that the nhole inoueolum eoiimiimicated 
by one body to the other during the second period bears r constant ratio to that 
communicated dntin^ the first period of the impact. This ratio depends on the 
can lie found only by expiTinieuIs made on some 
mplc cases of impncl. 

When the bodies are rnii;;?!, .Li' i ' ■■' ■■■ ■ ■'' ■■'''■ ' 'iiirii ■ ii jj^rr. Pojsson 

remarks that there will also III' i. . r ul from thu 

principle (Art. ISl) that Ihv 11 ■ in^-'t bear a 

cooKlftnt ratio to the normal iir. ■-:.-. i:,l 1 1 . ■in . ■ r^ ;i ]i i: (■! i [.■■-iii' tn that of 
the relative motion of the points in cjiilutt. Hu upplif^ this t'l thi' ti\se •.•{ a, sphere, 
uitlier inelaslio or iierfeclly elastic, impiniiinc on a roii;;li plane, tlie sphere turn- 
ing lieforc the impact abont a horizontal axis per]H?ndicn]Br to the direction of 
motion of the eenti'c of (inwity. Ue pointx ont tlmt there are BCTeinl cases to he 
considered ; (!) when the sliding is tlie wime iu direction duriuR the whole of tlie 
imiMict and does not vanish, (2) when the xlidin;' vanishes dnrini; the impact and 
remain" Kein. (.11 whtii the tilidiug vnnislies and ehjint''.'s ^^i^n. This thiM cofe, 

howevc-v, : I In- 'L'l I I'll. 111. mi iiuantilynndhis fonin.I ■ 'ini- [■■!■ Tiil in dolsmiiue 

thenifiiiMi I ' 11 !- nut tlmt thii problem In '. ' : ' < <t<'d if the 

spherr 111 ■ ■' ' ■ n iMihoiil an axis not jiii | ■ ■ I n ■ ■ ; ■ ■ Mienl plane- 

in whidi iL. ..iLti. .1 ..vitymovos. This ease !..■ ,!i., - ii..| ■m, :i.,ii m solve, hut 
pnases on to rij^irii':- at ^-icoter length the impact of iw"rii;i hiKliis. 

M. Coriolis in hi« Jen <lc Uillard (ISSil) considers the impact of tuo ma-ili spheres 
tliilhin on each otiter durijiR the whole of the impact. He shows that if two roiiKh 
spheres impinge on each other the direction of Filiding is the same lliToughiiul the 

M. Ed. Phillips in the fourteenth volnme of Llnlirille's .hmnml, ISlil. considers 
the problem of the impaot of two rmifih inrlnslh hoi-iie^ of iiii.v form when (he 
direction of the friction is not ncccBsarily the same Ihiii. Ii i i il- I'l i .'i.asenmine 
llint the tUilhig •hii-i' not rtoihli during the impact. Tl< i i 1 nf iniiiaet 

into elementary portions and applies Poisson's rnlc f ■ i .. i ■ i.'l direction 

nf the friction to each element.ari- jieriod. Hr puiiil- ...a !....■. lii. ...|iit;nii of the 
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eqnationB maj be e&eoted, and in particular diMass^ the caso in whiob the t< 
bodies hnvo their priocipol hicb M the point of contact paratiel each to each and 
also each body ban its centre of gravity on the ooinmon normal at the point 
of contact. Re deduces for this case two resulta, which will be given in the chapter 
on ISomenlum, 

H. Fbillipe does not examine in detail the impact of elailie bodies, though ha 
remarks that the peiiod of impact mitat be dieided into two portionn which mnat be 
connidered eeparately. TheHo however, he oonsiilera, do not present any furthtf 
peeuliaritiea when the aame sappOHitions ore made. 

The case in which the sliding vanishes and the friction becomes discontinnoiui 
docs not appear to have been examined by him. 

In IhiB chapter we Khali dirensB the theory of impulses only bo far as motion in 
one plane is conoemcd. In the chapter on JToTiirntuin the theory will be taken up 
again and ci:tendcd to bodies of any form tu npace of three dimensiona. 

187. Qeneral Problem of Impact. Two bodies of any 
form impiiiffe on each other in a given manner. It is required to 
find the motion just after impact. The bodies are smooth or rovffh, 1 
ittelastic or elastic. 

Let G, G' be the centres of gravity of the two bodies, A the 
point of contact, Let TT, V be the resolved velocities of Q just 




before impact, parailel respectively to the tangent aad normal 
at A.; u, V the resolved velocities at any time ( after the com- i 
mencemcnt of the impact, but before its termination, so that t is ■ 
indefinitely small. Let fl be the angular velocity of the body, ] 
whose centre of gravity is 6, just before impact, iw the angular j 
velocity after the interval t. Those aiv to be taken as positive i 



when the rotation is like the bauds of a watch. Lff M hr tli.' 
inoRS of the bnily, i- its i-adiiis of g)^^ltio^ iiboiit Ci. Li't f'.V be 
a perpendicular fnmi ff nil the tangent at ^1, niid Irt j4JV = .i?. 
Nfr^i/. Lot accented letters denote cfinespondiut,' i|iiaiititics for 
the othei* biidy. 

1 SS. Let the bodiew be per/ecfl;/ miii/li and iiielti'ilic, sn that at 
the termination of the iiniwet the rekti\'e velocity of sliding and 
the rL'liilive velocity nf compression are both zero {wee Art. 15B>. In 
this case, taking t to be eipml to the whole dnriilii>ii of ilie inip:ii't, 
the letters n, i\ w, ti', /, a will rclbr tn Mie lontinii jn-^t :\\'ii-v 
impact. We then have, by Art. 137, 

"-;/"- "'-/«' = '>! 

Resolving ]«ra!lei to the tangent and normal at (he point of con- 
tact we have, by Art. 10!l, 

and by taking moment.^ for each body about the iwiiut. of contact 

M'k''(<a'~n-)~M-{,i'-Lr)>/-M'ir'~V)y^o\- 
The.sc sis cipialions are .siithcieiit to deteniiine llu' ninMoii jii'^l 
after impact, 

18f). If the bodie-s are jierfecthj niiiooth ■uiiJ inel-i.'^lic. the liisl 
of these six eijuatioiiH will no longer hold, and instead of ihe tlnrd 
we have the two cipiations 

„_ jr = o, v'-ir=i). 
obtained by resolving parLillel to the tangent liir e.ach bofly sepa- 
i-ate!y. 

190. If the bodies are smooth and elastic we must intrwlncc 
the normal reaction into the cipiations. We write down tlie ctpia- 
tions (1) and (2) as given below in Ai-(. 102, cveejit that F=0. 
Then ef|uation (4) givc;< the velocity C of compression at any 
instant of the impact. Putting f' — O, we have a.s in eipiation (fi) 
the value of R up to the moment of gieate^st compressi vin. 

R = ';. Multiiilying this bv 1 +cwe have, bv Art. IT^I, the cmn- 

plete value of li for the whole impact. Substituting thi.'i value ot 
It in eipiiitions (1) and (2), we find the values of /i, i; w, ii', ;j', o>'. 

181. Ei. Two smootli pertcctly eluBtic bodies impinge on cftch other. I*t 
D, D' lie llie noriunl volociticH of ii]i)iroiLpli, i.e. the vflocitien of ttip [loinl nf contacr 
of encli just lipfure imtmct rcsolvr^d nliini- l.lio imnitn! tuvnnl^ Hi.' otlicr. ProTO 
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that the vis viva IobI by tho body If ie equal to * -^ ( ly -.,.3 - 
notatioo being (he Boma &b in the next propositioD. 

Another method at finding the change in the vis viva w 
ohapler Vn. 



192. Next, let tlie bodies be imperfectly rough and elastic. In. I 
this case, aa explained in Art. 158, the Mction which can be 1 
called into play ia limited in amount. The i-esults obtained i 
Art. 188 will uot apply to the cose in which this limited amount of I 
friction is inauflicient to reduce the relative sliding to zero. To f 
determine this, we must introduce the frictional and normal im- 
pulses into the equationa 

Let R be the whole momentum communicated to the body M 
in the time t of tho impact by the normal presBiue, und let F be 
the momentum coraraunicated by the fiictional pressure. We 
shall suppose these to act on the body whose mass is M in the 
directions NQ, NA reapectivcly. Then they must bo supposed to 
act in the opposite directions on the body whose mass is M'. 

Since R represents the whole momentum communicated to 
the body M in the direction of the normal, the momentum com- 
municated in the time dt is dR. A» the Ixxlies can only push 
against each other, dR must be positive, an<I, by Art. 136, when 
dR vanishes, the bodies separate. Thus tho magnitude of 7i may 
be taken to measure the progress of the impacts It is zero at the 
beginning, gradually increases throughout, and is a maximum at 
the tennination of the impact. It will be fouud more convenient 
to choose R rather than the time ( as the indt'pi?ndent variable. 

The dynamical equations are by Art. 1 OS 



I 
I 



^f'k'•' (w' - fl') = Ftj' - Rx 

The relative veltjcity of Hliiltiig nf the jKiintj* iu coiitaet is by I 
Art 137 

a = u-yu-u'-y'i»' (3), 

and the relative velocity of compreHsiou is by the same article 
C = .' + «V-.-™, (4). 



ART. IIKI.] UN IMITI.SIVE h'nllfES, 1G5 

Snlislitiiliiii; ill fiirsi' ciinaliniis fiurii Liu' ih'iiaiiiical eipuulions 
ui^ Hull 

S^S..-i>F-l.l,' (5). 

(! = C,.-hF-<n{ ((i), 

whOTC ti^=U - yil- V ~ ;/'PJ ( 7 ), 

c'..=v'+yir-v-j-n («), 



,_ 1 1 ...■' 

' " JA "^ .1/' ^ M!r 



M'^ Ml.'^ M-//^ 

(If). 



.1/^ .1/7'^ ' '■ 

Tho.SL- may b.; calli.l til,' uuiif^lni.tK uf ill./ irii|iarl. Thv lirst 
twi), iS., C*.! ri.'jii'i;sciil the initial vdm^ilii^M uf slitiiiig aud cuiii- 
prossitiii. Thcsu wu shall consider Lo be positive; sii that the 
bmly iW is sliiHiig over ihe bmly M' ni the bej(imiiiifj nf the coin- 
]iressii)ii. The uther lliiee I'ntislaiits ii, a'. Ii aie iuile|K'ii(k'Lit of 
the initial \\i->U-\i <,i thi> .slrikin,;; h«\\r\ The ccuistaiits u and «' 
are esseiaJMllv ]iusLli\e, whili' // 'may ha\e either sijpi. It will be 
I'.miii! useful to iLuliee that -;-f' > iv 

l!i:t. The Repreaentative Point. It <.lleii lLa|>iieris that 
b^O, ami ill tills ca,-^.. Ih.; diseus^iuii ..1 the ei|uati.iiLS is vuiy 
iiuieh Hiiii[iliHeil, Hilt eeilaiiilv in the general ea,-ie, and even in 
the siin|j!e easu when li^D, it" is IViiiud nmre easy tu Culluw the 
chiiLges ill the foiceM il' we iidn|)t a graphical luelhixi. 

The point which we have to consider is ihis. As H proceeds frniii 
zero to its tiual nmxiniuin \ahle by ei]ilal conti.nied iiu-ivinents(?7J. 
F proceeds also tVoni zero by cnrimu'il ineivmeiits fIF. which may 
not always be oC the same "sign and ulueh are -..MTiied U a ilis- 
eoiilinuous law, viz- either dF= ± n'llt, or (IF i^ just sniHeient to 
(ireveut ivlative motion at the point of contact, as ex|jlainf<l in 
Art lo8. We want therefore soiik^ rule to discover the vahie of F. 

To determine the aetnal chitnges whirh occur in the frietional 
ini|.nlse as tiie ininael pi,,ee>ds, let Ms dra"' two lengths AJ{. AF 
along the iioniial and taugenr at -I in llu' diiecliens XH, J.V re- 
Rpectively, to repre.--ent the magniliidert of ii! and F al any nioiiient 
of the impact. Then, if we consider JE and AF to he the co- 
oi-diiiatcs of !i point V referred tu AJi, ^fas a.ws of ii and .f, the 
changes in the posh.ioii of P will indicate to the eye the ehaiige.s 
that take place in the force.s during the progiess of the iinpai-t. 
At the beginning of the impact the forces H and F are zero, 
the representative point P is therefore tiitiiatetl at the origin A. 



As the impact procecda the force R continually increases, hence 
the abscissa AR of P will also continiially incruaae, i.e. the motion 
uf the reprcHentative point rcsolvttl parallel to the axis of R 
will be always in the positive ilii'ection of the axis of R. The 
ordinate F of P jb measured in the dii-ection opposite to that 
in which the friction acts on the body Jf; it follows that the 
motion of the repreaentative point resolved imrallel to th^ axis 
of F will indicatL- to the eye the diivction in which the body JH is 
sliding. This may sometimes be in one direction during the 
impact and sometimes in the other. 

It will be convenient to trace the two loci determined by iS = 0, i 
C=0. By reference to (5) and (6) we see that they are both i 
straight lines. These we shall call the straight lines of no sli<i,ina 
and of greatest comjrressitm. To trace them, we must find their 
intercepts on the axes of F and R. Take 



AC = - 



AS = ^, AC- = ^, A8' = 



then SS', CC" will be these straight lines. Since a and a' are i 
necessaidly positive, while 6 has any sign, we see that the inter- ' 
cepts on the axes of F and R respectively are positive, while their | 
intercepts on the axes of R and F must have the aame sign. 
Since aa' > tf, the acute angle made by the line of no sliding with 
the axis of jf is greater than that made by the line of greatest 
compression, i.e. the former line is steeper to the axis of F than 
the latter. It easily follows that the two stmght lines cannot 
intereect in the quadrant contained by MA produced and FA 
produced. 

lOl. In the beginning of the impact the bodies slide over 
each other, hence, as explained in Art. 158, the whole limiting 




fi-iction is called into play. The point P therefore moves along a 
straight line AL, dufiued by the equation F=ti,R, whure ^ is the j 




ART. 194,] (IN IMPULSIVE FORCES. 

coefficient uf friction. Thu IHction continiius to be UmitingJ 
iiutil P reaches the straight line Sti'. If ii,. ha the abscissa c 

this point wc find %= — ^ ■ This gives the whole normall 

blow, ti-oin the bediming of the impact, until friction can change I 
from sliding to rolling. If it, ia negative, the sti'aight lines Ahm 
and fiSS" do not intersect on the positive aide of the axis of F.M 
In this case tlie friction is limiting throughatit the impact. I 
If Ha is positive the representative point P reaches SS. After \ 
this only so much friction is called into play as suffices to 
prevent sliding, provided that this amount is less than the limiting 
friction. If the acute angle which SS' makes with the axis of It 
is less than tan~'/i, the friction dF noccasary to prevent sliding 
is less thiin the limiting friction ^dii. Hence P must travel 
along SI? in such a direction that the absciBsa R continues to 
increase positively. In this cose the fi-ictiou does not again become 
limiting during the impact. ■ 

But if the acute angle which SS makes with the axis of R\ 
is greater than tan^V. ^^^ "^''o ^f ^^ to ^ 's numerically ' 
greater than fi., and more friction is necessary to prevent sliding 
than can be called into play. The friction thei-efore continues 
to be limiting, and P, after reaching Si?, must travel along a 
straight line, making the same angle with the axis of R that AL 
does. This straight line must lie ou the opposite side of SS. 
because the acute angle which SS makes with ^1^ is greater than 
the angle LAR. Also since the point P has crossed SS the 
direction of relative sliding and therefore the du-ection of friction 
is changed. In this case it is clear that the friction continues 
limiting throughout the impact. 

An example of each of these three cases is given in the triple 
diagram. The figures differ in the position of the line of no 
sliding. In all the three Hgiires the representative point travels 
from A along a sti-aight line AL such that the angle LAR is 



S' 

Fig. 1, 




equal to tan"' /I, In fig. (1) the line of no sliding, viz. SS', nmkcs 
80 large an angle with AR that AL docs not intersect it in the 
poaitive quadrant. The friction therefore retains its limit ine 
value throughout the impact. In the other two figures AL and 
SS" intersect in some point Q. In fig. (2) the angle SS'A in less 
than the angle LAR, the represeutative point therefore after 
reaching Q travels along QS'. In lig (3) the angle SS'A is greater 
than the angle LAR, the representative pomt therefore after 
reaching Q travels along a straight line QB on the other side 
of SiS" such that the angle QUA is equal to the angle QAR. 

When P passes the straight line CC, compression ceases and 
restitution begins. But the passage is mai-ked by no peculiarity 
except this. li R,he the abscissa of the point at which F crosses 
CC, the whole impact, for experimental reasons, is supposed to 
terminate when the abscissa of P is i£j = iJ](l+e), e being the 
measure of the elasticity of the two bodies. 

It is obvious that a great variety of cases may occur according 
to the relative positions of the throe straight lines AL, SS" and 
CC But in all cases the progress of the impact may be traced 
by the method just exp!aine<l, which may be briefly summed up 
in the following rule. 77i€ representative point P travels along AL 
until it meets SS'. It then proceeds eitlter aloii// SS', or alony a 
straiglii line making the same angle vnUi, the aods of ^ as AL does, 
but lying on ths opposite side of SS'. The one along which it 
proceeds is tlie steeper to tfie axis o/F. It travels along Vtis line in 
sitdv a direction as to make the abscissa R increase, and continues 
to be in this straight line to the end of the impact. T/ie complete 
value of 'R for tlte wlwle impact isfomid by mnltiplying the a mmt m io^ i ^ ^ it 
of Vie poivt at which P crgsses CC bgl+c. The complete value 
of ¥ is tlie CO rresponding^j^JJiSlStt ofF. Substituting Oiese in tiie 
dynamical equations (1) and (2), Me motion just after impact vuty 
be easily found. 

If S„ = 0, wc have S= - aF- bR. In this case the line of no 
eliding pEisses thraiigh the origin A, If the acute angle which 
this straight line makes with the axis of R is less than tan""' /i, i.e. 
if b/a is numerically less than /*, the representative point ti-avels 
along this straight line in such a direction that its abscissa R 
continually increases. The friction is thei-efore less than its 
limiting value throughout the impact. 

If the acute angle which the line of no sliding makes with the 
axis of R is greater than tan~' /a, i.e. if b/a is numerically greater 
than ft, the representative point travels along a straight line AL 
making with the axis of R an acute angle LAR equal to tan~'/i. 
This sti-aight line lies on the positive or negative side of AR 
acecirding as iS' is positive or negative. Since the numerical value 



AKT, I'M'}.] UN iii['U[.sivi-: K(.n;ri;s. Kil) 

uf b is greator th;in u/i, unii F^ ± fiH, tho tfrm ~ bit giivfnis tht; 
sign (if S, hence S has thu opposite sign to I. It iVillows thivt (Ae 
atraifflit line AL (("es witliin Hie iiaite aiiijle v}hich the line uj 
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(10 «/(V//h7 y/Hii-e* mih AR. Tlni.s in li.^. ( I ), .1 1. is mi tlir [.Dsitivi- 
siiW, ill iig. (2) on Lho m';,':il.ivt. siili^ ..l" AR. As .1/, ..;Lnu..|. ;i,4uiM 
luwt Ihu line of ii.i sli.iiiij,' llu' tViftiuii luis iis limiting viihi.^ 
throughout thu imiiiict. 

The repreaentiitive point i'onl.iiiUr,i its jnuiiiry alnng ritliri- 
SH' or iVL, as the ea«e may he, to thi' end oi' ibe iniiKiel. Tlie 
e(wn|iluto vjiliie of R tor tin,- wholr ini|i;u-t is fi.iiin! liy nin!(.iplying 
the abscissa uf the puiut at whieh I' erussiis CC by I + c. Tlie 
complete vtihie of F ia the eunvspomUng oiillnale of I'. Snlj- 
Btitltting theciu ia the (.lynuiuieul eiinutioiis Ihe iimlimi jvisl. aftei- 
iiiipiict may be found. 

li».>. If the boilies are siiUHilh, Ihe atniight line AL eoineiiies 
with the axis of R. The repivsi-nUilive jMiitit V travels along 
the axis of R, ami the eomplete valiir of R for tlio whole iniiiiu't 
is found by multiplying the abseissa of L' by 1 + e. 

If thu bodies are perfectly rough (Art. lot)), the straight line 
AL coincides with the axis of F. The lepresi'iitative point /' 
travels along the axis of F nntil il aiiive* at the poinl X 1( 
then travels along the line of no sliding .S'-S' until it reaelies the 
line f'(" of greatest c-nipri'ssion. If Ihe bi-dies .ire itLria^lic-, |li.> 
CM.nliimtis 7i,. f,. of this iutei-s.>etioii an.' the vahies uf /.' aiid /' 
rti[nired. Hut if the lnHlies -aw linperfeetiy elastie the repivsenta- 
tive point cuntinnos its joiuiiev along the line of no sliding. The 
complete vahie uf R for the whole iinpaet is then R., = «, (1 + el, 
and the eoniplet<> value of F may be found by substituting thi- 
\A\\\.- for R in ll)o <'i|oali<iu li> I hi- line of no sliding, 

UK). It is not neees,-iary that the frietion should keep the 
same direction during the impact, 'i'he friclioTi nuist keep one 
sign when R travels along AL. But when /* reaches tVfa", its 



direction of motion changes, and the friction dF called iiito play 
in the time dt may have the same sign as before or the opposite. 
But it is clear that the friction cau change sign only once during 
the impact. If i = 0, the straight line SS is perpendicular to the 
axis of F, and in this case it is clear that the fiiction cannot 
change sign. 

It ia possible that the friction may continue limiting through- 
out the impact, so that the bodies aUde on each other throughout. 
The necessary conditions are that either tho straight line SS' 
must be leas steep to the ivxis of F than AL, or the point P 
must not reach the straight liue SS' until its abscissa has be- 
come greater than it,. The condition for the fii'st case is that 
b must bo gi-cater than /mi.. The abacissfe of the intersections 



I 



of AL with 

^ b^t^■a^ 

that Ri must be positive, and R^ either negativi 
greater than iii (1 -I- e). 



JS" and CC are respectively R^ = — ^ and 

The necessary conditions for the second ease are 

r positively 



197, Ex. !• tUOmwoA «f » ImU. A tpherical ball moving tcithoiU rotalian o» 
K imootA haritontal plant impinga aith fclocity T a-ffaintt a rongh vertital vail 
whott coeffkient of friclimi U it. The line of vuitiou of Ihe centre of gravity befbn 
iiiMdenet making au angle a with the nunmit ta the wall, determiiu the molion jiut 
after impact. 

TMb is tlie generaJ probUm ot the motion of a npherical ball projected tritliaut 
iaiiial rolaiion ngainitt any rough eltuitio plane. Thus it applien to a billiard linll 
impinging against a cnsbion, or to a "fivea" ball projected against a wall, or to 
a orioket ball reboanding from the ground. When the ball has any initial rotation 
the problem is, in general, a problam in three dimentioDB and will be disousBed 
further on. 

In the fignre the plane of the paper repreaantB a harizontat plane drawn 
through the oeatre of the hall. The vertioal plana against vhich the bull impiages 
intereeots the plane of the paper in AS. 

Let u, II be the velaoitics of ths centre at any time E after the commencement 
ot the impact resolved along and perpendicular to the wall. Let u he the angular 
velocity at the same inataat. Let H and i^' be Che normal and frictional blows from 
the bcgiuniiig ol the impact up to that in.-itaiit. Let .V be the ma-an and r the 
radius ol the sphere. 

Then we have 

il/(,i+raina)=-i--| 
Jtf (c^V COB a) ^ It \. 
Mk'u = Ft) 

The velocity of sliding of the point A of contact us 

,_.. ..._„.,.- '"♦»■'• 
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The vi^locity uf comptuasioii o! tlit puiiit uf m 
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AC \m CHprosent .Vreosa, aloiiH iLe axii-i i>f ii' aud /i! rtapuc lively. Tben ST! and 
(7il drawn parallel tu the ilircctionii or II and 1'' will be the liiu.ii uF iru ttiiliny iliiiI 

o( grcalcat ccmyircstiuji. Also we aee tbnt Ian Z(,^C= ^'T~i;i *"" ""' '"" "■ ^" '''" 
bcginnmg of thu impact tbc spherv sliileK on the ^all, hence tliu repn-fciilalife 
point P, whose co-(irilinBles an- I! anJ >', bei?iiia lo describe the atraitflit lino F-itlL 

II li>i tan a. tbiH 9triLi|;ht line cuts tlie line o( uo sliilin)' ,S7i in tcunii point L 
before it cuts tlie line of greatest collipi'CNiiion. Hencu tbe reprcseuliLtivt: point 
describes the broken line ALU. At the moment of greatest compreaHion, !■' and it 
are tlie (Mi-ordinates of li. 

Therefore y^iMVsina, li = MVco>.a. 

These results nre independent or ;i because n'c Bee from the <ii;:ure that nioro 
tliAD enough friction could be culled into gdsy to destroj' the slidiog motion. 

If n-a'i tan a, the straight line F=)ilt cuts the line of Krcatvst coniiiression CB 
iu some point H before it cuts the line of no sliilini;. the fiiction is tiierefore 
insullicient to destroy tlic sliding. At the moment of greatest comprcasiuu i*' and ij 
arc the co-ordinutcs of II, 

F= 11 M V COS B. n = itf r cos a. 
If the sphere bo inelastic we have ouly to lubslitntc these values nf F and R in the 
equations of motion Co find the values of 'i, c, u just after impact. 

If the sphere he imperfectly elastic with a coefficient of rhiAtieity i; the repre- 
aentative point P will continue iLs progress until its abscissa is given by 

n=.ur«oaa(i+,). 

represent this value uf li, and draw UW |>arallel to CU. Then, aa 
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IC (i-c - ~ , tbe repiceeiitative poiiit desciibea Bome unbrokeu liac like JHfiT, 
M)d OQtH B'C beforu it cuts StI'. In this case F and R arc tbo co-oidiniktes of K, 
F = ^MVcoaa.{\ + e), it ^ J/KcO»o (1 +t}. 
Iiet ^ be the angle the directiou ol mutiou of tbo centre of tbe buIJ malics with 
tlie Qormal to tbe wall aftar impact, then tiui^ = ~. Wc tee 
5 tana taiia-*i(l + c) 
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Booording as n is greater or leas tban - ^ — ; . 

Ex. 2. Aa imperfectly elastic cricket ball is projected bo that it ia rotating 
with an angular Telocity 1) about a horizontal aiix perpendicular to the plane of 
tbe parabola described b; its centre. Jnat before it strikes the ground tbe velocitjr 
of the centre is V, and the direction of motion makes an angle a witli tlic normal, 
Show that the angle of rebound jH is given by either 
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u(l + «), 
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is greater t 



IS than = 
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Ex. 3. k sphere of radius <i tolU ou tbe ground with velocity V and impinges 
normally againal a vertical wall wboxe coolBuieDtH of friction and elasticity are n 
and e. If ^(l + <i}>j the aUding will tenninate before tbo end of the period of 
impact, and Iho sphere will therefurc rebound with a horiKontal velooity - Ve and 
a vertical velocity f U [this follows by taking moments about the point of contact]. 
The centre □[ the sphere will then describe a parabola and the sphere will aTtcr- 
wards impinge on the ground. If the gtonnd be Inelaetic and have a coefGcient of 
friction |i'<e4- J the alidiug will not terminate before the end of the imguvot. At 
the end of the impact the centre ot the sphere has a velocity -U {e-}ii.') and the 
angular velodly is (2 - 5^') f/Tii. The friction cuntinuea to act as a finite foree so 
that the sphere finally rolls on the gronod with a uniform velocity equal to 
-f !'('■- jV- 

Ex, 4. A lamina whose plane is vertical folia in its own plane and impinges 
on an imperfectly rough elastic horizontal plane. At the moment before impact 
the velocity ol tlie centre of gravity ti is vertically downwards and equal to V, and 
the angular velocity (1 is in suoh a direction Chat the vertical velocity of the point 
A of impact ie r-.cll, where x, y are the horizontal and vertical oo-ordinateR of O 
roterred to .( as ori;^in. Let ii, i' be the horizontal and vertical vetocitios of G jnst 
aft«r impact, u being measured upwarda. Show that three casea may occur. 

(1) If riy + Oi/*>^#i!(K-iQ)*'+Kj=|. 
than {y-^V){i? + !£'+y'^ = {(V-xQ)ic' + Vy^\[l + t). 

(2) Let A = ,r' + fc' - jtrtf , B = (^ + **) »i - jy. If the inequality in (1) be revemed, 
it may be shown that .1 will be positive. If also li be positive and 

.^wn</M^■-a■n)(l + f) 

then (r+I-)X-(K-rn)(l4-f), 

and (I ia found from i' -i- Y by tlie same formula as in (l). 
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(it) Tlie ineiiualiiy in (t) bciui^ still cevcrgeil. iljirsllif II be positive and the 
inequality in (2) be revarBeJ, or nccondhj IS be negative, then ii+ V ia found by tbe 
same formula oa in (2), but u=n{v+V). 

19S. Ex, I. Show that the representative point P as it travels in tlte manner 
described in the text must cross the line of i^n^atext compreftEion, and that the 
abscissa R of the point at which it croflsei thiu ^itraight line must he positive. 

Ex. 2. Show that the conic whoKe equation rtirvrred to the axon of it and F is 
irF= + 2&Ffi + n'7i= = e, where e ia some eonntant, ia an ellipse, and that the Ktraight 
lines (if no sliding and greatest compression nre parallel to the conjugateK of the 
axes of F and R respectively. Show also that the intersection of the atraight 
lines of no sljdini; and greatest compression inuat lie in that angle formed by the 
conjugate diametera nhieh contains or is contained by the flvst iiiiadrant. 

Ex. !f. Two bodies, each turning about a fixed point, Impinge on each other, 
find the motion just after impact. 

Let G. C,\ in the tifinrp o( Art. 187, be taken as the lixed points. Taking 
momenta nhout the li\eii pnint=, the resiiltH nill he nearly the «ami' iit Ihoso Hiven 
in the ca'^e conxidercd in the text. 

Ex. ■!. Sho^' that the Vis Viva hist when two hodjes impinge un raeh other 
may be found From either of the formuln: 

Vix Viva lost = 2A'S„ + 3nC„ - iiF' - 2l,FIi - a'll' 

_ (,i C.^ - 2bS„ C„ + ii'.S',,') - (aC' - 2hSV + ii.S') 
no'-fJ " " " ■ 

where /'', I! arc the whole frictional and normal forces called into play, and (-„, ,S',„ 
(■, S are the initial and final mluea of tliii vilocities of eninpr.'stioii anri >ilidiii|,-. If 
the biidiea are perfectly rough and inelastic C and S ore both zero. 



L,Ui<il Muiiom. 

1!)0. Breakage of a support. Siip]ii>.'iL' that it HyRlcm of 
biidii's is in i>i|iiilil)riiitii ami l.h.at. mtr nt' the .^ii|i]MirtH .Kiiddciily 
gives viwy. It is rri|iniv(l l.i Hml thf initial motions of the si-vltj\1 
iwjilies ami thi- inilistl viilin'.s of thi- ri.-iit-liotis which oxi.st brtweeii 
Ihc-m. 

The priiblcin of Hiiding tho initial niutimi nl' ;t (iynamical 
system is the same iv Ihnt of i'\p;iniliiig ihi' co-oMliicili'R uf the 
movingr particles iti p.nv.Ts of Ihe time (. Let (.<■,,'/.(') bi; the 
co-ordmatc'S of miy body of the sysieni. Foe Ihe s^alie of bi-cvity 
let the suthx zei-o denote initial value.-;. Thus j„ ilejuites thii 
initial value of j". ISy Tayh.rs themeni we have 

.■ = r,+^4+-',/; + (1): 



;iippD.«e l.hi' systi'in In --fart 



MOTION IN TWO niMENSIONS. [cWjfi 

Firstly, let only the initial values of tJie reactions be required,. 
The dynamical equations contain the co-ordinates, their second 
diiferoiitial coefficients with ixjgard to (, and the unknown 
reactions. Thei-e are as many geometrical etjuations as re- 
actions. From these we have to eliminate the second differential 
cocfficienta and find the reactiona The process, which is really 
the same as the first method of solution described in Art. 136, 
h as follows. 

Write down the geometrical equations, differentiate each twice 
and then siinplily the results by substituting for the co-ordinates 
their initial values. Thus, if we use Caj-tesian co-ordinates, let 
(x, y, $) = be any geometrical relation, we have since iio = 0, 

(ic fly ' dff 

The process of differentiating the equations may sometimes 
be ranch simplified when the origin has been so chosen that the 
initial values of some at least of the co-ordinates are zero. We 
may then simplify the equations by neglecting the squares and 
products of all such co-ordinates. For if wc have a term a^, its 
second differential coefficient is 2 {x£ + a^), and if the initial value 
of a; is zero, this vanishes. 

The geometrical eijuations must be obtained by supposing the 
bodies to have their displaced positions, because we require to 
differentiate them. But this is not the case with the dynamical 
equations. These we may write down on the supposition that 
each body is in its itiitial position. These efjuations may be 
obtained according to the rules given in Art. 135. The forms 
there given for the effective forces admit in this problem of some 
aim plifi cations. Thus, since i'o = 0, <^„ = 0, the accelerations along 
and perpendicular to the radius vector take the simple forms r„ 

■■ . .if 

and r^u. So again the acceleration - along the normal vanishes. 

If, for example, we know the initial direction of motion of the 
centre of gravity of any one of the bodies, we may conveniently 
resolve along the normal to the path. This will supply an equation 
which contains only the impressed forces and such tensions or re- 
actions as may act on the body. If there be only one reaction, 
this equation will suffice to determine its initial value. 

The rule may be shortly stated thus. Write down the geome- 
trical eqiiatio»3 of the system in its general position. Differentiate 
each twice and then simplify the results hy substitutijuf for the co- 
ordinates their ivitial values. Write down the dynamical equations 
of the system, siippo-^ed to be in its inititd position. Eliminate the 
second differmdial coefficients and we shall have sufficient equations 
to find the initial values of the reactions. 
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Wc may also deduce froiu the equations the values of ir„, y^. ^o, 
and thus by substituting in eijuation (1) we have found the initial 
motion up to terms depending on t-. 

200. Secoudh/, let the imtud mot ion be required. As ditfei-ential 
coefficients of a high order sometimes pi'esent tliemselves in this 
part of the problem it will be more convenient to use accents 
instead of dots to re|)resent the differential coefficients with regai'd 
to the time. Thus x will be written ./'. 

The number of terms of the series (1 ) which it mav be necessarv 
to retain depends on the nature of the problem. Suppose the 
I'adius of curvature of the path described by the centre of gravity 
of one of the bodies to be re(|uii-ed. We have 

and by differentiating ecpiation (1) 

.'(' — ,T„ ( -}- ,7',, -f- ,7.',, — — -|- . . . 



// // , /// 



t- 
•'- «' II ~r ''(I C I '7 ,, ^ ~T~ . . . 

(Src. = &c. ; 

t- f^ 

xy -ijj' = (./•„ //., - .r., vy,. ) - + (.r., y.. - .r, ij,, )- + ... 

Tiiese results may also be obtained by a direct use of Taylor's 
theorem. 

If then the body start from rest, the radius of curvature is 
zero. But if ./'.i"^,,"' — ./•./"/y.r = <), the direction of the acceleration 
is stationai'v for a moment. We then have 

P '^11 ini ^ >tn n ' 

To find these differential coefficients we may proceed thus. 
Differentiate each dynamical e(piation twice and then reduce it 
to its initial form l)y writing for .7', y, 0, S:c\ their initial values, 
and for ;/, y', 0' zero. Ditfereiitiate each geometi'ical ecjuation 
four times and then lednce each to its initial foini. We shall 
thus have sufficient ecpiations to determine :i\!\ a\!'\ .%"\ &c., 
/?„, K„\ lij\ &c., where R is any one of the unknown reactions. 
It is often of advantage to eliminate the unknown reactions tVom 
the e(|uations before ditferentiation. We then have only the un- 
known coefficients ./;,", ./„'", dsre. entering into the equations. 



If we know the direction of motion of one of the centres of 
gravity under consideration, we can take the axis of ^ a tangent 

to its path. We then have p = ^ , where a; is of the second I 

order and y of the first order of small quantities. We may therefore 
neglect the squares of x and the cubes of y. This will greatly ' 
simplify the equations. If the body start from rest we havo 

Xa — 0, and if x" = 0, we may then use the formula p = 3 ^^, . 

aOl. Ex. A circular diic ii lamg up by three equal itHngi attached to thrtt 
pohiti III tqiial ilitiatKa an iti cmumftTtnet, and fattened to a peg vertically over 
the centre of Ibe diic. One of theu itringt being etit, determine the Initial tension* 
of the other lie^. 

L«t O be the peg, AB tho cicole ticen by an eye in itn pl&ne. Let O^ be the 
Blring ohioh is out, let C he the middle point of the chord joinin); the points or the . 



eircle to which ths two other Htringii are Bttaohed. Then the tno tenniona, eMib 
eqaal to T, are throughout the motion equivalent to R resultant teuBion /i along CO. 
If 2a be the angle between the two Btringa, ne have 7? = 3Taoaa. 

Let I be the lougth of OC, p the angle GOV, a the radius of the disc. Let (x, y) 
be the oo-ordinatea of the diiplaced poBition of the ecotre of gravity with refcrenoe 
to the oriRin 0. x being meaanred hori?,ontiilly to the loft and y vertically down- 
wards. Let a be the angle which the diaplaced poaition of tlie diao raakoB with AB. 

By drawing the diao in itn displaoed paaitinn it will bo aoen that the co-ordinates 
of the diaplaoed position oiC aia x-l ain ^ coa fl and y - i ain fl ain S. Henoe ainee 
the length OC reniaioB constant and equal to I, we have 



x' + l,^-2[Bin^{i< 



»)^r-tx 



Since the initial temtiouB only are required, it is BatQcient to difTerentiate this 
twioo. Since ve may neglect the aquares of Bmall quantities, we ma; omit x', and 
put cos = 1, Bin 6-S. The process of differentiation will not then be very long, 
for it is easy to see beforehand what terms will disappear when we equate the 
diflerential coefficients (i, y. 6) to raro, and put for (a, y, e) their initial valnea 
(0, (coB^, 0). We get 

ji„cos,9 = Binp(i„ + ioosM,t- 

This eqoation may also be obtained by an artifice which is often naofnl. The 
motion of G ia made np of the motion of C and the motion of G relatively to C. 
Since C begins to describe a circle frou rest, its acceleration along CO is Eera. 
Again, the acoolcration of G rclBtivelj to C when resolved along CO is GCS cos p. 
The resolved acceleration of 6 is the sum of thc^e two, bnt it ia also eqaal to 1 

!oa 3 - J, sin p. HcDoc the Brjuation fcillows at once. 
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nss uf the body. Subslituting in t)w Kpomelrieal ei]uatiou ivo Cud 




l + '~.,iu-^eo8'p 


The tension c 


if any filtinj;, ^i/iirr the .mrinf 0,1 wah cui, may Im found by the 


nilea of slntioH, n 


md is clearly 'I'i=^^''. , where 7 is the nunlu ,!'»;. Ilence the 
1 can be found. 
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/ 203. En. 1. 


Two BlrinfiB of eijnal Icnjilh have eaeli nu extremity titd to a 


weiuhl (.' iinil Hie 


ir other eilremitiea tied lo two points .1, /; in the sFinie liorizont.il 


Viae. It ono tie < 


!ut the tension of the other will be instantaneously altered in the 



ratio 1 : 2 oo»= ^ . [St Pet. Coil.) 

j El. '1. An elliptic laniina is supiioriecl with its plane vertical and trunsTcrse 
* axin horizontal by (wo vrEi),'htlteB pin.s panHiiif; lhroiL<.-h tlii? foci. It one pin be 
rcleai^eil show thnt. it the eccentiioity of the ellipse be 1 .^/lO, the pressure on llic 
i>ther pin is initially unaltered. {Cull. Exam.] 

Ki. 3. Three equal iiarticles .), /.', C repelling each itllier with any forces, are 
tied (oe^tliii' )'y three Gtriii^ta of unequal length, go sh to form a triangle right- 
an);led at A. If the otring joining II nn<l C be cut, girnve thai tlie jiistuntaneoua 
chaugts of tenEtoii o( the strings joining ISA, I'A will be ffTcosIl and JI'cosC 
tsHiiectively, where IS and C ate the angles o[ipoiiite the strings joining CA, All 
respectively, and T is the repulsive force between U and C 

Ex i Two uniforiu equal rods, each of tuase hi, are placed in the form of 
the IftCir \ on a smooth lioruontal plaue, the upper and lower extremities being 
connected by e lUftl stringK ; show that, whichever string he out, the tension of the 
other iH tbi. same rnnctinn ol the inclination of the tods, and initially is imti ain a, 
nheri a la the initial inclination of the rodi^. [St Pet. Coll.] 

Et A horizontal rod of maun m and length 2a hangti by two parallel 

Btrlng^ f length 2ii attached to its ends: an angular veloeity u being HUildenty 
communicated to it about a vertical aHis through its centre, show that the initial 
inereasL of tension of either string equals Jih.iw^', and that the rod riBea throngh 
a apace a'u^ Oq [Coll. Exam.] 

y Ex. U. A particle in Hnsjieoded by three ei|iial HttingB of leuKtli ri from three 
points forming an equilateral triangle of side 31' in u horizontal plane. If one 
string be cut the tension of each of the otherfl will be instantaneuuidy cluinged in 

the r»tio — j_i-i ' [Coll. Eiam.] 

Ex. 7. A sphere resting on a rough horizontal plane ia divided into an inHnilc 
number of solid lunes and tied together n^nin with a string; the nii.-< through which 
the plane face* of the lunes pass being vertical. Show that il the string be cut 
lhopreS:;uLe ou the plane will he iii«t.inlaneoiisly dimiiii'thed iu Ihe ratio UW- : yOlft. 
lEmni. Coll.l 

R. D. \=1. 
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[CHAP. nr. I 



Ek. B. Three eqnnl and similar rods moveable about one ooninion extremity 
ue held kt right anglea to each other eo tlist the threo other eitromititv 
borinontal plana with the common extremity either above or below. Show that if 
they are dropped on a smooth ineloRtic horizontal plane, the velocity of their centra 
of gravity is diminiBhed by oue-half. 

Ex. 9. A Binall ring of mass p is atmng on a rod, oF mass m and length 2a, 
capable of taming about one extremity as a fixed jHiint. The Ryatsm starts Trum 
rest «ith the rod horizonlAl and the ring at a distance c from the Gxed point. Bhovr 
that the polar co-ordinalea of the ring reforrcd to the fixed point are c + r,""(*/2J and 
S„t'l2. Find also *■„, and prove that r„"" = s('(, + 3c»„'. Tb once find the initial radina 
ot eurvaturo of the path of the particle. [May Exam. lS»e.] 



On Relative Motion or Afomnf) Aireit. 

203. Id many dynamical problems the relative motion of 
the different bodies of the Bystem is all that is required. In 
Hiich CBSCB it wilt be ao advantage if we can determine this 
without finding the absolute motion of each body in space. Let 
us suppose that the motion relative to aome one body (^) is 
required. There are then two cases to be considered, (1) when 
the body (A) has a motion of translation only, and (2) whi>ii it 
has a motion of rotation only. The case in which the body {A) 
has a motion both of translation and rotation may be regartied aa 
a combination of these two cases. Let ns consider them in order. 

204. The Fundamental Theorem. Let it be requii-ed to 
find the motion of any dynamical sj-stem relative to some moving 
point C. We may clearly reduce V to rest by applying to every 
element of the system an acceleration equal and opposite to that 
of C. It is also necessai-y to suppose that an ifiitial velocity 
equal and opposite to that of has been applied to each element. 

Let/ be the acceleration of C at any time t. If every particle 
m of a body be acted on by the same accelerating force / parallel 
to any given direction, it is clear that these ai^e together equi- 
valent to a force /Sm acting at the centre of gravity. Hence to 
reduce any point (7 of a system to rest, it will be sufficient to 
apply to the centre of gravity of each body in a dli-ectlou opposite 
to that of the acceleration of C a force measured by Mf, where 
M is the mass of the body and /the acceleration of C. 

The point may now be taken as the origin of co-ordinates, 
We may also take moments about it as if it were a point fixed 
in space. 

Let us consider the equation of moments a little more minutely. 
Let (r, 6) be the polar co-ordinates of any element of a body 
' oae mass is m referred to as oiigin. The accelerations of the 
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piirtieli; jiiit j«~''( jt) *'"' ~ ;//(''"-/>) > ^l<"ig *"" periK-'iididiljtr 
till the raUiiis vccUir r. Taking nionients about C we gtt 

[ iiioini.-jil. rouml of tho impressed forces 
^ '' / -j'Z^^ — J 1''"'^ ''"' iiiomerit round C of the revcnied 
~ tit \ ill/ I iffi'i'l.ivi' forces of supposed to .ict at the 

I ci'utri: of gravity. 

If thi- ]iiiiut be fixed in the biidy i 
ivill bt' Lbi' saiin' for every element of the boflv, anti, iis in 

"•">»'"■-»' ,77 ('"Si) -''"'*■■ ' - -''• 

2l>'i. From the general eqnation of moments Jiboiit r 
P'>int. f ' \w Iciirn that we may use the eqnation 

(7(i> _ mi iment of fin-ces about 
dt nionieiit of iiiiTtia abi>nt C 



FirstI;/. If the point C be fixtni both in the boily iitid in spar-e ; 
or if the point C, being fixed in the body, move iu spnce willi 
imiforin velocity ; for the acecleration of (1 is zero. 

Secoiidli/. If the point (' be the centre of gravity ; for in that 
case, though the acceleration of C is not zero, yet the moment 
vanishes. 

Thirdly. If the point C be the It i.s tan tan eons centre of rota- 
tion, and the motion be a small oscillation or an initial motion 
which starts from rest. At the lime ( the bo.ly is tuining about f-', 
and the velocity of O is thert-fore zero. At the time ( + dt, the 
bixly is burning about some point (" very uejir to C, Let CC = d(T, 
then the velocity of C is wdtr. Hence in the time dt the veliwity 
of C has increased from zero to ado; therefore iti acceleration is 

Qj -7- . To obtain the accnrato ef|uation of monieuts about C we 

must apply the effective foree Sm ■ w j ; in the ri'vcraed direction 

at the centre of gravity. But in snnill oscillations to antl —jj are 

both small ipiantitios who.se sipiarcs and prochicts are to be 
neglected, and in an initial motion ru is zero. Hence the n\onient 
of this force must be neglected, and the equation of motion will 
bo the same as if C had been a fixed point. 

It is to be observed that we may take moments about any 
point very neai- to the instantaneous centi-e of iTitation, but it will 
usually be more convenient to take moments about the centre in 
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its disturbed position. If there be any imbiioivTi reactions at tbe 
centre of rotation, their moments will then be zero. 

206. If the accurate equation of moments about the instan- 
taneous centre be required, we may proceed thus. Let L be the 
moment of the impressed forces about the instantaneous centre, 
G the centi'o of gravity, r the distance between the centre of 
gravity and the instantaneous centre G, M the mass of the body; 
then the moment of the impi-osaed forces and the reversed 
effective forces about C is 

i-ifw'^.'^./cosGP'C. I 

If k be the radius of gyration about the ccnti-e of gravity, the \ 
equation of motion becomes 

. dr I 

writing for cosOdC its value -.— , I 

207. Impnliive farces. The ai^imont of Art. 204 may 
evidently be also applied to impulsive forces. We may thus obtun 
very simply a solution of the problem considered ui Art. l7l. ' 

A body it moving in any nianner Kh^n tiidttenly a point in the body u eon- 
ttrained to move in tome giren ntanaer, it n requirrd tofiiut the tuolion relative (n 0. 

To reduce O to rest, we muat appl}' at the centre of eravity a momenlnm 
equal to Mf. where / iB the reBultant ot the revcreed velocity of O after the change 
and the velooitj o( U before the olmnRe. If u>, «' be tlie auKular volooitieB of llie 
body before and after tlic change, anil r'^OG, ve have bj taking moments about 0, 

(r' + A')(u>'-w) = moinentot/aboutO. 
Now tbe moment about of a velocity at G is eqiuil and opposite to the moment 
about O of the same velocity applied at O. Hcnee if L, I,' be the moments abont i 
Q of the velocity ot juat before and just after the cliange, and k be tho radius 
ol gyration about the centre of gravity, we llave u ~u= p~_5 ■ 

309. Bx. 1. T«o heavy particlet mhaae mauu are m and m' are eoanrdeil bf < 
an inexirmible ttriag, inhieA it laid over Out vertex of u double inclined plane tchott 
mail i« M, ami mkich if capable of moving freely an a smooth lioriionlal pinne. 
Find the forte ichieh muit act on the tedge thai tlie tyileiii may be in a ttate of 
relative equilibrium. \ 

Here it will be convenient to reduce the vedge to rest by applying to evciy ' 
particle an accelBTStion / equal and opposite to that of the wedge. Suppoeing thia 
done the whole eystem is in equilibrium. If F be the required force, we have by 
rcaolriug horizontally iM + m + m')f=F. 

Let a. a' be tbe inelinationn of the eides of the wedRe to tlie horizontal. The 
paiiiole iii ih acted un by tii/r vertically and mf lioriKon tally. Hence the tennion 
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(!/siiiu+/costt). by cousiiluHu)' llif iwiiticlu m', nu liiid Ihe 
m' {<i sill a' - J'cos a'). Equating tlifHc two vie Imvi; 



Hence F is fuuaii. 

80U. Ex. 2. .1 ciilinihifi! cavilij ickose wclioii ;» aiuj <ii;il currt ami whose 
.jrm-rati}i.i liiie' iiiv }m,h,.iil,il it miiiU' in a ciiliicnl imi'i wl,!--h e,iii flide Jwl.j on 
11 taaioth IioricvnInI ptiiiir. The JMr/nti' of the mrilij It perfeclhj tiimjli anil a sphere 
U ptaeed in it Ht reit -o that llm veriieal plane thraitgh \ht ceatn^ of graritij of 
the miiKj mill the splicrt it prrpeniliail'ir In llie yentrtilivg lines of ihe eijHnilfi: 
A mnuiriilnw H it eoiHiiiiiHiriiled lo lite nibe by u blmn ii$ thin cerlU-nl phiw. find 
the iii'Uioii iif the 'plu-i-e relativelij lo ll<e culie and the leiist rahic of the blow that 
the tphere vuiij not kiive the lurfuee of the r'tcili/. 

SimuIt&Deously witb the blow B there will be an impulsive friction between the 
cube and the Rjihcri;. Let M, m be the masseB of the cube nnd Kpbcro, a the riulius 
i)( the splicrc. A: itn indioB of gyratiou about a dinmcter. Let ['„ be Iho initial 
vclucily of llio uiiliu, i'„ thiit of the centre of tbc spburo reliiiirel!/ lo the uubc, Ug the 
initial nnKiiliir velocity. Then by tenolviiig horiaontaJly for the whole syHtcm, and 
tnkint' uioinunts fur tlic Kjihcn: alone about the point of contact, we have 

.,(.,+ i-,)+.ur„=iJi 

„(<'„+r„|+i^<j.=of '■'■ 

and Biaoe there is no slidint; !>„- bw„ = (3). 

To find the subapijueiit motion, lot (.r, y) he the co-ocdinateH of the centre of the 
sphere rcfurreil to recluncular axue attoehed to the cubical luaas, -r being horizontal 
and y vertical, then, the eqiialion to the cylindrical cavity beinj; ^ivcn. ^ is a known 
function of j:. Let ^ be the a]i|;lc which the tan);cnt to the cavity at the point of con- 
tact of the sphere makes with the horizon, thou Ian f- . . Let V he the velocity 
of the cvibical mass, then, by Art. 132, 'i'('l^+ y\ + .Ml'^B (3). 

If T„ be the initial via viva and ;/,, the initial value of (/, >vg have by the 
e<i nation of vis vivn 

"■ |(i'* '■)'+ (;«)'+ "■'"'! *"'"• "■■-"-'"-'■' "I- 

;ulBr velocity of the Kphere at the time 1. 1 
iphere relatively to the cube, we have Jiiiic 
ly r anil u from these eijuatious, we have 

(*)'.j,l.m..fl(, + g-i^,|.cr,-%j (SI. 



whete 01 m the annular velocity of the Kphere at the lime 1. If i< be the velocity of 
the ceiLtru of the sphere relatively to the cube, we liave Jiiiice tliere ia no sliding 
(' = ^nj. Elimimiliny I' anil u from these eijuatious, we have 



where f:i= 1 rr + ^'"' ''''■ 

01+,.,) {.»H.V-M.oy 

This equation gives the motion of the sphere relatively to the cube. 

210. To find the pnjssure on the cnlie, let ns reduce the cube to rest. Let /( be 
the normal pressuiTj of the sphere on the cube, !■' the friction measured positively in 
the direction in which the arc is measured. The whole effective force on the cube is 
,Y=/(Bin ^ + i''co9 f. I3y Art. 204 we must ajiply lo eveiy particle an acceleration 



jj opposite to this force. The sphere will Ihurpfare be aobed on by b farce ^. X in b 
horizontftl direction in addition to tlie raactioD R, the friction J^' and its own weight. 
Taking moments about the centre, we have inlr , —Fa (7). 

HBsolvinH along a tangent to the path, "'5;= ~ F - j. X ooe ^ - mn am ij/ (8). 

But Binoe there ia uo sliding, wo have »-aw , (II), 

Dillercntiatiug this and subbtituting from (7) and (6), wh Bod 

1 + yooa'^ "a' + i^l+YOOB*^ ' ' 

whare 7= 'TTT' it ' ^^'""B '^^ forces on the centre of the sphere Along a 
normtkl to th« path, we have 

T'^'^^V'^'"'"^ ""'"'""'' '"'• 

where p is the radina of aarvatnie of the path. Substituting fur i-^ its value gireii 
by (5), which may be conveniently written in the form 

v'(l-pooB'^.) = -^^,iC-2ii)g (12), 

where p= -j— t^ u • *^ bave two equations to find the reactions F and li. 

Eliminating F, we get 

c-»,.,co.,;;;-3;te._?„ „„. 

where P is rather a complicated function of ^ which is not generally wanted. 
We have 

( 1-peosV )^ J+T 

^- 1 + TCOsV f*(l-|9t ' ' 

We notice that, since fj is neoessarily less tliao unity, P cannot vanish and is always 
finite and positive. 

If the sphere is to go nil ronnd the cavity, it is necessary that the valoe ot v 
as given by (12) should be real tor all values of y and cos ^. Henoe the value ot C 
as found by (G) must bu Kr«ater than the greatest value of 'iy. It is alno necessary 
that It should be always positive, so tliat the values of coe •!■ (,'iveu by the equation 
(13) whon fi = muHt be all imaginary or numerically greater than unity. We 
observe that, U C >-2i/ and p be always positive, R cannot vanish for any positive 
value of COB ^. 

If (liu equation (18), when lt = 0, have two equal roots which are less than 
nnity, tbe preHsurc on the cavity vanishes but does not change sign. In this can 
the sphere does not leave the cavity at tbe point indicated by this value of 00s ^. 
The condition for equal roots gives us 

<l I , l-/icosVI 33 . , ,,M 

df r°''*i+y^.4\ =pT-y'"'""^ '^^'- 

where p is given as a Function of f from the equation to tlie cylinder. Writing 
{ = cos^ toi brevity, this reduces to 

''-^t(I-«')ll + >a(;9 + >) = ^"^HSp + 7-(3(5' + v=)i' + 3y{V-fl)i'l (IG). 
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mukuN It VilDiuh ! 



a chariRe siun in (13), 

u imiy |iut lliiN reasoning 

Hive thrau^lit 



id if 



HO ruimd, tlicn il m 
t the point where it in least. In this cafc we have if and '^ 
I. DiUcrcntiating (ID) we notice that the diffcrcnlial cnellicient 



of the right-hand side is zero, except at Eome lingular points wliere p i 
iiilinile. Wc notice also that the oonatant C which dcjHjndu ou tlie inil 
ditiimx diaappearx. lu thix way we ajjnin obtain equation (IS). 

It sliould be observed that tJie iiuint wlierc the pressure vanishes e 
niiniiutim cnniiot lie the higlicst point of the cavity iinleiiH the radius of c 
p is a niajunium oi miniinuui at that point. Tliin follows at once fiom equation (Ifi). 

If we witih to lind the blow It that the aplivre may just go round we must 
examine the roots of the eiiuationa {lit) and {!'<). To elTcct thia we trace the 
curve who»e ahscisEn \n ( and ordinate 1;, where ii in the It-ft-haad Fiido of (lit), from 
f =0 to {= - 1. The cuiTC may undulate and the niaxiiiiu and niiciina ordinatoa 
are given by (1(1). It tlie sphere goes round, the value of C must he such that 
every ordinate bctwuen (-0 and f= -I niuat bo positive, We therefore examine 
the louts oC (Hi) and select that root which makes i) least. The viiiue of C is found 
by eiiuatisg tiiia value of 1; to zero. The value of C having been found, that of H 
is known from {!>). The result of touree is subject to (lie limlutiona meutioned 

211. Moving Axes. Xuxl, lot u^ cuiisiik'i' thi> l-.wj in whhih 
WL- wish tn Lvf^T the iriEitioiL til twu st.riiif,'ht Viuva Of, O1 at right 
uiigk's, tiirniug lutind a, fixfi] origin wilJi angular vulocity w. 

Lot O.c, U^ bu any tixed axes at right angles and let the 
angle u:0^ = $. Let f = OM. -q = I'M be the co-ortii nates of any 
puiiit P. Let II, V be the resolved velwitics and X, 1' the resolved 
accelerations of the point F in the directions Of, Or}. 

It is evident that the motion of P is made np of the motions 
ta M, aV Ijy simple addition. The re.solved parts of 



of the 
thi 



■eloeily .il' ;)/ are -^ and fw alortg and pcrpendienlar to OM. 




The resotviMl |.nrts of the veiority nl* .V . 



lit 



aud ij« aloug and perpendicular to ON. By adding ihop 
their proper signs we have 



eft 



dt} 



i + f"- 



" dt 



Since acceleration is the rate of incroase of velocity jiist as 
velocity is the rate of increase of apace, we obtain the correepond- 
ing fornjulte for X, Y by writing ii, v for jt, y. Wc thua have 

lu the sauke way by addiug the accelemtioDs of M aud N we 
have 

*f E . !<*,.> 



■y= j|- 



1 d , 



d^j; 



1 "^'^ , 



By using theso formulae instead of , 
the motion to the moving axes Of, Otj. 

2ia. Ex. 1. Lot the axes Of. (hi be oblique and make nii unsle a with each 
othet, prove Ihat, if the velooit; be represented by the too coniponcnts ii. r i^aTnllel 
to tbe axes, 



In (his Mm PM i» parallel to Oif. The velocilieit of M and iV arc the same us 
before. Thtilr resultant is. by the cjaestioti, tlie flame as the resultant of ii and v. 
By rcBolviug in an; two direationa and equating the components we get two eijua- 
tions to find ii and v. The best directions to resolve along are those perpendiculitr 
to Oi and Oil, for then it is ubeeut from one of tlic etiualious and v from the other. 
Thus u or u may be found separately when the other is not wanted. 

Ex. 2. If tlie acceleration be repreientcd by the components .V and 1', prove 



These way be obtained in the iame way by resolving velocities and iLCCeletations 
pcrpcndicntar to 0{ and Oi). 

Ex. 3. II ri, 1' be the velocities of a point P referred to reclaogalar moving axes 
rotating with an angular velocity w, prove that the radius of curvature of tlie palh 
of P in tpace is given by 

(»' + r')i//. = trf-''" + ("' + «=)«. 

By taking fixed axes coiucideut for a moment with the moving axea the left side 
of this equation is seen to be iy-iy. Bubstitating .f = H, ;/ = r, and for i = X, 
y— Y their values given above the result [ollows at once. 

The ordinary expression for p in polar co-ordinates follows from this by wi 
u-i; i' = r(t, w = rt. H the independent variable is fl we have d = l. 
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Ex. 4. In the case of initial motions which start from rest the formula for p in 
the last example becomes nii)^atory. Show by proceedin«? as in Art. 200 that p = 
unless I'w - iiv + 2{u^-\-v-) w = 0, and that in that case 

(r/2 + r-)i/p= ;, {ur - ru) -f {iw + vv) to + (u- + r-) w 

where />, // iVc. f, v dc. represent their initial values, the suflix zero beiny omitted 
for the sake of brevity. 

213. Ex. .1 particle uiulvr the action of any forces moves on a sinootJi cunu 
which in constrained to turn with angular veloc it tj (jj about a nred a.ris. Find tht 
motion relative to tJw curve. 

Let us suppose the motion to be in three dimensions. Take the axis of X as 
the fixed axis, and let the axes of ^, rj be fixed relatively to the curve. Let the 
mass be the unit of mass. Then the equations of motion arc 



in , .. Id 

dt' "- r, dt 



-r.:-fw^-- . {Tio) = X-¥m 



d'-7} „ 1 rf , v . r. 

'^ = Z + ltn 
dt 



y (1), 



where A', Y, Z are the resolved parts of tlic impressed accelerating^ forces in the 
directions of the axes, Ji is the pressure on the cune, and (/, m, /<) the direction- 
•j cosines of the direction of li. Then since A* acts perpendicular to the curve 

, d^ dri dz ^ 
dst (Is ds 

Suppose the moving curve to be projected orthogonally on the plane of ^, ?;, 
let <r be the arc of the projection, and /'= ^ the resolved part of the velocity 
parallel to the jdane of projection. Then the equations may l)e written in the form 

>, = A + w-i: 4 - - T] -f 2o}r' -, + A7, , 
(it- dt da 

.: ^ \ + w-7; - .t- 2u}V y + ii///, - 
ill- dt da 

p. =z + nii. 

dt- 

di) M*- 

The twc) terms '1<j3v' , and - 2ujr' "^ mav be regarded as the resolved parts ot 

<la da ' 

a force 2u}v' acting m a direction whose direction -cosines arc 

/ = - , III = , , // ^ 0. 
<la da 



. , dt .df] d: 

These satisfy the e(iuation / -r- -i- m ■ + ;/ , =0. 

* ds lis <ls 



Hence the foiee is perjx'iidieulai to tlie tangent to the curve, jind also perpen- 
dicular to the axis of rotation. Ler 7»" l)e tlie resultant of the reaction R and of 
the force 2wr'. Then 7i' also acts perpendicularly to the tangent, let (/", m", n") be 
the direction-Cosines of its direction. 



DiMlNSTONS. 



The uijiintiuiia of taotjon therefore become 



These are the eqiutioDB of motion of a particle moving on a Jixed airve, E 
acted on in addition to the impressed foruca by two extra forces, viz. (1) a force uV 
teoding direct); from the axia, where r is the distance of the particle from the axi^ 

and (2) a force -, r perpeodicDlar to (he plane containing the particle and the axia, 
and lending opposite to the direction of rotation of the oarve. 

In diijr parttcular problem u>e may thfrefare (real the eurvt at fixtd. Thus 
suppose the onrve to be turning round the axis with luiiform angular vdooitf. 



Then resolvi 



ind the a 

ig along the tangent we have 



LIB. Let V be the initial value of 



Let Vf be the velocity the partinte would have hnd under the action of llie same 
iroei if tlie curve had bcea fixed. Tbeu 

!■„'- V'=if{,Silc-\-Ydij-^i'.di). 
Hence B"-iv' = «'(r>-V)- 

The prcuure on the moving curve it «o( eiiual to the preiturc an Hut filed caret. 



eii< 



ilearl; the resultant of the presHnru R' c 
and a pressure 2iiic' acting perpendicular both to the curve ai 
direction of motion of the auire. 



Thus suppose the cun'c to bo plane and 
perpendiaiihkr to its plane, and that there a 
resolTing along the normal, 



roiving unifomil; about an uja 
no impresaed foroea. Ws have, 



where is the ontjle which r makes with the tangent. It p be the perpen^dar 

drawn from the axis on the tangent, we have, therefore, 

R — -' + ii)^ + 2up. 

Thin example might also havt bpen advantageouHly solved by cylindrical co- 
ordinates. The Gxi'd axis might be tukcn oh aiix of ; uud the projeetioii ou the 
plane of ly referred to polar co-ordinates. This method of treating the question 
is left to the student as an exercise. 



Ex. Ifu 



e variable, i 



3 have in a similar manner 
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EXAMPLES'. 



1. A ciruulnr boup, whose wcii^ht is itie, Lk Freu to move: du a. smooth horb.ouUI 
plaDe. It carricB on its ciroumfercnfe ii muatl riai;, weight «■. Ihu tiiellieiunt of 
Iriution bctnccQ the two beiu)- ^. luitially tbt Imop is at roHt mid tlie lioi- has an 
augiUar velocity u about the centre of the lii)i>p. .Show tliat tlic lia^ will be at 
rest OQ the hoop after a time 

2. A heavy circular wire has its plane \T;rti<iBl and ita lowest point at a height 
h above a hurizonlal plane. A Bmall rinu is projucted along the wilt from its 

UighoBt point with an angular velocity about ita centre equal to irn ^~'r- at the 
inatant that the wire is let go. Show that, wheu tlte wire itache.-i liiu liucizutital 
plane, the particle will just have di'iwrlbed n revuliition». 

3. A wire in the rorni of a ciiclc is uapalile of turning in a linri;:olitiil plane 
about a fixed point U in ita e ire luufe Fence, and eairiea a bend P nbieh is initially 
projected from the 0]JpoBite end .1 of the diameter thronj;li O with a. yiven 
velocity r. SuppoHing the masa of the wire to be double that of the bead, sliuw 
that lll'u,' + 4nV-ri)^'=I'Jr', where t=UI'. 0A^2a,'p = i. i-UA. 

■I, Two equal uniform rods of Icn^'th 'in, loosely jointed at one exlrcmity, oib 
placed symmetrically upon a liied srauoth sphere ol radius id ^'i, and raised into 
a liorixontal position so that tlie hinge is in vuntaut with tliu spliere. If tbey be 
allowed to descend under the action o£ gravity, sliow that, when they are first at 
rest, they are inclined at an angle coh~' 4 to the horizon, that the poinln ot contact 
with the Hphere are the tenlres of oseillation of the rods relatively (0 the hinge, 
that the pressure on the sphere at each point of contact e<]Uals oue-fourth the 
weight of either rod, and that tliere is no strain on the iiinije. 

5. A heavy uniform circular hoop of radius 11 and maNS ^mnii, which is com- 
pletely broken at one point, rolls with its plane vertical with uniform angular 
velocity u oo a horizontal plane. Find the niaiiamm and minimum vnluea of the 
bending moment at any point 1^ of the hoop, and prove that If u be so large that 
the bending moment never vanishes, the greatest of these values will be 
2Bw^sio^fl ("«° + fl}, 'id being the angular distance ot y from Iha point of fracture. 

6. Two straight equal and iroil'urm rods are connected at their ends by two 
strings ot equal length a, so as to form a iiamllelogram. One rod is supported 
at its centre by a fixed axis aliout which it con turn freely, this aiis being perpen- 
dicular to the plane of mutiun which is vertical. Show that the middle point of 
the lower rod will oscillate in the same way as a simple pendulum of lect't^ "• OinJ 
that the aiujiilar motion of the rods is independent of this oscillation. 

7. A line string is attached to two points A, Ii m the same hotizonlal plane, 
and carries a weight W at its middle point. A rod whose length is All aud weight 
II', has a ling at eitliec end. through which the string passes, and is let fall from 
theposiliou -4fl. Show that llie string must be at least 5-^^. in order that the 
weight may ever reach tlie nxl. 

Also if the system be in eijuilibrium, and the weight be slightly iitiil vertically 
displaced, the time of its ^mall oscillations is -Jt (.1/f/:^.'/^'^)-. 

* These examples are taken from the Kxamiualion I'upers which have beeu set 
iu the University and iu llie Colleges. 



8. A fine Ihroad is enoloaed in a smooth cirCDlar tube which rotates Ercely 
nboat » vertical diKnii'ter : prove that, in Ihe position of relativi? equilibrimii, the 
inclination {6) to the vertical of the diumetec through the centre of ^^avitj of the 
thread will be given by the Hjnalion eoi$= — ]~-_i where ui ia the antjular 
velocity ol the tnbe, a ila radios, and %ip the length of the thread. Explain the 
OMe in which the value of fiui'oos^ lies between D and ^g, 

9. A smooth wire without inertia is bent into the form of a helix whicli U 
capable of revolving abont a vertical asis coinciding with a generating Una ot the ' 
cylinder on which it is traced. A nmall heavy ring BlidcB down the helix, starting 
from a point in which this vertical axis meets the helix : prove that the angular 
velocity of the helix will be a maxinmm when it has tamed through an angle B 
given by the equation coa'd'-f taa'a + C ein20=:O, a being the iuclinaliou ot th« 
helix to the horizon. 

10. A apbericol hoUow of radius a is made in a cube of glass of mose il, and 
a particle of mass m is placed within. The cube ix then Bet in motion on a smooth 
horizontal phwe so that the particle JDSt gets round the sphere, remaining in 
ooolaot with it. If the velocity of projection be V, prove that V = Sag + iag~ . 

11. A peilbetly rough ball is placed within a hollow cylindrical garden-roller at 
its lowest point, and the roller is then drawn along a level walk with a uniform 
velocity P. Show that the ball will toll cjuite round the interior of the roller, if 
r* be > V? {<> - ")■ ' ^'"e the indiua of the hall, and b of the roller. 

13, AS, DC are two equal unifonn rods loosely jointed at It, and moving with 
the same velocity in a direction porpcndiuular to their length ; if the end ,1 ha 
suddenly fixed, show that the initial angular velocity of All in three times that 
of DC. Also show that in the Hubsequent motion of the rods, the greatest angle 
between them equals cua~'g ; and that when they ore next in a strai^t line, the 
angular velocity of it C is nine times that of AB. 

IS. Three equal heavy oniform beams jointed together are laid in the bi 
right line on a smooth table, and a given horizontal impulse is applied at 
middle point of the centre beam in a direction perpendicular to its length i show 
that the instantaneous impulse on each of the other beams is one-sixth of the 
given impulse. 

14. Three beams of like sDbstance, joined together so as to form one beam, 
ore laid on a smooth horizontal table. The two extreme beams are equal in length, 
and one of them receives a blow at ita free extremity in a direction perpendicular 
to its length. Determine the length of the middle beam in order that the greatest 
possible angular velocity may be given to llie other extreme beam. 

Krtntl. If '" bo the moas of cither of the enter rods, pm that of the inner j 
P the momentum of the blow, w the angular velocity communicated to the third 



rod, then 



-(rl^iy 



1'. Hen 



^ = i ^8. 



15. Two rough rods A, I) are placed parallel to each other and in the san 
horiKonlal plane. Another rough rod C is laid across them at right angles, i' 
oenlte of gravity being halt way between them. If C be roiaed through any angle a 
and let Ul, determine the conditions that it may oncillate, and show that if ita 
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lenRtl) he ecuiiil to twice llie distance hetn-pen A find II, the anRle B through which 



cr 



ia dirainiBhcil in the ratio lO + Htan-fl : — + -iutnii'", whcro -■ is thp flaaticitj- ol 

tlie tall and 6 the ftiiKle of reflosdon. 

18. A rlioinbuH lh fuiiued of four rigid uuiform rods, cncli at length 'in, freely 
i'jitiUil at their extremities. If the rlioiiiliiis be liiid pn a, imiootli iioriKoiitiil tallies 
and a blo>v be npplicd at rigjlit nui;lc!i to any one of the rcid-i. thu rlionihiiH vrill bcKJil 
to move BK a ii|!'<l liody if the blow be npplicd at a point diatant it (1 -coij i) frmn 
an ticutc Bti({le, where a in the ucutc iingle. 

111. Arcelaugleia fonued of four uniform rods of longths ai and 3'i resjiectively, 
whieli are connected h_v hinges at their enilH, The rectivnKle is rcvolvitiR about ita 
centre on a smooth horiKOntlll plane with an anguJar velocity c, when a point 
in one of the side.i of leiigtli 2ii Huddenly bi-cauLea lixed. Klion- [hnt the unKiiliir 

velocity ol the sides of length 2li immediately bcconicB „--^, ii. Find also llie 

change in the angular velocity of the other RideB and the impulsive action at the 
IHiint which bccomei^ fixed. 

20. Three eiiiial uniform iuebiaiic rndii li>0Hely jointed toeelher ore laid in 
a straight line on u Kinootli liorisontnl table, and the tn-o outer uue^ are nvt in 
motion about the ends of the middle one with Cfl""' ioi<;ii1iir vloehic- (1) in (tii: 
Bnnie direction, and (2) in opposite directions. Tin'.. !!i.:i :!i rli, i,. i , .... ■...]■,■„ 
the outer rods make the greatest an^le with the ili>' ' .' ' -'■ 
duced on each side, the conimoti angular velocity I'lf 1 1 . i - .' i: r 

necond caae after the impact of the two outer roils iK. !■ . [.i-l. i .i i:. i li. ilni.i h .11 
nioie with uniform velocity Ij'iui, 2<i being the length uf vjieN rml, 

'21, An eijnilateral triangle farmed of three equal ijcavy uniform rets of lenctli 
" hinged at their ulrctnitieg is held in a vertical plaue with one side horizontal and 
the vertex downwaids. It after falliuu through any height, the middle poiiit of the 
upper rod be Biiddenly stopped, the inipnisive strains on thn upi:er and lower hiu(;(>s 
■will be iu the ratio of ^/Vi to I. If (he lower hinge would junt bi-eal; if the system 
fell through a height -7=, prove that if the ayntem fell tbrniigh a hei^hi ' '_ the 
lower ro'ls would juHt nwiiift llirough two right angles, 
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30. A circular riny in fixed in a vertionl poaition upon a smooth horizontal 
plane, and a Bmall ring is placed on the circle. Hnd attached to the hif;fae«t point 
hf a BtrinK, which subtenils an angle o at the ceatre: prove that if the string be 
cut and the circle left free, the pressnros on the rinfi befora and after the fltriDK 
ia cat are in the ratio a/ + in sin'a ; Htcaea. m and M being the maases of the 
ring and circle. 

SI. One eitremitj (7 of a rod ia made to revolve with uniform angular Telocilf 
n in the circamference of a circle o! radine a, ^hilo the rod itself is made to revolve 
in the opposite direction with the same aiignlar velocity about that extremity. The 
rod initially coincides with a dbmeter, and ■ nnooth Ting capable of sliding freely 
along the rod iB placed at the centre of the circle. If r be the distance of the ring 
from C at the time (, prove r = -=- («"' + *~"') + i cos 2nl. 

89. Two equal oniform rods of leoRth 3a are joined together by a hinge at one 
extremity, their other extremities being connected by an Jneitensible string of 
length 21, The system rests upon two smooth pegs in the aamo horizontal line, 
distant 2c from each other. If the string be cut prove that the initial angnlar 



acceleration of cither rod will be g 



38. A smooth horizontal disc revolves with angnlar velocity ^/h abont a 
vertical axia. at the point of intersection of which is placed a material partiole 
attracted to a certain point of the disc by a force whose acceleration is ^ x dislanoe ; 
prove that the path on the disc ia a cycloid. 

34. A hollow cylinder of radius a rents on a rough table, and contains an inaeet 
resting within it on the lowest generator ; if the insect start off and continue to 
walk at a uniform velocity V relative to the cylinder in a vertical plane cutting the 
axis of the cylinder at right angles, then the angle 9 the aual plane containing tlio 
insect makes with the vertical ia given by 



a'^(J/ + 



ii'ifl) = fl/r' 



ft being undemtooil that the cylinder is very thin. 
If the internal radius be b, prove 

# [if (f + 0=) + m (a' - aoi COS fl + li^l= C - 2tngb (1 - oos e; 



CHAPTER V. 



MOTION OF A RIGID BODY IN THREE DIMENSIONS. 



Translation and RoUUion. 

214. If the particles of a body be rigidly connected, then, 
whatever be the nature of the motion generated by the forces, 
there must be some geoernl relations between the motions of the 
particles of the body. These must be such that if the motion of 
three points not in the same stmight lino be known, that of every 
other point may be deduced. It will then in the first place be 
our object to consider the general character of the motion of a 
rigid body apart from the forces that produce it, and to reduce 
the determination of the motion of every particle to as few in- 
dependent quantities as possible : and in the second place we 
shall consider how when the forces are given these independent 
ciuantities may be found. 

215. One point of a moving rigid body heiiig fixed, it is re- 
quired to deduce tite qeiieral i-elations between the titotions of the 
other points of tlie hody. 

Let be the fixed point and let it be taken as the centre 
of a moveable sphere which we shall suppose fixed in the body. 
Let the radius vector to any point Q of the body cut the sphere 
in P, then the motion of every point Q of the body will be re- 
presented by that of P. 

If the displacements of two points A, B, on the sphere in 
any time be given aa AA', BR, the displacement of any other 
point P on the sphere may clearly be formd by constructing on 
A'B" as base a triangle A'P'R similar and equal to APB. Then 
PI^ will represent the displacement of P. It may be assumed aa ^ 
evident, or it may be proved as in Euclid, that on the same base 
and on the same side of it there cannot he two tiiangles on the 
same sphere, which have their sides terminated in one extremity 
of the base equal to one another, and likewise those terminated 
in the other extremity. 
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Let I) and E be the middle points of the ares AA\ I 
and let DO, EC be arcs of gi-eat circles drawn perpendicular 
AA\ BJr lespectively. Then clearly CA = CA' and OB = CB\ i 
thei'efore since the bases AH, A'B' are ecpial, thcj two ti'ian^ 




fi JGg^ 



ACB, A'CB' are equal and similar. Hence the displacement 
C is zero. Also it is evident since the displacements of an( 
ai-e zero, that the displacement of every point in the straight 1 
OC is also zero. 

Hence u hodij tmnj he hrofigitt from any position, icJnch we n 
roll AB, ?*///(> onofJier A'tV bt/ o roiation nhout OC as (ni a 
tltntH(fh (III onifle POP' such thai (tru/ one point P is bronr/lft i 
coincidence with its neic position P'. Then every point of the b( 
Avill be brought from its Hrst to its final position. 

This theorem is due to Euler. Menioin's dc VAc<nUmie de Berlin 1750, and 
Comtiwntaires de Sa'uit-Pvtershouri) \11d. 

21(). l\^ we make the radius of the sphere infinitely grc 
the various circles in the figure will become stiaight lines. ^ 
mav therefore infer that if a bodv be m<jvin<^ in one i)lane it ni 
be brought from any position Avhich we may call AB into n 
other A B' by a rotation about some point (J. 

217. Ex. 1. A body is rcfornd to rectangular axes .r, //, z, 
and, tlie origin remaining the same, the axes are changed to 
.f', J/', z' , according to the scheme in the margin. Sliow tliat this 
is e(iuivalent to turning the hody round an axis wiiose equations 
are anv two of tlie following three: 



•r', 


y' 


«P 


(i._. 


/'P 


''•> 


^P 


^■2 



thrr>ngh an angle 0, where 
|{. I>. 



{(I I- l).r + (i._,ii-\-(UZ = 0, 

Tj >• + <••_.// + (<•.[ - 1)^ = 0, 
:\ - 4 sin- .V^-<', + ^>. \-r.. 
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The positive diTeetionn of z', y' beinR arbitmry, show that the conditioo that these 
three equations are consistent is natislied, provided the positive direction of the 
axis of i' id properly choBen. Seo nlso a question in the Smilh'a Prize Examination 
for 1868. 

Take two points one on each of the axes of i and i' at a dintance h from the 
ori^n. Their co-ordinates are (0, 0, h)(aji, b,h. c,)i). therefore their distanoe is 
h^2(l- f,). But it is also 2AHin7sini9; .■. aaiu5iflsin'7 = l-Cj, where y is 
the auRle lOi'. Similarly aain'^fl ain'o = l -a, and flain^ifl wn»3=l- ft,, whenoe 
tlie oiiuation to find 6 follows at onoe. 

Ex. 2. Show that the equations to the axis may also be vritteo in the form 



218. When n body is in motion we have to consider not 
merely its first and l&st positions, but also the intermediate poai- 
tionn. Let lis then suppose AB, A'R to he two positions at any 
indefinitely small interval of time dt. We see that when a body 
moves about a fixed point 0, there is, at every instant of tlw 
motion, a straight line OC, such that the displacement of eveiy 
point in it during an indefinitely short time dt is zero. This 
straight line is called the instantaneous axis. 

Let d8 be the angle through which the body must be turned 
mund the instantaneous axis to bring any point P from its posi- 
tion at the time i to its position at the time ( + dt, then the 
ultimate ratio of d0 to dt is called the angular velocity of the 
body about the instantaneous axis. The angular velocity may 
also be defined as the angle through which the body would turn 
in a unit of time if it continued to turn uniformly about the 
same axis throughout that unit with the angular velocity it had 
at the proposed instant. 

219. Let us now remove the restriction that the btxiy is 
tftooving with some one point fixed. We may establish the follow- 

S proposition. 
_^_ Every displacetnent of a rigid hody may he represented hy a 
, HBmbinofifm of the two foUowing motions, (1) a motiofi of froiw- 
lation, whereby every particle ts moved parallel to the direction of 
niotion of any aastimed point P rigidly cmtnected ivitlt the body 
and Virough tite same space ; (2) a motion of rotation of tlie whole 
body about some axis through this a^suvied point P. 

This theorem and that of the central axis are given by Charles. BulUHn det ^ 
Seientet MatMmatiquei par Feruuae. vol. uv. 1830. See also Poinsot, TMori* ] 
Nourtlle dt In Rotation dti Corpi 1834. 

It is evident that the change of position may be effected by I 
moving P from its old to its new position P' by a motion of trans- I 
lation, and then retaining P" as a fixed point by moving any two j 
points of the body not in one straight line with /' into their 1 
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final positions. This last motion has been proved to be e([uivaleut 
to a rotation about some axis through P', 

Since these motions are ([uite in(le[)endent, it is evident that 
theii" ordei* may be reversed, i.e. we may first rotate the body 
and then translate it. We may also suppose them to take place 
simultaneously. 

It is clear that any point P of the body may be chosen as 
the base jmnt of the double operation. Hence the given dis- 
placement may be constructed in an infinite variety of ways. 

220. Change of Base. To find tlie relations between the 
aj-es and anfjles of rotation when different points P, Q are chosen 
as bases. 

Let the displacement of the body be represented by a rota- 
tion about an axis PR and a traiislation PP\ Let the Siime 
dis|)lacement be also repi*esented by a rotation 6' about an axis 
QS and a ti-anslation QQ\ It is clear that any point has two 
displacements, (I) a translation e([ual and parallel to PP\ and 
(2) a rotation through an arc in a plane perpendicular to th(^ axis of 
rotation PR. This second displacement is zero ordy when the point 
is on the axis PR. Hence the only points whose displacements 
are the same as that of the base point lie on the axis of rotation 
correspi^nding to that base point. Through the second base point 
Q (haw a paiallel to PR. Then for all points in this parallel, the 
(lisplacements due to the ti-anslation PP, and the rotation 
round Pit, are the same as the corresponding displacements f(>r 
the point Q. Hence this parallel must be the axis of rotation 
corresponding to the base point Q. We infer that the a.res oj 
rotation correspondind to all ba^iC points are parallel. 

221. The axes of rotation at P and Q having been ])roved 
paralU'l, let a hv the distance between them. Let the plane 
of the papi-'r inteis(H*t these axes at I'ight angles in P .'vnd y, then 



V 
P<—~- 
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PQ=a. Let P7^', QQ' represent the linear displacements of 7^ 
and Q respectively, though these need not necessarily be in the 
plane of the paper. 



A RIGID BODY IN THREE DIMENSIONS. [CI 

The rotation ab<mt PR will cause Q tr> d<?srrihe tin 
a circle of radius a and angln 8. the chord Qq of this 

2re sill 5 and is the displacement due to rotation. The whole dis- 
placement QQ' of Q ia the resultant of Qq and the displacement 
PJ* of P. In the same way the rotation ff about QS will causa 

P to describe an arc, whose chord Pp is e({iial to 2tt 

The whole displacement PP" of P is the resultant of Pp and the 
displacement QQ" of Q. But if the displacement of Q is equal 
to that of P together with Qif, and tho cHsplacement of P is 
equal to that of Q together with Pp, we must have Pp and Qq 
equal and opposite. This requires that tho two rotations 0, ff 
about PR and QS should be equal and in the same direction. 
We infer that ihe angles of rotation correspimding to all base points 
are equal. 

222. Since the translation QQ' Is the resultant of PP' and 
Qq, we m^ by this theorem find both the translation and rotation 
corresponding to any proposed base point Q when those for P are 
given. 

Since Qq, the displacement due to rotation round PR, is 
perpendicular to PR, the projection of QQ' on the axis of rotation 
IB tne aatne as that of PP'. Hence the jrrojectiana on the ajvis of 
rotation of the displacements of all points of the body are equal. 

223. An important case is that in which the displacement is 
a simple rotation 6 about an axis PR, without any translation. If 
any point Q distant a from PR be chosen as the base, the same 
displacement is represented by a translation of Q along a chord 

Qj = 2a sin 5 in a direction making an angle — x— with the plane 

QPR, and a rotation which must be equal to 9 about an asis which 
must be parallel to PR. Hence a rotation about any airis fnay he 
replaced by an equal rotation about any parallel axis together imth 
a motion of translatio)i. 

224. When the rotation is indefinitely small, the propoeition j 
can be enunciated thus: — a motion of rotation a>dt about an axis 
PR is equivalent to an equal motion of rotation about any parallel 
axis QS, distant a from PR, together with a motion of translation 
awdt perpendicular to the plane containing the axes and in the 
direction in which QS moves. 

225. Central axis. It is ofl^n important to choose the base 

point so that the direction of translation may coincide with the 
axis of rotation. Let ua consider how this may be done, 
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Let the given displaconient oi' the body be represented by a 
rotation 6 about PR, and a transhition PP'. Draw P'N perpendi- 
cukir to PH. If po.ssibh', K't this same dispkicement be represented 
by a I'otation about an nxis QS, and a tian.skition QQ' tiJonfj Q^S. By 
Arts. 220 and 221 QS must be parallel to PR and the lotation about 
it must be 0. This translation will move P a length e(]ual to QQ' 

Jf 
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idtmg PR^ and the rotation about Q>> will move P along an arc 
|)erpendicular to PR. Hence Qi^ must eijual PN and }s P' must 
be the ehoid of the are. It follows that QH must lie on a plane 
bisecting NP' at right angles and at a distance o from PR where 

NP' = 2(1 sin- , or, which is more convenient, at a distance y from 

6 
the i)lane NPP' where NP' = 'l\f tan - . The I'otatiiai 6 round QS 

is to brim; N to P' and is in the same direction as th(^ rotation 6 
round PR. Hence the distance if must be measuivd from the 
middle point i)\ N R' in th«' direction in which that middle point 
is mo\ed by its rotation i-ound PR. 

Having found the only ])ossible position of Qk^, it remains to 
show that the displacement of (^ is really along Q^. The rotation 
round PR will cause (^ to desciibe an arc whose chortl Q(i is 

])arallcl to PN and e([ual U^ 'la sin - . 'J1io chord i^<[ is therc;fore 

ei|u.d (o NP\ and the translation N R' brings <[ back to its position 
al (j>. Hence (^^ is moved only by the translation PN, i.e. Q is 
moved along (^*S'. 

226. It follows from this reasoning that any displacement of 
a body can be represented by a rotation about some straight line 



MOTION OF A UIQID BODV IN TUltEE DUt£N810NS. [CH. 

aud a traiislatioTi jKirallel to that straight liuc. This mode of 
conBtructiog the displacement is called a screw. The straight line 
in sometimes called the central <ueis and sometimes the a.vis of 
the screw. The ratio of the translation to the angle of rotatioa 
is called the pitch of the screw, 

227. The same displacement of a body cannot be construeted 
by two different serews. For if possible let there be two central 
axes AB, CD. Then AB and CD by ArL 220 are parallel. The 
displacement of any point Q on CD is found by turning the body 
round AB and moving it paiallel to AB, hence Q hae a displace- 
ment perpendicular to the plane ABQ and therefore cannot move 
only along CD. 

238. When the rotationB are indefinitely small, the consti-uc- j 

tion to find the central axis may be simply stated thus. Let ths ] 

displacenient be represented hij a rotation mdt about an mnis PR | 

and a translation Vdt in the direction PF. Measure a distajia I 

y = from P perpendicular to Hie plane P'PR cm tliaf i 

side of Hie plane towards which Y is moviiiij. A parallel to Pfi 
tlirouifh the eidremity ofyistlie central axis. 

Ei. 1, Given the diflplacaniBntB A.i', lili', CC of Ihree points o{ h body n 
direotion and magaitiide, but not DooeaBaiilj in position, Gud the dimotioii uf the J 
ftxifl of rotation oorreeponding to uny base point P. . 

Through any assumed point draw Oa, Op, Oy paiallel and eqviai to AA\ BB', 
CC. If Op be the direction of tho axis of rotation, the projectiona of Oa, Op. Oy 
on 0(1 are all equaL Henoe Op is tho pcrpoudioulor drawn from U on the plane 
o^. Tills oIho sliows (hat the direction of tlie axis of rotation la the sonic for 
ijl base points. 

Ex. 2. If in the last example the motion be referred to the central aiia, show 
that the tranalation along it ia equal to Op. 



I 



Ex. S, Given the ditiplacemeutB AA', UU' at two points A, li of the body and 
the diieution of the central axis, find the position at tlie central axis. Draw 
pianos through .id', till' parallel to the oontral axie. Bisect .!.-('. ilK' by planes 
perpendicular to these planes respectively and parallul to the directiou of thu central 
axis. These two last plaues iaterseot in the central axis. 

. Composition of Rotations and iScreios. 

229. It is often necessary to compound rotations about axes 
OA, OB which meet at a point 0. But, eis the only case which 
occurs in rigid dynamics is that in which these rotations are 
indefinitely small, we shall first consider this case with some par- 
ticularity, and then indicate generally at the end of the chapter 
the mode of proceeding when the rotations are of finite magnitude. 
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231. It iM eliiar that a nitiitioii iibmit iui axiw UA iiiuy be 
ii'pi'i^sciiU'd ill iiiagiiituile by a k-iigth mea^iitred along the axiy. 
This li-ngth wilt also represent its liiivclion if vm folhiw ihii same 
riilt' as m sialics, viz, thu rotation shall ajjpuar to bu in sumo 
.sLaiLthuil ilii'L'ction to a spcotalor plawil ahiiig ihu asiu .so that OA 
is moasiircil IVuiii his \\:>-\. at O tnw;»n!s his 1km<I. This dirLrtiun 
iAtJA iscalh'.l ihu |i-wliv,; din.Tli..,, nt ihi.' axis. 

2:i!i. Parallel ogr am of angular velocitiea. //' tn^u aii- 
ijnlar vvlocities tibind ticn iu:eti UA, OB be rejJi'esented in iiLwjnitiide 
and direction by the iuiu leni/tlia UA, UB; then the dia'jmuil OU 
of the piuvlldmjrant, coiustructed on OA, OB us sidt:)i will be the 



resulUmt iixts of rotation, and its length will represent the viagni- I 
tude of the resultant angular velocity. 

Let P be any point in OG, and let PM. PN be drawn 
perpendicular to OA, OB. Since OA represents the angular 
vulocity about OA and PM is the perpendicular distance of P 
fr(»m OA, the product OA.PM will represent the velocity of P 
due to the angular velocity about OA. Similarly OB.PN will 
i-epresent the velocity of P due to the angular velocity about OB. 
Since P is on the left-hand side of OA and on the right-hand 
side of OB, as wc respectively look along these directions, it ia 
evident that these velocities are in opposite directions. 
Hence the velocity of any point P is represented by 

OA.PM~OB.PN 

= OP { OA . sin CO A -OB. Bin 00B\ 

= 0. 




Therefore the [joiut P is at rest and OC ia the resultant axia 
of rotation. 

Let a be the angular velocity about OC, then the velocity 
of any point A in OA is perpendicular to the plane AOS and laj 
I'eprcsented by the product of a into the perpendictuW distAace ■ 
of A from OV = a. OA sinCOA. But since the motion is a,]^i 
determined by the two given angular velocities about. l>A, OH. ihc 
motion of the point A ia also represented by the product of OB 4 
into the perpendicular distance of J from OB =^ OB . A sin BO A ; 

sm CO A 

Hence the angular velocity about OG is represented in magni- 
tude by 00. 

Frmi this proposition we may deduce as a corullury " Vie 
parallelogram of angular axxelerations." For if OA, OB represent 
the additional angular velocities impreHsed on a body at any in- 
stant, it follows that the diagonal OG will represent the resultant 
additional angular velocity in direction and magnitude. 

233. This proposition shows that angular velocities and angular 
accelciatious may be compounded and resolved by the same rules 
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and in the suiik' way as if tiiey wero forces. Thus an angnh 
velocity CO about any given axis may be I'esolved into two, ro cos 
and ft) sin a, about axes at right angles to each other and niakiii 
angles a and ^tt — a with the given axis. 

If a body have angular velocities ft),, &>,, ft).. aV)out three ax( 
Ow, Of/, Oz at right angles, they are together ei|uivalcnt to a sing 

angular velocity ft), where ft) = Vft),- -f ft)/ + (o'c, al)out an ax 
making angles with the given axes wh<»se cosines ai"e respectivel 

This may be proved, as in the cori'espondiii 

proposition in statics, by compounding the three angular velocitie 
taking them two at a time. 

It will however be needless to recapitidatt' the several pr( 
])ositions proved for forces in statics with sjiccial reference t 
angular velocities. We may use *' the tiiangle of angular velocities 
or the other rules for compounding sevei'al angular velo(dti< 
together, without any further demonstration. 

2o4. The Angular Velocity couple. ^1 bodij has anguU^ 
velocities ft), ft)' about t too parallel a .res OA, 0'L> distant ixfroni em 
othe)\ to find the resultinr/ motion. 

Since parallel straight lines may be regarded as the limit < 
two straight lines which intersect at a vi'iy gieat distance, 
follows from the paiallelogram of angular velocities that the i\\ 
given angulai' velocities are eipiivalent to an angular velocit 
about some parallel axis O'C lyiiig in the plane containing 0^ 
U'R 

Let ./; be the distance of this axis from OA, and suppose 

0-- -, '/:- n 

'[ I c 

— J — I r A 



to be on the same side of OA as O' B. Let il he the anguh 
vclocitv about it. 

Consider any })oint I\ distant ?/ from 0.1 and lying in tli 
|)l;in<' ot the three axes. The veloeitv of I* due to tile I'ot.'ltio 
al)ont OA is roy, the velociiy due to the rotation al)out. Oil : 
(o'{t/ — a). Jhit these two together must be eijuixalent to til 
Nclocity due to the resultant angular vt>l<»city il about 0"C, an 
this is\r) (y_.,), 

.*. (oij 4- ft)' (/y — a) = n {// — ./•). 



ri'' 



rhis eijuation is true for all values of y, .*. H = ft) + ft)', .^' = yy 
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This ia the same result we should have obtained if we had 
been seeking the resultant of two forces w, ta' acting along OA, 
O'B. 

If « = — w', the resultant angular velocity vanishes, but a; is in- 
finite The velocity of any point P is in this case ai/+oi' {i/ — u) = itot, 
which is independent of the position of P. 

The result is that two angular velocities, each equal to w but 
tending to turn the body in opposite directions about two parallel 
axes at a distance a from each other, ai'e equivalent to a, linear 
vducitij represented by ato. This corresponds to the proposition 
ill statics that "a couple" is properly measured by its moment. 

We fiiay deduce as a corollary, that a viotion of rotation w 
about an asas OA ia equivalent to a» e^uuZ motion of rotation about 
a paj-aUei ojcis O'B pltis a motion of trandation aa perpendictUar 
to the plane containiny OA, O'B, and in t/ie direction in whidt O'B 
moves. Sec also Ajt. 223. 

235. The analogr to Statlca. To erplnin u certain analogy 
which earwte between statics and di/namics. 

All propositions in statics relating to the coiuposition and 
resolution of foi-ccs and couples are founded ou these tneorems: 

1. The parallelogram of forces and the parallelogi-am of 
couples. 

2. A force F is equivalent to any equal and parallel tbrce 
together with a couple Fp, where p is the distance between the 
forces. 

CoiTespondiiie to these we have in dynamics the following 
theorems on the instantaneous motion of a rigid body : 

1. The parallelogram of angular velocities and the parallelo- 
gram of linear velocities. 

2. An angular velocity o) is equivalent to an equal angular 
velocity about a pai'allel axis together with a linear velocity equal 
to top, where p is the distance between the parallel axes. 

It follows that every proposition in statics relating to forces 
has a corresponding proposition in dynamics relating to the 
motion of a rigid body, and these two may be proved in the 
same way. 

To complete the analogy it may be stated (i) that an angular 
velocity like a foi'ce in statics requires, for its complete determina- 
tion, live constants, and (ii) that a velocity like a couple in statics 
requires but three. Four cnnatants are required to determine the 
line of action of the force or of the axis of rotation, and one to 
ijetermiae the magnitude of either. There will also be a conven- 
tion in either case to determine the positive direction of the line. 
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'I\vij cimstimts atid a TOiivctitiou aiv ivi|uiivii In .loli^rniiiic l.lu.' 
[KisitivL' ilircctioii of thu axis uf thL- cuiipli; i>i- i.<l' llu.' voluuity ;iinl 
uiii! the magnitude of either. 

The ilisnuvery o( thin nnalugy in due to i'uiiiiiol. 

23lj. In urdvr to shuw the gi-oat utility of tliis aiialLii^' ;iinl 
how Giisily wu may trfinsfonu aiiy kuuwu theotviii in ataties into 
the corrcspouding one in dynaiiiici, we shall ij!a<-e in close jiixta- 
|Hisition the more eoiiinujii theweiiis wliifh aiv in eouliiiual ii.-io 
both in statics aud dynamies. 

It is proved in statics that any given systcni of forces and 
couples can be itsdiiced to three forces X, Y, Z, which act along 
any ivctangulai' axes which may be convenient and which meet 
at any base point wc ]ilea.se, together with tin-- ■■ r.,:iy]: < which 
we niav call /„ .1/, ,V and whieli ael luuodlli. - ■ \ ii.i.lrr 

re[iresentulinn is llieli found, i-r it is pn.vrd llur - .ind 

eouple.s can be redneed to a single foree whi.-ii u.. n,;,; ,-,,11 /,' :in,l 
a cuuple (r which acts round the line of aetiou of It This liuu 
of action of R is odlcd the central axis. There is but one central 
axis eorresponding to a given system of forces. The tei'in wrench 
has bren applied to lli:-';. |m. -■ i ;:i'I..i, ..C:! ^^. n ^\ -L.-in of forces. 
Draw anv sl]-aigiil In, : /. :■ . i .'i .\i- at a di.s- 

taneec ln>oi il. Tli. i -,■..■. i: ii. ■, .,. .■■iiiral axis to 

act aluiig Ali at -1, i.i..:..|..i ■.^. i; , ! 1 ■ ■■ in. ■ ■ ,l n-vv ■■..iiple whose 
nioiuent is Re. Conibiuing this with the eniipK' G, we have for 
the new base pi)int A a new ctinple (j' = V7r= + /i'c-, the foree 
being the s;inie as before. The couple G' is a ininimnin whenc = 0, 
i.i'. wli'i. .1 /.' -■..■iniilus with the central axis. By taking inoineiits 

r ] I/. ■■ ihat the moment of the forces round every 

sn.ii,_:.ii ■■ ]■ ■ il'l to the central axis is the same and equal to 

The same train of reasoning by which these results were ob- 
tained will lea<l to the following propositions. The in.stantaneous 
inotion may be reduced to a linear velocity of any basi; point we 
please and an angular velocity mund some axis through the 
ba.se. These are then reduced to an angular velocity which we 
may call fl about an axis called the central axis, and a linear 
velocity along that axis which we may call V. The term screw 
has been applied to this representation of the motion. Draw any 
sLi'aight line Ali parallel to the ceiitnil axis. Then we may move 
il tioni Ihe central axis to act round Ali, pi'ovtded that we intro- 
duce a IR'W linear velocity re [iresL' tiled by 11'.'. Combining this with 
the velocity V we have tl.r the new base .1 twhieb is any jMiint 
on AB) a new linear velocity V = ^V- + ti-n'. the angular velocity 
being the same as before. The linear velocity V is a Tnininmni 
when c = 0, i.e. when AtJ coincides with the central axis. W'e see 




I 
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that the liLcar velocity of any point A resolved in the direction 
AB, i.e. parallel to the central axis, is always the same and equal 
to the mmiiimni velocity of traiislatiou. 

It will be seen that mwrt of these resuita have ab-eady been 
obtained in Arts. 219 to 228 ior finite rotations. 

237. Another useful representation depends on the following 

Sroposition. Any system of forces can be replaced by some force 
' which acts along a straight tine which we may choose at 
t)lea8ure, and some other force F' which acts along some other 
ine and does not in general cut the first force. These are called 
conjugate /(frees. The shortest distance between these is proved 
in statics to intei-sect the central axis at right angles. The 
directions and magnitudes of the forces F, F' are such that R 
would be theii- resultant if they were moved parallel to them- 
selves, so as to intersect the central axis. Also it is known that, 
if 6 be the angle between the directions of the forces F, F' and 
a the shortest distance between them, FF'a sin 6 = GK 

By help of the analogy wc may obtain the corresponding 
propositions in the motion of a body. Any motion may be repre- 
sented by two angular velocities, one w about an axis which we 
may choose at pleasure and another «' about some axis which 
does not in general cut the fii«t axis, These ai'c called conjugate 
axes. The shortest distance between these intersects the central 
axis at right angles. These angulai- velocities are such that il 
would be their resultant if their axes were placed parallel to 
their actual positions, so as to intersect the central axis. If be 
the angle between the axes of a, <u' and a be the shortest distance 
between these axes, then wta'a am0= Vfl. 

238. The velocity of any Point. The motion of a body 
during the time dt may be represented, as explained in Art. 219, 
by a velocity of translation of a base point 0, and an angular 
velocity about some axis through 0. Let us choose any tliree 
rectangular axes Ox, Oy, Oz which may suit the particular pur- 
poee we have in view. These axes meet in and move with 0, 
keeping their directions fixed in space. Let u, v, w be the resolved 
parts along these axes of the linear velocity of 0, and a>x, aiy, o>„ 
the I'esolved parts of the angular velocity. These angular velo- 
cities are supposed positive when they tend the .same way round 
the axes that positive couples tend in statics. Thus the positive 
directions of Wj, to,,, w„ aie respectively from y to z, from z to a 
and from x to y. 

The whole motion during the time dt of the body is known 
when these six nuantitiea u, v, w, tn^, (u„, m, are given. These six 
quantities may be called the components of llie motion. We now 
propose to find the motion of any point P whose co-ordinates 
are w, y, s. 
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THE VELOCITY OF ANY POINT. 
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Let VIS find the velocity of P parallel to the axis of z. Let PX 
be the ordinate of z and let i^^A^be drawn perpendicular to 0./'. 




JC 



The velocity of P due to the rotation round Ox is clearly coxP^I- 
Resolving this along NP we get co^P^f ^inNPM = cor]/. Similarly 
that due to the rotation about Oy is — (o,^r and that due to the 
rotation about Oz is zero. Adding the linear vehK'ity w of the 
origin, we see that the whole velocity of P parallel to Oz is 

v/ = lu -{- (Oj-y — o),/v. 
Similarly the velocities parallel to the other axes are 

)t = n -\- (o,,z — &)^y, 

280. It is sometimes necessary to change our ivpresentation 
of a given motion from one base point to anothei*. I'jiese fornndje 
will eiral)le us to d<> so. Thus suppose we wish our new base 
)M)int to be at a point (/, the axes at (/ bi^ng })arallel to th«Kse 
at (). Let (f, ?;, f) be tlie co-oidinates of O' and let ii\ v', fn\ 
(,),\ w„\co/ be the liuea?" and angulai* components of motion foi' the 
l>:ise (/. We have now two re]>resentations of the same motion, 
both these imist ^'ive the same result for the linear velocities of 
any point ]\ Hence 

// + (i),fC - (A),y = h' -f w,/ (z - f ) - o)/ (// - ?;), 

in -f (o-,i/ - o),/./; = w' + o)/ {f/-v)- ^f/ <•'' - f )> 
must be true foi- all values of .r, y, z. 

1'hese e<|uatioiis give (o/ = coj-, mJ = o),,, (oJ = (o^\ so that what- 
ever ])ase is chosen the an<nil;ir velocitv is alwavs the same in 
dire<li<»n :ni(l maLTuitude. See Art. 221. We also see thai ti\ /''.?// 



Sflfi MOTION OF A niGID BOHY TN THREE DIMENSIOXS. [CflAP. V. 

are given by formulse analogous tf> those in Art. 238. as indeed 
might have been expected. 

The reader should compare these with the corresponding for- 
mulae in statics. If all the forces of any system be e(|uivalent 
to three forces X, Y, Z acting at a base point along three rect- 
angular axes together with three couplea round those axes, then 
we know that the corresponding forces and couples for any other 
bosti point f , I), f are 

X'=X, L' = L + Y^-Z7}, 
r'=Y. M- = M+Z^-Xt 
Z' = Z, N' = N + Xv-Y^. 

S40. To find the equivalent Sorew. The motion being 
given by the linear velocities (ii, v, w) 0/ smne base 0, and tiie 
migular velocities (to,, to„, wj), find the central axis, the linear 
velocity along it and the angular velocity round it, ie. find the 
equivalent scretv. 

Let P be any point on the central axis, then if P were chosen 
as base, the components of the angulai* velocity would be the 
same as at the base 0. If then H be the resultant of the angular 
velocities toi, Wy, a, we see that 

(1) The direction -cosines of the central axis are 

cos a = ^ , cos ff = -T^ . cos 7 = ^ . 

(2) The angular velocity about the central axis is il, 

(3) The velocity of every point resolved in a direction parallel 
to the central axis is the name and equal to that along the central 
axis. See Art. 222 or Art. 236. If then V be the linear velocity 
along the central axis we have 

V=u cos a + 11 cob^-I-m; cob 7; 
.-. Vn=ua>, + va,y + ww,. 

(4) Let (a:, y, s) be the co-ordinates of P, i.e. of any point 
on the central axis. Then the linear velocity of P is along the 
axis of rotation. Hence 

U + 0)yg — M,!/ _ V + a>^ — Mjg _ WjF«ey — a^ 
Wt Wy V)t 

These are therefore the equations to the central axis. 

If we multiply the numerator and denominator of each of 
these fractious hy oiz, fy, m, respectively and add them together, 
we see that each fraction is 

_ uior + vtoy 4- wtoi _ V 

ratio is ffillod the pilch of the screiv. j^^^H 
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•241, The Invariant. Tt fiiUiiws from the third iPMiilt just 
|i(ovvii that u!i:iU'Vi'il>iisc l)i> c-hoscn ami whatevi-r be the direction 
111" till' avvs, llii.' i|iiiiLililv iiii>, + vo),, + ii'Mi is invariable and er|iial 
t.f. Vr>. This i|Liaiitity iliay theix-fure be caJleii the h.niri.u.l „\ i\w 
diinprnieiits. Tlio resultant atif^ular velocity fl is alsn liM.uiithli^ 
and may be called tlie iia-nriitnt of thu rutation. 

If the la.ili.iTi be siieh that the first nf thes,. invariauts is 
ziro, it fnlhuvs Ihal either r=0, nv 11=0. This tli.rrlniv is ihe 
coitdifio.i that the mo/wn !■'< vii'iivcleid tu either ■! .-simple Irai/.-'lulhm 
or II .-^iwple n.liili,,,,. If we wish the niotiun tn be e.jniv/ilont Ni 
a siiaple rnlation. we mnst alsu have Wi, Wy, Mj nut all zero. 

The cnrrespmidin^ invariant in staticK is LX + MV+NZ = GR. 
Wiien this vanishrs, the forL-e.^i are eiinivalent t.i either a siiijjle 
resultant .r a Mngleenuple. 



2+3. A serew niofiiai may thus be given in twn ways. We 
niny have {jiveu the six em.iiionent-'' ef iiiotiim, which we have 
called (ii. I'. «', u,, (D„. to,), which also tlepend en the jmint chesen 
iij* biLse. Or it may be given by the e(|nationH tu the ccntml axis 
the velocity 1' along it, and the angular velueity fi runiid it. 

Ill this last eii.ie a cenvenlieii is noeessary to pri/vent roitftision 
as iM the direi'tiens implied by the vcl.icities V ami IJ. One 
diivrtinn nf llir axis i.s called the puMtive ilirectioi;, and the 
i.ppiisite Ihe negative direction. Then V is taken positive when 
it implies a velocity in the ptisii.ive direetioii. So also il is positive 
when the rotation appears t" he in the diifclion of the hands 
of a watch, when viewed by a pei'son placorl with his back along 
the axis, so that the pisitive direction is from his feet to his head. 
This of cnnr-ie is only the m-dinary definition of ;\ positivi.' enupie 
ii-H given in statict See Ai-t, 231, 

The metho<l of deferniining the positive direction of the axis 
is i.^mv t.. iih.i .i-^.l:.!! ;!m.ii-]i it takes long to ,.>:|>lain, Describe 
a s|.liia-.- ..I ■ I v.iili ii.s ci'Uti-e at the origiLi. and let 

th.' jy,.~itl., .i . ■:- . I i|i,- a\es cut this s|^here in x, ij, z. Let 

a parallel v., l1„ c, iiLial .ixi- .h:^^ - ibn-i-^h the origin cut the 
sphere in i and U. Let il^ ■':■ -iocs of the axis be 

given say, (, m, n. Then (/ 'I ■■■'■.liiios of certain arat 

lirawn on the sphere which ln-m -ii < v.. nnl terminate say at L, 
while (— /, — III, —n) arc the cosines of supplementary arcs which 
begin at the same jioiiits .ri/z. and terminate at L'. Then Of, is 
the p.'sitive direction of the axis and OL' the negative dii-pction. 
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244. 'f}ie position of the central axis being given., together with 
the Httear velocity along it and Uie angular velocity rov/nd it, it 
ia required to find the components of the motion when tlie origin ta 
taJcen as the base. 

This ia of course the converse proposition to that just discussed. 
Let the equation to the central axis be —i-=- — - = ~ , 

where {Imn) are the actual direction cosines of the axis. Let V be 
the linear and Xl the angulaa- velocity. 

If {fgh) were taken as the base, the components of the linear 
velocities would be I V, mV, n V, and the components of the angular 
velocities would be 10., ntH, jtH. Hence by Art. 238, writing ~f, 
~g, —h for X, y, e, the components of the motion when the origin 
is the base point are 

u= tV -n (mh - ng), «, = in, 
V = mV- n (nf - th), w^ = mfi, 

w = nV-n(lg -mf). t^.^nCl. 

245. Compoaitlon and Resolution of Screiva. Oiven two 

screiv vwtions to compound theni mto a single screw and conversely 
given any screw motion to resolve it into two screws. 

Two screws being given, let us choose some convenient base 
and axes. By Art. 244 we may find the six components of motion 
of each screw for this base. Adding these two and two, we have 
the six components of the resultant screw. Then by Ai't. 240 the 
oentml axis together with the linear and angular velocities of the 
screw may be found. 

Conversely, we may resolve any given screw motion into two 
screws in an infinite number of ways. Since a screw motion is 
represented by six components at any base we have in the two 
screws twelve quantities at our disposal. Six of these are required 
to make the two screws equivalent to the given screw. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given 
straight line we please with any linear velocity along it and any 
angular velocity round it The other screw may then be found 
by reversing this assumed screw and joining it thus changed to 
the given motion. The screw equivalent to this compound motion 
is the second screw, and it may be found in the manner just 
explained. 

Or again, we may represent the motion by two screws whose 
pitches ai-e both chosen to be zero, the axis of one being arbitrary, 

These arp the fmijugato axes spoken nf in Art. 2.'i7. 
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\iU\. ExamplOB. Ei. 1. The Incus of poiuts in ii liody inciviug about a fi\ed 
|)oiiit which nt any ioBtaiit have the satuG renultaul velocity i^ d aircular cylinder. 

Ex. 2. A \mdy lia» an aiii!ulaF velocity fl about an aiin whoac eijuation is 

,- = - ' = , find the roBolved velocities parallel to the axe? of any point 

whose CO 'OrJi nates are ({, ij, i). 

Ex. rj. A body has ci|ual acgutai' velocities about tno axes wbicli neither meet 
nor nn.' parallel. Prove that the central axis is tHiunlly inclined to eaeh. Find 
also the linear velocity alonj! the central rtxis nnd the anKUlur velocity round it. 

Ex. i. If ladii vectores bo diawn from a fixed point to reprcnent in direction 
anil ma^mitude the velocities uf nil points of a rif^iil body in motion, prove that tlie 
exlretnitisH of the.w radii veotoree at any one iiistsnt lie in a plane. [Coll. Exam.J 

Thit: plane istvidently perpendicular to the central nxi.s. and its distance (roni 
measures the velocity along the axia. 

Ex, 5. Tlie locus of tlio tangents to the trnjeclories of different points of the 
same .strai>!bt line in t)ic instantaneous motion of a 1>oily is a hyperWlic l»raboloi<]. 

Let All be the given straik'ht line, CV ila conjugate. The pointa aaAII are 
turning round CD, and therefore the taugentK all paKH Ihrouuh tvo straight lines, 
viz. .\ll iind its consecutive position A'll\ ami are aUo all parallel to a i>lnne which 
is perpendicular to CD. 

Ex. Ii. Two screws (r, tl), (I", U') have their axes inclined at an annle fl. If 
the axes intellect, the invariant of the compiments of the motion iti 
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Ex. 7. A motion is represented by angular velocities i},, H., Ac, about any 
axen. I[ D is the shorteKt distance between any two axes, say with angular 
velocities il. tl', and K the an(;lc between these axes, then the invariant of the 
motion is ZUO'D sin S, whete S implies summation for every combiuiition of axes 
taken two ami two. 
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Ex. 9. If the iDBtaDtaneooB motiou of a bod; be represented b}'>tvo coiijU(;ate 
angDl&t velocitiea u, w', the aiU of the reaaltant soren' intersects at right augles 
tha Bhortest diatanoe between the conjugate aiea. Let y, y' he the angleii 
conjugal^ axeH nmke with the atis of tlicir reaultBtit, a the anele the; make with 
each other, c. c' the ahorteat diBtanceu between the conjugate axes and the aiix of 
the uuew, V and n tha linear and angular velocities of the screw, then prove that 

_J:L = .-lL = JL i^^=y=_L ctan '=«'taD =~ 
Bin y Bin y sin a ' oos ■/ cos y sin a ' ' 

The first set tollowB from Art. 237- The second espresRes the fact that the 
direction of the lioeftr motion of (he point where the axis cnta the shortest diatanoB 
is along the aiis of the acrew. 

Ei. 10. An instontaneoai motion is given by the linear velocities (h, 
along, and the angular velocities (u^ u,, w,) round the oo-ordinate axes, 
rciiuired to represent this by two conjngate angular velocities, one being aboat the 

straight line ^ = ^^^ = — . 

If n be the nugular velocity aboDt the given uub, then 



where (I, m, nj are the actual direction -cornea. 
The etjiiationH to the conjugate axis are 

10^, «„ W,\ «p u,. w. 

These general eqnatiooB will be simplified if the circumstance.^ of any problem 
permit tbe co-ordinate axes to be so chosen that some of the constants ma; be i 
Thus, if the central axis of the instautaueous motion is taken as tho axis of z and 
the shortest distance between that axis and the given straight line as the axis i 
we have ti = O,v = 0.w^= 0, u, = ; ii = 0, fi = 0. and I = 0. After these substitu tiona 
the results become equivalent to those given in the last example. 

The first of these equations ma; be obtained as indicated in Art. 245. Beverw 
Q and join it to the given motion, then the invariant of this compound motion 
vanishes. If the angular velocity (i be thus supposed known, the conjugate 
is the central axis of the compound motion and may be found as in Art. Ho. But 
if the eoningate axis be required independently of n, we may nse the second and 
third equations. 

Tbe second equation follows from the fact that the direction of motion of anf 
point on the conjugate is perpendicular to the given axis. 

The third follows from the fact that the direction of motion is also popendiculK 
to the straight line joining the point to (/, g, h). 

There is an apparent exception to these results when the given motion and thd 
given axis are such that t), as found from the flrst equation, is infinite. This is 
limiting cose rather than an exception. It is easy to see that both the second and 
third tquations are, in this case, satisGed by substituting i=/+ll, s = g + ml, 
i = h.|->ir; Le. the conjugate axis coincides with the given axis. U (I'be the angular 
velocity lUioot tbe conjngate axis, O and H' are lof^ether equivalent to the resultant 
angular velocity of the given motion: it follows that 11' in aUti infinite. In this 



limitinK case therefore tliP m ilion in rejirewutPil liv two infinitH aneiilar v 1 oilip' 
abont two CO ocilent I nei 

A lotl er 1 in t H), caie n nl en 11 e Rive ai •( s pn ilkl to Ihe ee tral ax 
of tl e gi ei ot on nnd the u anant o( tl p n t ou i ot y ro In th b oast 
/ are pro| ort onn.1 to u ui u anl t! aecand pjont o eprdcnta a plan 

nt f 1} Tl e COD] gntc axix s thcr fore nt nt tv nnd the an -ular \p1oc tj 
ab ut t s zwo 

Thpre b a th il 1 m t n" oftRp when the var ant of the g ven mot an s /ern 
If tl e H eu mot on s a ngl rotat on nboat come a\ a nay and the pt e 
ax 1 n C parallol to anl Itxa t ukrit t t n nd the conj f^ate n\ s 
no nc dp" ff th n If the Riven a\ s is pa il el to or nt rtpct-f t ma^ 1 a e 
Hn;v value and the conjncate axis is the resultant aiia of thp given rotation and the 
wvprsed 0. 

If the Riven motion is a simple translation parallel to Bome asis Oz an<] the 
given axis is not perpend icnkr lo ();, = and the eonjURate is nt infinity. If the 
Riven axis is perpcnAicnIar to I):, il may have any value, and llie cunjiij;ute axis is 
found as before; see Ait. 231. 

In diseussini,' these limiting cases anaiytitaliy, it will be convrnicnt lo ehoos* 
the simpliGed form of axes described above. 

Ex, II. If one eonjURate ot an iuntautaneoiis motion is at rii;ht anRles to the 
central axis the other meets it, and convevHply. If one eoojnRatu is parallel to the 
central axis the other is at an inflnilt distance 



Px 11 A body IB moved trim any ])ositian ili spacL to anv other and every 

pmnt of the I tii ii II fir t pmtion if joined to tht same pomt m the "lecond 

positiun 1 111 tliii't iounil he taken which pass (hronph a piven 

poinl tl I second orler Alu iC the middli points of all 

till, h I 1 Ritlier film a I od\ eapiiUi of an mPnitesimftl 

motion L. I 1 I h, lit line on tthiUi the inme in situate ta^ley'F 

hrpoil lillr J r I ] \ a H( 3 

347 Obaracterlstlc and foeiu If the inntantan rus motion of a 1 odv be 
repreiented bv tu i (.jiijii^ate rotntjins ul out ItM) axis if ri il I iinl a plane can 
be Irafvn tliroii»,h either axis perpendicular to thr other The axiR in tliephkne 
has been called the if iivwi.'ii tie of ttiat plane and the axis [icrpcndicular to the 
pkno IS said to eiit thi plane in it? fn ic Thcxc nam s wpre Ri^en in M (haslec 
la the Vwiiiilm /ii'jiiliw lor lfl43. homo of tlic foUowinR exaniplefi were also Riven 
by him. thouf(h withnut dei n on nt rations. 

Ex. 1. 8how that every plane has a characteristic and a fncUfi. 

Let the central axis cut the plane in 0. Ilesulvo the linear and anRular velocities 
in two ilireetionn Oj-, O:. the first in tlie plane and the second perpendicular to it. 
The translations along dj-, O: may he removed if nc move tlic a:ces of rotation 
Oj-, fl! parallel to tliemselveK, by Art, SM-I. Tlins the motion is represented by 
a I'otation abont an axis in the plane and a rotation about an axis perpendicular 
to it. It also follows that the character in tic of a plane is parallel tu tbu projection 
of the central axiM. 

Ei. 2. It a plane bo fixed in the body and move with the body, it InterseotH 
its consecutive position in ite characteriatic. The velocity of any point P in the 
plane when resolved porpendiciilar to tiie plane in proportional to its distance from 
the characteristic, and when resolved in the plane ii* proportional lo its distance 



n F and G, then FO pwseB thiongh 1 
& plane, the; meet in the charocterietle I 



MOTIO 

Ex. 3. It two oonjagate aies cut a pkn 
the toonB. 

If two oonJQgsta ftiea be pcojeotod o 
ot that plane. 

Ei. 4. If two Bxas CM, CN meet in a point C, their ooningates lie it 
whose focus in C and interest in the tonus of the plane CMN. ' 

This follows from the fact that if a straight tine ciit an axis the direction of 
motioii o( every point on it is perpendioiilar to the straight line onl; when it alio 
cuts the conjugate. 






Anj two Bies being given and their conjugaten. the four straight hnei 
Hame hjperbulotd, 

of a body be given bj the linear and 
I,, u.j), prove that the characteriBtia of the plane 
lx + Dy + Cc + D = 
■ - u^) + fl (» + UjT - iiiit) + C (ip + w,y - u^) = 0, 



Ex.6. 



Ex. e. ir 

angnlar velooltiea (u, i'. v), (i 



a with A (11 + 18(1 
.B FocU!! may he found from 



For the characteristic is the locua of the pointn whone directions of motion are 
perpendicnlar to tlie normal to the plane, and the focus is the point whose direction 
of motion is perpendicular to the plane. 

What do these equations tieoanie when the central axis is the axis ot it 

Ei. 7. The tocuB of the charaoleriHtics of planes which pass through a given 
straight line is a hyperboloid of one sheet: the shortest dintauce between the Riven 
straight line and the central axis being the direction of one principal diameter, i 
and the other two being the internal and external biscctorx of the angle botweeo { 
the given straight lijic und the central axin. Prove also that the Iocub of the foai 
ot the planes is the ooDjugate of the given straight line. 

Ex. S. Let anj' snrface A he fixed in a body and move with it, the normal 
planOH to the trajectories of all its points envelope a second surface B. Prove that 
if the surface B be fixed in the body and move with it. the normal planes to the 
trajeotories ot its points will envelope the snrtace A : so that the surfaces A and B 
have conjugate properties, each snrface being the locus of the foci of the tangent 
planes to the other. Prove that iC one surfaoa is a qnadric the other in also a 
qnadric. 



Euler'a Eqimtiom. 

248. In Euler'a equations tho motion of the body is referred 
to a system of axes which move lu space. It might therefore be 
thought that the consideration of these equations should be poat- 
ponea until we treat gonerally of such axes. Yet as his axes are 
fixed in the body and move only with it, they really form a special 
case. On account of their importance and the fact that they are 
in moi-e general uae than any other form of moving axes, we shall 
treat them separately, even though this may necessitate a little 
i-epetition of the arguments conceraing snch axes. 



1 



The ('(..lluwiny pniuf sljirls tV-..tii tir.st iiriuciples and is iiitcridrd 
Lu bij vui-y (.■loicU'JiLai-y, 8uv.T;tl ni.hn iji-.mlk \vill be ibuail further 

Ti) determine the general equations of viotion of a body nJiont 
ajLrcd point 

Let lliL' fixi.'d piiiiit be taken as onpin, and k'L ,c, i/, : bo th(! 
cu-in-duiiiLus lit tiiiif t "f any pnrticlL- in ri'fciTcil in any i-ectaupida!- 
axL'M fixed iu spacu. Let A'wi, I'ik, Z/k bf the uiipirssi.il forccK 
acting on tliis elcrni'iit paralli;! to tht' axes uf cu-i u-dinat-ya, and 
liil L, M, N be the momenta of all these fon.-es abunt the axt.% 

Thrn by D'Alembert's Principle, if tlie effective fiti^es mx-, 
my. mz be applied to every partiele ni in a reversed diii-ctiitii, 
1 Ijetween Ibese fercew and fhe impressed 



force.--. Takiiig iiiuiiieiits tberefure iibmit the iixe 


■s, w 


e have 


•S.m(xy->fx) = N 

and two similar ei|nali"ns. 




( 


To Kiinplify'thcHe eiinalions. let «>,, w,,, m.. 
velocities about the axes. Then .f = (■>„; — w. 


be 

V. I 


the an 



Hubstitnting iu ciiuatiiui (1) wc get 
:£»( (j.-^ + i/-)tii,- :imyi . Wy - :imj:z.m^ + :ini.-': . m„6};\ ^ ^j 

The ulher t«u eijiiatinnM may he treated in the same njanuer. 

The ewrticients iu this oipiatinn are the moments and products 
of iiii'itia of the b(ii!y with regard to axes fixed in spiicc and aixj 
Iheiufore variable as the body moves about. Let na then take a 
second set of rectangular a.>;es OA , <Jli. 0( ' tixeii in the b'wly, and 
let a,, a.j, Wj be the angidar velocities about the.se axes. Since 
the axes Ox, (hj, Os aiv perfeetiv arbitravv, let Ihern be so ehosen 
that the axes f)A. OB. OG are passing ihi'ough them at the 
moment under consideration. 

249. The ase.s of reference OA. OU, HC move in .space. We 
siippiwe the molinii diii i uiim d by the thiee angular vehicities 
Wi, to-., Ola in thr -^iiin' iiL^uiiirv as if the axes were fixed for an 
instant in spar^, 'fh" |ii..ii i-.n of the bo<ly at the time t-Vdt 
may be eon.stnicted tiiiiii thai ul ihe time ( by turning the body 
through the angles m^dt, m^dt, a^dt sncccssiveiy round lhi> in- 
stantaiirons jiositions of the axes. 
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Let n be thu angular velocity of the body and let OR be the 
iustantancoua axis of i-otatiou. Then since the two sets of axes 
coincide at this instant, we have the resolved angular velocities 
also equal, i.e. (Dx = <D], tOy — w„ a,— c0). But at the time t + tU 
the two seta of axes have separated, so that we can do longer 
assert that any two components such as Wi + dwj and wt + dw, are 
necessarily equal. 

We shall now show that i/ the •nwiiing axes are fixed in the hody, 
theii dm, = daii as far a« the first order of small quantities. Lot 
OR, OR' be the resultant axes of rotation of the body at the timea 
t and t + dt, i.e. let a rotation ildt about OR bring the body into 
the position ui which OC coincides with Oz at the time (; and 
let a further rotation il'dt about OR' bring the body into some 
adjacent position at the time t + dt while in the same interval dt, 
OC moves into the position OC. Then accoi'ding to the definition 
of a differential coefficient 



'^ = limit 



il' cos R'C'-n cos RC 



da, , . . H' cos R'z — U cos Rz 

-df-'""* a • 

The angles RC and Rz are equal by hypothesis. Since 00 is 
fixed in the body, it makes a constant angle with OR' as the body 
turns round OR, hence the angles R'C and R'z are also equal 
Hence these differential coefficients arc also equal. 

350. The following demonatrBtion of this eiiuality has been given by the lata 
Professor Slcsser,&nd is instructive as founded on a dilleient principle. laiA,B, O 
be the points in whiuh the juiccipal axes ant a sjihore whose aectre is at the 
fixed poiDt. Lot 0[^ be anj other axis, and let II be the angular vetocit}' about it. 
Let the angles LOJ, LOB, LOC be called lespeotively a, jS, y. Tbeu by Art. 233 
O = u,00Ba + u,coH(9 + (.^0Ofl7; 

da_ . , ...... 

Now let the line OL be fixed in epaoe and ooinetde with OC at the moment andet 
consideration. Then a^^ , ^—-.-f — O; therefore n = w,-u,a-u^. 

Altio i ia the angular r 
clearly u,,. Similurlj ^— • 



251. Buler'i dynamical equations. We have now proved 
that we may substitute in the eipiations of motion fur w,, &c. the 
angular velocities w,, &c. about a set of axes OA. OB, OC fixed in 
the body and moving with it. 2'he advantage of this tra/iis/omiation 
is that all the movienis and products of inertia which occur i» t/te 
equation ace notv comiants. 



ART. Sfi4.] ruler's EqnATIONB. SIS 1 

We can make a. fuither simplification by properly choosing 
these ases in the body. Let us choose a» the axtss fixed in the t 

body the principal axes at the fixed point 0. Iii this case the j 

products of inertia arc all zero. J{ A, B, C he the principal ] 
momenta the equations take the simple foim 

-''''■ -{A- 



C- 



-B)„ 



= N. 



Similarly 



' dt ' 



{B - C) a 



{G - A) to^o)i = M. 



These ai-e called Euler's equatioiiB. 

252. We know by D'Alembert'a principle that the moment 
of the effective forces about any straight line is etjual to that of 
the impressed forces. The equations of Eiiler therefore indicate 
that the moments of the effective forcea about the principal axes 
at the fixed point are expressed by the left-hand sides of the above , 
equations. If there is no point of the body which is fixed in ' 
space, the motion of the body about its centre of gravity is the 
same as if that point were fixed. In this case, if A, B, C be the 
principal moments at the centre of gravity, the left-hand sides of 
Euiers et^uatious give the moments of the effective forces about 
the principal axes at the centre of gravity. If we want the 
moment about any other straight line passing through the fixed 
point, we may find it by simply resolving these moments by the 
rules of statics. 



Batt' + Cu^ uid O be the moment or the ii 

. axis, il the reBOltant sDgular velocity, prove that 



^-oa. 



El. 2, A body tamiug ebunt a liiod point ia noted on by forces wkich (end to 
produce tatatian about ap nxU at right angles to the instaDtaneous axis, show that 
the angtUai velocity cannot be uniform unless two of the principal moments at the 
fixed point are equal. The axis about nhich the forces tend to produce rotation is 
that axis about which it would begin to turn if the bod; were placed at reel. 

254. To determine tlie pressure on the fixed point. 

Let *■, y, z be the co-oi-dinates of the centre of gi-avity referred 
to rectangular axes fixed in space meeting at the fixed point, and 
let P, Q, ^ be the resolved parts of the pressures on the body in 
these directions. Let /i be the mass of the body. Then we have 
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and two Bunilaa- equations. Substituting for x its value in terms 
0),, w„, to, we have 

fi, {iia>y - T/M, + a>y (o>^ - <u^) - <u, (to^e - w^)) = P + SmX 
and two similar equations. 

If we now take the axes fixed in space to coincide with the 
principal axes at the fixed point at the moment under considem- 
tion we may Hubstitute for Wy and m, from Euler's equations. We 
then have 

with similar expressions for Q and R. 

2SG. Ex. IT G be the centre of ijravity of tlie body, shon that the terme on 
the loft-hand Hides of the sijuntioiifl which give tlie preReiareB on the fixed point ara 
the conipouenls ol two forces, one 0''.Oll piirallel to GU which is a perpeDdicidBz 
on the infitotitUDOOue axis 01, being tho resultant angular vdouity. and the other 
a'' . OK perpendicular to the plane OGK, where Gli la a perpendicular on n Btnight 



/M N \ 



OJ whaee direotion-Oi 



sines are proportional to —-- i 
of the BquaroH of these quantities. 



C-A 



25l>. Euler't geometrical equation!. To determine the 
geometrical erjiiatioiis comiectinj tlie motion of tlie body m xjxice 
with the angular velocities of tJte body about the three moving axes, 
OA, OB, OC. 

Let the Hxed point be taken as the eentra of a sphere of 
i-adius unity ; let A', Y, Z and A, B,0 ha tho points in which the 
sphere is cut by the fixed and moving axes respectively. Let ZC, 
BA produced if neeessary, meet in E. Let the angle XZG = ^, 
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ZV = 0, JiC'A = 1^, It is rc(|iurij(l to dcLcruiiin; the gcuuietrical 
retatiuiis between 9, <f>, '^, iiml a>,, w., wj. 

Draw ON pei'poiidiciilar to UZ. Then since ^ is the angle 
the plane COZ makfs with a plane XOZ fixed in space, uie 

velocity of C perjieiidicular to the plane ZOC is CX -^ , wliich 
is the sanm a*t sin 6 -^ , the radius OC of the sphere being unity. 
Also the velocity of C along ZG is ,- . Thus the motion of C is 
represented by -37 and aiiifl-^ respectively along and pcq)cndi- 

cidar to ZC. But the motion of C in also expressed by the angnlai" 
veloeities Wi and ta.. respectively along BC and C'A. These two 
represi-ntatioiis of the same motion must ih^'relore be eipdvalent. 
HeiK-e resolving along and perpendicular lo ZC we have 
dff 



= CO, sin + Wa C' 



dt 



„ilarly by resolving along CJi a 



dO , df 

-dt'--"'f^\u 



siil Mil, 



These two sets of ei|ualioiis are precisely ei|iiivalent to each 
other and one may be liediiced ii'onj the other by an algebraic 
tnuistori nation. 

In the same way by di-aAving a peiTiendienlai- from E on UZ we 



may show that the \'elocity of E perpendicidar to ZE is -7 miZE, 
and this is the same as Y cos 0. Also the velocity of A I'elative 
lo E along EA i« in the same way J^ sinCJ, and this is the 
same as -jr ■ Hence the whole \'elocity of ^1 in space along AB 



' lii- 



. #™./i^# 



is represented by T^eos5+--^, But this molion is also ex- 
pressed by (»:,. As before these two representations of the same 
motion must be efptivalent. Hence we have 

If in a similar manner wc had expressed the motion of any 
other point of the body as B, both in temia of &),, ai., at,, and 
0, <j>, ^, we should have obtained other eijuations. But as we 
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cauDot have more than three independent relations, we should 
only anive at equations which are algcbmic trans formations of 
those already obtained. 

957. It IB somutimeB neceBsary lo oxpreas tbc nngnlar vi'loaiticB □( tho body 
about ihcfixtd axes OX, OV, OZ in terms at S, *>, i/i. This may be effected in Iha 
foUowing maDiiiir. Let w^, uy, a, he the angukr velociticB about the Qxed axeB, 
11 the resultant angolar velocity. If ve impress on Epoce and also □& the body in 
addition to ita existinij motion, en angulltr velocity equal to - 11 about Che roaoltant 
axis of rotation, the axes OA, OB, OC will become fixed, and the axes OX, 0¥, OZ 
will move with angular velocities - u,. - u„ ~ w,. Hence, iu the formulu of the 
text, if we chrtngo ip into - ^, B into -9, ijr into - ^, u,, w,, ui, will become - u„ 
- Uai • u,, and we bave 



n^ + 









,s, + ^si 



Sometimes it will be more convenient to nicnBnre Iha aDuuliu co-ordinatei 
0. ift. ifi ia a different manner. Suppose, for example, we wish to refer the axel 
fixed in space to the axes fixed in Ibc body aa co-ordinnto axox. To obtain the 
Btandard figme con-eBponding lo this case, wo must in the fignre of Art. 256 inter- 
change the letters X, Y, 7, with A, B, C, each with each. The angles 9. <p, ^ being 
meaaured as indicated in the figure after this oban|;e, the relations counecting them 
with the angular velocities about the axes fixed iu space, are obtained Iroin those 
in Art. 366 by simply ohangiug w^, ug, w, into -u„ -ur,, -ui^ It we ohoose to 
measure 8 in the opposite direction to that indicated in the figure, the oxpreBsioni 
for Uj, u„ become identical with those for ui,, uj, in Art. 266. 

356. Ex. 1. Up. 7. r be the direction cosines of 0'£ with regard to the axes 
OA, OB, OC, show that two of Euler's geometrical equations may be put into the 
symmetrical form 



dt 



■qu,+ 



- ru, +jKii^=0, 



j--i«Bj + 9U,=0. 



Any 



one of these may be obtained by difFereutiating i 
Binffoos^, ; = BinffBin^, r = ooaS, The othcrE may b 



of the eipreBsions 
inferred by the rule 



Ex. 9. Prove that the direction cosines of either set of Euler's 
o the other are given by the formulai 




ABT. 260.] 



KULBBB KQUATIONS. 



^19 



To prore the flist three, produoo AT loout ,Jii in .W, Ihen the aag\eXMA = e, 
iVr=^, 3IX = W + 'ft,MA=dO--t,, To deduce the aecond Bet from the first, write 
t + ir for ^. 

These rasalta aie ^ivon hcto for refercaae ae thoy are qboIuI iu the higher 
problemB of dynamics. 

Ex. 3. If OC describe h right cone in apace with uniform nogulfti velooity 
ftboat ita aiia Oi and if the angular velocity of the hody abont the axis OC be also 
aniforiD, find the oiprcsHioiiB for w, and w.. 

259, It is clear that instead of referring the motion of the 
body to the principal axes at the tixed point, as Eiiler has dune, 
we may iiair any axes fixed iu the body. But these are in general 
so complicated as to be nearly useless. When, however, a body is 1 
making small oscillationa abont a fixed point, so that some three 
rectangular axes fixed in the body never deviate far from three 
axes fixed in space, it is often convenient to refer the motion to 
these even though they are not principal axes. In this case 
0)1. o>i. «i are all small quantities, and we may neglect their 
products and squares. The general equation of Art. 218 reduces 
in this caae to 

G^t -Dtdi- Ewj = N, 

where the coefficients have the usual meanings given to them 
in Chap. I. Wc have thus three lineai' equations which may be 
written thus : 



- Bw, - Dm, 

- Du>, + Gd>, 



= K 



360, Tb* eantrlfagal foroam. It appcant from Euler'a EquBtionii that the I 
whole ohaiigoB o( uij. u,, ui, nie not due merely to the direct action of the foroe^ 1 
bat are in put duo to the ceutrifugnl (orcea of the partielee tending to oarry them V 
away from the axis abont whioh they are revolving. For oonsider the equatio: 



or the it 



dl 

a the time d, 






the part - 



B due to the direct action of 
^dt h due to the oentrifngol 



<i angular vctoeiiy u, that the 



the [orocB whose moment is H, and 
toroeH. This may be proved as foUowa. 

1/ a bodg be TOtadny about an lueli 01 vith 
moment of lilt cmtri/ugal /oreet of the Khole Imdy about Iht axU Ox ii(A-B)uiu,. 

Let P be the poEitioD of any particle ni, and let j^, y, i be its oo-ordinatcB. Then 
x = QR, y = liQ, ' = QP. Let PS be a perpendicular on Oi. let OS-u, and FH = r. 
Thea the eentrifngal force of the iiartiole m ia w'Vwi tending Crom 01. 

The force uVm is evidently equivalent 
- ur'iim acting at F parallel to x, ij, i, and > 
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The moment of ij'jto round Os= -i^xym\ 
oflym =iir'jT/nt } ; 




The force - ui^int parallel to 01 ia equivalent to the three, - ukiIjHiu, - uui^iini, 
wujuni, aatiog at P parallel to the axes, and their momout round Oi in evidently 



ni{w,y-(«^}. Now the direction □ 



e of OI being — , — , - 



B get by 



; IheieFore BUbstitnting 



projecting the broken line x, tj, t on 01, u = ~ x + 
for rt, the moment of centrifngal forces about Oi ia 

= Kh - "ff) K-' + '"■4tf + "j*) '". 

Writing S before each term, and anpposing the axes of j*, jf, ^ to bo principal 
Bias, then the moment of the centrifugal forces abont the principal axis Oi 

Let the momenta of the centrifugal forces about tbe principal axes of the body 
be represented by L', M', N', so that 

and let C be their resultant couple. The couple G is asunlly colled tlie criilrifiiiial 
eo«pU. 

Since L'i-ii + SI'uii + N'uij~0, it follows tbat tho axis of the centrifugal couple is 
at right angles to the instantaneous axis. 

Describe the momental ellipsoid at the Gied gioint and let the instantaneous 
axis out its liurface in J. Let OH be a perpendicular from O on the tangent plane 
at I. The direction Doainen of OH are propottional to Aui, iJui,, Cu,. Since 
AUfL' + BwjM'+Cu^N'-Q.itloWovB that the axis of the oentrifugal oouple ia at 
right angles to the iierpendicular OH. 

The plaue of the centrifugal oouple is therefore the plane lOU. 



ART. 262.] EXPRESSIONS FOR ANQITLAH MOMENTUIL 

If Ilk' be the momeDt of inertia of the bodj about tlie inatuitaneouB axU of 
rotstioa, we have ^' = 7x7^1 'ud T=itk'u^ u the Tib Vivk of the body. We may 

then easily show that the mognitade G of the oentrifogal couple U = Ttta^ 
nhere ^ is the angle lOH. 

This coaple will generate »n angalar velocity of known mienitu^o aboot Um 
diamelrai line of its plane. By compoandiug thin with the uiiHling angular , 
velocity, the chengu in (he potiitioii of the inatanUneuuB aiin may be found. 



Espressimis for Angular Momentum. 

2C1. We may now iDveatigate convenient formiilie for the 
angular momentum of a body about any axis. The importance 
of these has been already pointed out m Art. 75. In fact, the , 
general equations of a motion of a rigid body as given in Art. 78, ] 
cannot be completely expressed until these formulae have been 
found. 

When the body is moving in space of two dimensions about 
either a fixed point, or its centre of gravity regarded ae a fixed 
point, the angular momeutum about that point has been proved 
in Alt. 88 to be JlfA^w where Mk' is the moment of inertia, and 
a the angular velocity about that point. Our object is to find 
corresponding formiilte when the oody is moving in space of 
three dimensions. We shall show first how to find the angular 
momentum about n straight line which is such that one axis of 
reference (say, the axis of s) can be chosen parallel to it^ We 
shall then find an expression for the angular momentum when the 
straight line is inclined to all three axes of reference. The former 
result has of course the advantage of simplicity and is therefore 
more generally useful. 

It is particularly important to find a simple form for the 
angular momentum of the moving body about a straight line 
Jixed in space, for then we may use the general principle proved 
in Art. 78, viz. 

d /Angular momentum about\ _ /Moment of im-\ 
dt\ a fixed straight line / \ pressed forces / ' 

2G2. Angular Momentum about the axis of z. Tfie 

institntaneouB motwii of a body about a fij^ed point in t/iveii Iry the 
angular velocities w,, <Oy, m, about three lucea vrhich vifet at the 
point, find tlie antfular motiietitum about the ttn's of z. 

Let X, y. z bo the co-ordinates of any particle m of the body, 
and m'. v', w' the resolved velocities of that particle parallel to the 
axes. Then by Art. 77 the moment of the momentum about the 
axis of e is 

h,= Sw(jw'-i/E<'). M 



Substituting u' = vigZ ~ a>^, v' = a^^ — a^ from Art. 238, we have 

A3 = Sm (3^ + y') w, — (Smw;?) wx — i^viyz) m^. 

Similarly the an^ikr momenta about the axes of x and y are 

K = tm if + ^^) w, - {tvuey) w^ - (^.mxz) «„ 

/(, = Sot (s* +i>?)(,)y- {tmyz) », - {tviyx) q>j. 

Here the coefficientB of w,. (d„, Wj are the moments and products 

of inortia about the axes which meet at the fixed point. 

263. If there be no fi'Xed point in the body we must use all 
the six components of motion. The form of the result depends 
on the point which is chosen as the base. The fonn is much 
simplifiea by choosing the centre of gravity as tlie base point, 
and for the reasons g^ven in Arta 74, 75 this is generally the 
most convenient point. 

Let Oz be the axis about which the angular momentum is 
required, and let Ox, Oy be two other axes, thus forming a set 
of rectangular axes. Let x, y, z be the co-ordinates of the centre 
of gravity. Let the instau f.aneous motion of the body be con- 
structed (aa in Art. 238) by the linear velocities m, v, w of the 
centre of gravity parallel to the axes of reference and the angular 
velocities &>x, (o^, tui round three parallel axes meeting at the 
centre of gravity. 

By Art. 75 the angular momentum about Os is equal to that 
about a parallel axis through the centre of gravity regarded aa 
a fixed point together with the angular momentum of the whole 
mass collected at the centre of gravity. The fomier of these 
has been found in the last Article and the latter is obviously 
M(^xv~yri). The requii'ed angular momentum is therefore 

if (Su - 7?u) + Sm (^ + y) «, - {Xinxz) c^ - {-^myz) <a„. 
Here if is the whole mass of the body, and the coefficients of 
Ux, Q)y, ta, are the momeutfi and products of inertia about axes 
which meet at the centre of gravity. 

264. Horing azet. When the axes of reference are moving 
in space, the motion of the body during any time dt is constructed 
by using the components of motion as if the axes were fixed 
for the moment in space. See Art. 249. In the expressions just 
given for the angular momentum the axes, regarded as fixed in 
apace, may be any whatever. Let them be chosen so that any 
set of moving axes coincides with them at the time (. Then these 
formulas will express the angular momentum about the moving 
axis of e at that particular moment, whether the axis of z con- 
tinues to occupy the same position in space or not. The formula 
are therefore quite general and give the instantaneous angular 
momentum whether the axis be fixed or not, 



ART. 265.] KXPREflSIONS FOR ANGULAR MOMENTUM. 

If the axes chosen be fixed iu apace the coeHicients of Wj, tuy, Wj 
in the expression for A, will generally be variable and their changes 
may be governed by complicated laws. In such a case it la more 
convenient to choose axes fixed iu the body, and this ia the choice 
made by Euler in his equations of motion, Art, 251. 

Suppose a body to be mo\'in^ about a fixed point 0. and 
let its instantaneous motion be ^ven by the angular velocitiea 
at,, o),, Wj about axes Oar', Oj/, 0^ fixed in the body. Then the 
angular momentum about the axis of ^ is 

hi = Gwj — Eos, — D013, 
where C, E and D are absolute coiistants, viz. 

If the axes fixed in the body be principal axes, then the 
products of inertia vanish. These expressions for the moments of 
the momentum will then take the simple form 

h,' = Aat„ fL,' = £a>j. h, = Ca,, 
where A, B, G are the principal momenta of the body at the 
origin supposed to be fixed in space. 

265. From these results we may deduce a rule to find tlie 
antfidar momentum about an axis fiaed in space in a form which 
is often more convenient than that given in Art. 202. 

Supposing a body to be turning about a fixed point 0, we look 
for a set of axes Ox', Oy', Oz such that wo may easily find the 
angular momenta of the body about them. These will generally 
be some axes fixed in the body. Let the axes fixed in space about 
which the angular momenta are required be Ox, Oy, Oz. Let the 
direction cosines of either with regard to the other be given l^ 
the diagram ; where for example 6, is the co- 
sine of the angle between the axes of z and 1/ 
(see Art. 217). Lot the momenta of all the par- 
ticles of the body be equivalent to the three 
"couples" A,', ft,', A,' about the axes 0,/, O1/, 0^. 
Then the moment of the momentum about the 
axis Oz may be written in the form 

A, = Aj'oi + h,% + li,'c, 

In the same way we have 
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A/ = A,e, + A^, + A^, (2X 

The simplicity of this process depends on the proper choice 
of the subsidiary set of axes Oaf, Oy', Oz'. Generally the most 
convenient axes to choose are the principal axes of the body at 
the point 0. In this case the equation (1) takes the form 



'tW A RIGID BODY IN THBEE DISTENSIONS. [CI 

We may now substitute fi>r a,, Ua.Wj their values given by Eulei-'s 
geometrical equations (Art. 256). The vahies of the direction 
cosines a,, b,, c, are written at length in Kx. 2, Art. 258. 

When the body Is uuiaxal, so that the two principal moments 
of inertia A and B ai-e equal, these results take a very simple 
form. The substitutions are rather long though not difficult, but 
we may greatly shorten them by taking the axes Oa', Oz" to co- 
incide with OE, 00 in the figure of Art. 256. Oy will then be 
perpendicular to both OE ana OC. These also are principal axes 
since the body is uniaxal, thus A,', h^', hi have the Bimpfe forms 
AiOi, Am,, CVi while the direction cosines are formed by veiy 
simple trigonometrical fomiuliB. In fact the direction cosines are 
those foimd by putting = in the general foims given in Ex. 2, 
Art. 258. In this way we find 



9 0031^^1 + Cm, si 



I 9 cos 1^, 



'-■^r,- 



^t} 



COS 6 sin ifr -^\ + Cttii sin 6 sin i|r, 



dt 



h, = A sin'e Yi + Cm, coa 0. 



We might substitute for wa its value given by Euler's third 
geometrical equation, but this would introduce d^jdt into the 
equation, and it will generally be found more convenient to 
retain u^ 

In this way the anguUtr momenta of a iimaital body (tbout any 
straight lines are e-vpressed in terms of the direction angles of the 
ojris of the body and the angular velocity about it. 
* We ma; God a geometrical me&ning for these rpEultn which vill at once anpply 
□8 irith nn easy proof of them and enable uk to write tbem down when wanted. 

Tbe angular momenta of the body about the principal axes at the fixed point O 
are ^lui. Aai^, Cut,. SupjioBe we attach to the axis OC one or more imaginary 
partioles ao that their united moment of inertia about any axis through O perpen- 
dicular to OC is cnual to A. Let theae partiolea move about with the ft»iii. The 
motion of the axis ia given by the angular velocities w,, u,j and therefore the angular 
momenta of these particloa about the axes OA, OB are clearly ^u„ Aaij. Theae aro 
the flame as Ihone of the body. The angular momentum ut the particles about OC 
U sero. Hence the angular momenta of the body about OA , Oil, Of are tbe same 
as thiiBe of the particleH together with an angnlar momentnm C«, about OC It 
follows by the "parallelogram law " that the same equality holds for all axes. 

Heno« the nagalar yaomenlum of a uniaxal body about any axi' through O U Iht 
lame at tlmt nf urn- or mart partieUt arranged along ilt axii (lu thai their vnited 
ntoment of inertia about O in equal to A) together tcith the OTigulaT momentum CW| 
ahout the oxif. 

Let a single particle be placed on the axis of the body at a diataooe unit; from 
the orifiin. Itn uiasB is therefore repreiienteil by A. Let (fijf) be the co-ordinates 
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of tiuit part id p 


c[.>,Tcd to llie aica r. ;/, -', then (i'^f) ar 


oftlitniiP. Tl. 


niiRnlftr niompuU about Ihe axes are 




.,=.{,*- 0)-".*. 




'.-(^r.s)-- 




'.-0^-S)«".^ 



We have now to write for J, ■>), f Ihoir vahies f = sin ff coa^, ij = Bin flaiu (t, 
f^cnifl. TliP Kiibntitiitioit in tlie lant equation is easily olTtcted if wp rememlier the 
rulu in thii ilifferential calculua f./i) - Tiiic=r'(l^. See Art. 77. 

In thia way we arrive at the same resnlta Tor the annular momenta h^. h... ii^ ris 
liefore. 

imall oscillallona and the Dxiti Of? is alvvnyn fo 
: that we cru reject the niinarea of t>. \n liiive 



TlieKe are virv Kiiiiple foniinhe for tlie angular momenta ali.iut the lisoii ajes. 
If the hudy is raovinij freely in space we use llie ceulce of Rravily instead of tlie 
tixed point. In Chin case it in convenient to attach to tho axis lim equal i>arlii-h-i' 
at equal dif'tances on each side of the centre of gravity, so that the centre of 
gravity of the imat'inary sj-Btem is the same as that of the l)i>dy. The anj^ilar 
inomenlnm of the free boily about any BtraiRht line is then the same an that of the 
syHteni uf particles together nitb the couple C'ui, aboat the axis. 

Ex. 1. A body not iiecefiBorily unia.\ol is turniDg about a filed point 0. Three 
particles arc attached to the principal axes at such distances a, b, c from ') tliat 

Prove that tho angular uionicntuni of the body about any straight line through O is 
equal to tliat ol these particles. 

This follows at once from Art. 7B. 

Ex, S. A rod 13 QonHtrained to remain on the nmface of a nmootli cone of 
i-evnUition havinj; its vertex at the point of suspension of the rod. Show that the 
aii^nilar motion of the rod round the axis of the cone is the same as that of a 
simple pendiUnm of length ■] n sin a/sin p where a is the length of the rod, a the 
semivertical ant'le of the cone and fj the migle the axis of the cone makes with 
the vertioiU, [St. John's Coll.] 

To End the moments of the effective forces, collect the mass at the centre of 
Cyration. Tn find the momonts of the impre.'i.'wd (nrcos colkct tho mass ut the 
centre of yrnvily. Eqimting the moments aliont the axis nf the eoue the result 
follows at onee. 



Ex. 3. A bodf in tQminc aboat a Gied point and baa all its principll 
of inertia at O eqaal. If 6, ^. ^ be tbe Eulerian eonrdinatea of the axM 
OC. fixed in the body, show that the acgalar momeuta about the a 
[Moe are KBpeotivety 



,(ifl 



+ HinSo< 



,nt. 






266. Angular momentum about any axii. The motton, 
of a body is given by Vie linear velocities (U; 
of gravity a»id the angular velocities (wa, u 

angular momentum about the straight line 
is equal to 

Ih, + mhj + nhj + M I 1 m 



■) of the centre 
„ w,), prove that the 



wh&'e M is the mass of the body, h,, h,. h, have the values given 
in Art. 262, and (I, m, n) are tlie actual direction cosines of ths 
given straight line. 

This may be done by the use of the principle proved in 
Art. 75. The angular momentum about a parallel to the given 
axis is clearly W, + ni/ij + «A,. We must now find the angular 
momentiira of the whole mass collected at the centre of gravity 
round the given straight line and add these two results together. 

Referring to the figure in Art, 238, let P be the point (fgh). 
Let U3 find the angular momentum about a set of axes parallel 
to the given co-ordinate axea with P for origin. It is clear that 
JVP produced will be the new axis of z. The moment of the 
velocity of the origin about NP is seen to be -it . MN — v . OM, 
which is the same aa ng — vf; this tends in the positive direction 
round NP. Similarly tbe moments of the velocities of about 
the parallels to x and y will be vh—wg and wf~uh. If we 
multiply these three by (n, I, m) respectively, we have the moment 
of the velocity of the centre of gi'avity about the straight line. 
Multiplying this by M we have the angular momentum of the 
mass at the centre of gravity. The reqiiired result follows at once. 

267. To find the angular mmnenttim of a body about ths 
instantaneous axis and also about any perpendicular asris whith 
intersects the instantaneous axis. 

Taking the instantaneous axis for the axis of s, we may use 
the expressions for h,, h^, h, given in Art. 262. 



« 



J 
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In our ca'se Wj= 0, (i),,= 0, and w^ = H, where 11 is the reaiiltant 
atigiilar velocity of the body. The angiilai' momenta about the 
axes of ,r. If, z are therefore respectively 

A, = _ (^rnaz) n. k^ = - (tviyz) n, /(, = Sm {a? + f) n. 

It appears therefore that the angular momentum about any 
straight line Ox perpendicular to the instantaneous axis Oz is imt 
zero unless the product of inertia about those two axes is zero. 

To understand this properly we must remember that the 
angular velocities mj, o),,, m, are used merely to construct the 
motion of the boily duriug the time dt. Referiing to the figure 
of Art. 238, let Oz be the instantaneous axis, then the particlo 
of the body at P is moving perpendicular to the plane PLO, and 
therefore the direction of its velocity is not parallel to Oj: and 
(loos not intersect Ox. The velocity of this particle has there- 
fore a moment about Ox. although Ox \s perpendicular to the 
instantaneous axis. Let 6 be the angle PMN, r = PM, thi.'ii 
,dB dz dy „ 

so that the anmikr vuiwmiv -r ■^ 

° •'at 

when (Dj; = and &j„ = only when the particle lies in either of 
the planes xy or i/z. 

BxampIsB. A trmiittiilar area .4(7/1 whone mnss ix .1/ in turning round the nidc 
C.\ with nn niiiinlnr velocity ui. Show thnt Ihe angular motnGntiim aliniiC the aiilo 
CII is ,'jJ/rt'i«iii'Cu, where n unil b arc the Bidep cuntaininR the anKlc (■'. 

Ei. 2. Two roilH OA, All, ftrehinced toni^ther at .4 anii HUHpfnded from a fised 
point O. The eyrit«iii turns with angular velocity u nboiit a vertical straight line 
throu{;h so that the two rods are in a vertical plane, if d, be the inclinations 
of Iho rods to the vertical, n, b their lengthR, M, M' Iheir ninsaes, show that the 
angakr raomeotiiDi about the vertical axis is 

^[(!.V+.V)a=flin3 9 + .irflt.BinOflin0+J.ir','siu=((.]. 

Ex.. 3. A riRht cone, whoso vertex O in fiied, has an BngiilHr velocity u coni- 
nranicated to it nboiit itn axle OC. while ut the same time itx axis is set mo^'ing 
ill space. The seitii-angle of tlie cone is ^r and its altitude is h. It fi bu the 
inclination of the axis to a (ised straiglit line 0; and ^ the angle the plane lOC 
makes with a fileil iilanc throufh Oz, prove that the angular monLcntam abont 
where M is Ihc mass of the cone. 



iaJ.UI,'(Bin=fl^ + 3<.cosej,wb( 



Ex. 4. A roil AB in suspended by a string from a lixcd point and is moving 
in any manner. If [I, m, ii) {p. g, r) be the direction cosines of the string and rod 
referred lo any rectangular aien (t^. Oij, Oz, show that the angiiJac 
about the axis o( ; is 



268. Ah examples of the use of the expressions for the 
angular momentum of a body we Bhall apply them to the solution 
of two problems on the motion of s body in three dimensions. 
Id these the axes of reference are fixed in space, the use of 
moving axes being i-eserved for the present. For further informa- 
tion we must refer the reader to the second volume where a 
whole chapter is devoted to examples and illustrations of the ] 
different methods of finding the motion of a body ui three dimen- j 
aions. 

Pboblh 1. A iiMuxal top tpiia on u ptrfeethj rough table with I'li mis warty 
vertUal, find Ibt tmall ateiUatioiu oftlie top'. 

Let O be tbe apex, OC the axis of the top. Let C anil A be the momet 

1 about tL(> axis OC and any peipeodicular to OC througli O. Sinw tha I 




mntn of gnvi^ Q of the top is in its axis, the impresaed Forces hare no moment ' 
aboat QC. AUo A = B, hence by Euler'a tliiril djnamical equation 

Thus the angular velocit; of the top about its axis is always the sams. Let (i^=n 
be this conBtont angular velocity. 

I^t £,1), f be the direotiou cosines of QC referred to fixed axes in space, 
vix. Ox, Oy, Ot where Oz n vertical. Since the axis of the top is to be always 
very nearly vertical we have f=l while f , jj are small quantitiea wliose squares will 
be neglected. Let 1= UG, and let the mass be represented by unity. 

The moments of gravity aoting at G round the axes are found by the usual 
fonunlie 

JU=iX-xZ= Igi 

the components of gravity. The angnlar momenta 
« by Alt. 2G5, 

\= A(-i-Cln)\ 



where X=0. y=0, Z- -g arc 
of the body about these axes ai 



Beuoe by A 






-Jii+Citf= -gliy 



* The general motion of a top under the action ot gravity will be considered in 
the second volume. The small oacitlationn of unsym metrical and iDolined tops will j 
be found in that volume. A Hlight historical aceoiinl will also be given. 
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Tho uqualiiju ulitainu'd by aauifi the aii(;iil<iii' tnomentum about the axia of i merely 
shows over again that Uj is coiifltant, a. result alceadj dediwed (rom Eultr'a 
eqQBtioua. 

To solve thesu we put 

suhatitulitig wa find 
Thcae Rive 

It if unnecessary to tnki; both the sitnis on tlic rigljt hitud nide. ir ive eliuoBe ona 
nign the effect of the other stun ia merely to ehange the sign of ^ naA tliis merely 
alters the as yet undetermined coustants y and /. Without loss of generality we 
may choone the upper sign. Tliis mnkea both the resiillbg values of /• poEitive. 
It also f^ves P = Q. The values of ^ are 

*' 2A ' 2A 



Rc.pr. 


smtiny tliese tw 


by ^ = ^1 and ^ we Lave 




where 


■ l'„l:.J,.f.i^re. 


[our cunatanta to be Jelermined by the ii 


mini vail 


Let u 


s represent the 1 


uitial values of the oo-ordinatea by the 
f„=f,eoB/, + i',coa/j 
.,„=P,Bin/i+i*3ain/, 
-f„ = i'i>.iBin/,+iV,Bin/3 


suffix nei 



Thcrie wive 

f',-(-"j-/';)- = (>7g-»iA)- + fc + M,'J„)-t 

It' C, if bu the unyulai Co-ordinates of the axla we havi: 

ff^ = fHr = P.' + P,- + aP,P,co8i(^-*t,)i+/,-/„)| 
0-f=f'7-il = C,>, + ''-'^ + f,n(M,+^lcoa|(M,-t<a)(+/.-Al. 
Supposing i', aud f.^ not to be ei[UBl we aee that B can never vanish, i. o. the axis of 
llie top <:an never become strictly vertical. Also f will uever vanish unless 
i'lP-lft, + )i.j)isBrealer thani',-n, + i'^Vii-e- tho plane ;fOC' »ill ridvolvo round OZ 
always iu the aaine direction or with teniporarj' leversiona of diiectiou accorJiug aa 
Pi/ Pa does not or Uoea lie bctweeu ^i.Jf^^ and unity. 
In order that P, = J'j it ia necessary that initially 

a (a, - M.H4'? -£-!) = (»,= - ^/) U' + V). 
This requires that ^ should initially differ from J {fi[ + fL.) by small quantities of 
the order !'. In this case ^ will keep one sign lliroughout the motion and the axis 
will become vertical at a constant interval e-iual tu 'iirH/i^ - /u). 

W^ K.vn i.^=iim.,l lhf.1 Ih- voliio*, nf if nrp both real nnd unoillinl. If the value 



If Chii-lgAI th» 
leD tliat the equatio. 



two Tolaee aC n are real and equftL In thia cue it will be 

I are satiB^ed b; 

1 general unstable. 



a of the [op cannot r 



nearly vertioal unlcsa the initial conditions are such that P,=0. 

Ex. A nniaial body rotaCeK about ita axia vnth an angular velodty n. Two 
iueztenaible Btringa are attached to two points on the axis at distanoea, each equal 
(a b, from the centre of gravity O of the body. The other eitremitiee of the striogs 
are attached to two points Qied in epoce. The length of oaoh atring '^ " >'^'' >ts 
tension is T. The mass of the body ia unity. Prove that the period 3ir/p of the 
linear oaoillationa of G ia given by ap' = 2T, while the perioda 2rlq of the angolu 
osciUationa ol the axia are given by Aq^ - Cnq — 2T (a + b) bja. 

289. Pboblkm U. To fiiid the motion af a iphrrt on a. pcrfecllij rough plane. 

Let the piano bo taken us the plane of ly and let F, i" be the frictions at the 
point of contact resolved parallel to these axes. Let .Y, Y be the resolved impressed 
forces which we shall euppoEe to act through the centre. Let a be the radiua of 
the sphere, k its rodina of gyration about a diameter and let ita mass be taken as 

Connder the diameters parallel to the axea of x and y. The angular moments 
about them are ft'w, and it-uj. These diieetions are filed in apaoe, hence we have 
by Art. 78 or 261. 




k^^P = 



k-^= 



' u and V bo the velocities of the oenlre of gravity parallel to 

Iso since the point of contact with the plane does not slide 
Eliminating F, F' u, and u, we find 



dt 



+ t» 



These are the equations of motion of a sphere moving as a particle without 
rotation on ■ imoolh piano under the action of the same forces but reduced in 
the ratio ai'Ha' + k'). Since k'—la' we may euuuoiate thia result as foUowa. 



ABT. i 



MOTION OF A 5PHEBI. 



If a komogeneout tphere* roll on a per/telly rough fixed plaiu under the action of 
any foTca ahatever, icAote reiultant pat4u through the centre of the ipliere, the motin* 
of the centre it the latne at if the plane vere imaoth, and all the force* verereivxed la I 
five-eeventlu of their former vaiue. 

El. I. If the plane ib not perfeotl; rough yfA it tbe ooeffioient of Motion !• , 
greBter than } RjZ where R is the ceaiiltant force paraUel to the plane and Z the 
norma] fuice, prove that the Iriotion will always be eufficient to prevent the sphere 
from sliding. 



inolined piano HufSciently rough to prevent 

is communioated to it. Show that tbe path 

3 tho initial horizontal velocity of ttie 

the horizon, the latne leotom will b« 



Ex. 2. A sphere ia placed on i 
sliding, and a velocitj in any directi 
at the centre will be a parabola. If V 
centre, a the inclination of tbe plane I 
Vnaaina. 

Bi. 3. A bomogsneoUB sphere rolls on a perfectly roogh plane ncder the action 
of a force varying inversely as the square of the distance from a point in the plane 
of motion of the centre, prove that its centre dcBcribes a oonio seotion; and it, when 
the distance of its centre trcm the centre of force is one-quarter of the major axis 
of its orbit, the sphere come to a smooth part of the plane, the major aus of the 
orbit will be Buddeniy reduced in the ratio 7 : 13. [Trin. Coll,] 

Ei. 4. A homogeneous sphere moves, without rotation, on a smooth horizontal 
plane, onder the action of a central force such that the centre of the sphere 
desoribes an eltipse with the oentce of force in the focus. If the sphere arrive at a 
part of the plane which is perfectly rough when the distance of its centre from the 
centre of force is 1/nth of the major aiis of its oibit, show that the major axis ia 
diminished in the ratio 7 : 5 -t- 2n. It the sphore oome s^ain to the smooth part of 
the plane when the distance of its centre tiom the focus is the same fraction 
BH before of the major axis, the major axis is again diminished in the same ratio. 

Ex. 0. Tvo spheres equal in volume hut of different masses attract each other 
according to the law of nature and roll on a rough phuie. Show that they each 
describe ellipses relatively to their common centre of gravity with that point for a 

370. The principal axes are generally chosen as the axes of reterenoe becauM 
the moments of the Effective forces for those are extremely simple. Thus the 
somewhat long equations of Art. 248 reduce to the simple Euleriao forma whea 
referred to principal atee. But aometiioeB it is important to choose other axes 
which suit better the geometrical ooaditions of the problem. The discussion of 
such axes ia leacived for the second volume of this treatise. But when the motion 
is steady, so that the angular velocities arc constant, the equations of Art, S4S will 
sometimes take so simple a tonu that an easy aolution can bo found. 

Ex. A htary body u attached bjf two hingei to a horiionlal axil about uhich it it 
eapahle of moving freely. The azii it made to rotate aith a uniform ai^nlar velocity 
w about a vertieal axit interteeting it in a point 0. It i* required to find the 
eonditiom that the body may be inclined at a cofutunt angle to the vertical. 

* Thia theorem was given by the author aa a piohlcm in the Mathematical 
TripOB 1860. See the solutions fur that year. Another demonstration is given in 
the aeoond volnme by which a corresponding theorem is obtained lot the 
which the sphere rolls on another sphere. 
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Let Hie horizontal asiH which ia fixed in the kidy be taken aa the aun of i. 
Then the vertical liea in the plane of rij, let it make angles 8 sad }* - ^ with the 
axes of X and y. The whole syBC«m tnmB roniid the vertical with an angnlu 
velocity u>. Henoe by resolution i^^-uiiioaB. bi, = a&\-ae, u, — 0. llememberiag 
that these angiUar velocities are Donatant, the general equation of momenta of 
Art. 248 becomes 

- Siiaij (b^' -- u,') + rm (i^ - y) w^, = N. 

To find N, wo resolve the weight JUij parallel to the aieB, then Z= -JIfff dobS, 
¥= - Slg tins, Z-0. If (z ^ i) be the coordinates of the centre of gravity we have 
N^xY- yX. The required relation between u and 6 is tlierafore 

iJ> \ COS iS^miy - f, sin 3erm (i' - i*=) ] = Mg {xunS -ijnQtB). 

The integrals ^mxy and £ni (x' - ^^ can be eipreeBed iu terms of the moments 
and prodaots of inertia of the body in the uHual manner. 

Problems on steady motion may often be easily solved by a direct application of 
D'Alembert'a principle. Thus, in the problem just discussed, each clement of the 
body describes with uniform angular velocity a horizontal circle whose centre ia in 
the Tertical axis. If r be the radius of this drale the cEfeotive force on the element 
is nuii'r and its direction ia along the radius. The body may therefore be regarded 
as being in equilibrium under the action of its weight and a system of forces acting 
directly from the vertical ails and varying as the distance from that axis. The 
oqaation foand above may be obtained by taking moments about Oc. 

Ex. 1. It the body be puxhed along the axis of i and made to rotate about the 
vertical with the samo angular velocity as before, show that no effect ia produced 
DD the inclination of the body to the vertical. 

Ex. 2. II the body be a heavy disc capable of turning about a horixontal axis 
Oi in its own plane, show that the plane of the disc will be vertioal unless h?iif->gh, 
where h is the distance of the oentrc of gravity of the disc from Oi and it the rodiui 
of gyration about Oc. 

Ex. 3. If the body be a circular diie capable of turning about a borizonlal axia 
pcrjicndiculur to its plane and intersecting the disc in its citcomference, abow that 
if the tangent to the disc at the binge make an angle Q with the vertical, the 

.angular velocity u must be . / — ■- „. 

Ex. 4. Two equal balls A and B are attached to the eitremitias of two equal 
thin rods Aa, Sh. The ends a and b are attaohed by hinges to a fixed point and 
the whole ia set iu rotation about a vortical thioDgh O as in the governor of the 
ateam-engine. 1/ tht nuut of the rodi be negltcled ihoic that the time of niluEian 
i$ equal to the tinie of otcillalioa of a pendulam whoM Uagth it Iht vertical diitaiice 
u/ either tphtre ixUra the hinge* at 0. 

Ex. S. If in the lost example m be the mass of either thin rod and 31 that of 
either sphere, ( the length of a rod, r the ladius of a sphere, A the depth of either 

centre below the binge, then the length of the pendulum ia - — ' - ' -J— > ■ 
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*', ON FINITE BOTATIONS. 

271. Whan tbe rotatione to be compounded are finite in magiiitnde, tbe roU 
to finil the teHultnnt is Bomewhnt complicated. As alreudy mentioned in Art. 329 
BQoh rotntiena ate not vciy important in rigid dynamics. We ahall therelora 
011I7 biieSy mention a fen propoRitions which may throw light on those attetwlj 
discuHsed when the motion U inGnilet; BmalL We begin with the propoaition 
corresponding to the paiallelogntm of angular velocities. 

XodTlKiua' Thsoram. A budy him two rotations, (1) a rotation about an axil 
OA through an anyle B; (2) a rubiequent roiation about an axii OB (hronjift an angle 
8', and both thne nxea are fixed in ipaee. It ii required to compound the rotation). 

Let lengths measured along OA, OB represent these rotations in the nuumor 
oiplainod in Art. 231. 

Let the directions of the aies OA, OB out a sphere whose centre ia at in 
A oaiB. On this sphere measure the angle BilC equal to ^S in a direction opposite 
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to the rotation round OA and aleo the angle ABC ecgtial to J f in the same direction 
M tbe rotation round OB, and let the arcs intersect in C. Laetly, measure the 
angles SAC, ABC respectively equal to BAG, ADC, but on the other side of AB. 

The rotation $ round OA will then carry any point P in OC into the straight 
line OC, and the subsequent rotation B' about OB will carry the point P baok into 
OC. Thus tbe points in OC are unmoved by the double rotation and OC is there- 
fore the bkIb of the single rotation by which the given displaoemeot of the body 
may be constructed. The straight line OC is called the resultant axis of rotation. 
If the order of the rotatious were reversed, so that the body was rotated first aboot 
OB and then about OA, the resultant axis would be OC. 

If the axes OA, OB were fixed in the body, the rotation fl about OA would bring 
OB into a position OB'. Then the body may lie brought from its firet into its 
last position by rotations 9, ff about the aiea OA. OB' fixed in tpace- Hence tha , 
same constmotian will again give tbe position of Che resultant axis and the rotation 

To find the magnitnde 6" of the rotation about the reaultont axis OC we notioB | 
that it a point F be taken in OA, It Is nnmovcd by tbe rotation S about OA, and 

the subsequent rotation ff' about Oli will bring it into the position P', where i'f J 

is bisected at right angles by the plane OBC. But the rotation B" about OC most 1 

give P the same displacement, hence in the standard case 6" is twice the external 1 

angle between the planes OCA, OCB. U the order of the rotationx be reversed, i 
tbe rotation nbont tbe resultant axis OC would be twice the external angle . 

which U the sumc as that at (.'. So that though Uii; position of the resultant axis \ 
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of roUtion depends on the order of rotation tlis rcauIUnt angle of rotation ii 
independeDt of tbat order. 

& rotation represented hy twioe any internal angle of the spherical 
triangle ABC is equal and opposite to that repreaented by tnioe the oorrespondiog 
external imgle. For uince the sum of tlie internal and e:il«rnal angles ia r, these 

}na only differ by 2t: and it is evident that a rotation throQgh an angle 
2r eonnot alter the position of any point of the body. Tills ia merely another way 
ot saying that when a body turns about a Qied aiis it may be bronght from one 
given position to another by torning the body either way round the axis. 

373. The rule for oompounding finite rotationa may be staled thus : 

// ABC l>e a apkerkal triangU, a rotation round OA from C to B llinmgh twice 
tlie iatenial angle uC A, foUoiced by a rotation round OB from k ro C through tm'oi 
tilt internal angle at B, I'l equal and oppoiite to a rotation murid OC from B (a A 
tkrouyti twice the inttmal angle at C. 

It will be noticed that the order in which the axea are to be taken an we travel 
round the triangle is opposite to that of the rotatioas. 

As the demonstration B in Art. 2T1 are only modifications of those of Bodrignei, 
we may call this theorem after hie name. Bodrigues' paper may be found in the 
fifth volume of Liouville'a Journal. 

Ex. 1. LI two rotations d, 8' about two aies OA, OB at right angles be com- 
pounded into a single rotation about an axis OC, then 
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,n CO A = tan s 
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2T1. BrlTastM'a Thaoraiu. From Bodrigues' theorem we may dednoe Sylves- 
ter'a theorem by drawing the polar triangle A'B'C. Since a side B'C is the 
supplement of the angle A, a rotation represented in direction and magnitudo by 
2B'C' diffora from that represented by 2A in the opposite direction by a rotation 
throngh an angle it. But a rotation through 2r cannot alter the position of the 
body, hence the two rotations 2B'C' and 'iA ore eqoivotent in magnitude but opposite 
in direction. If therefore A'B'C be any ipherical triangle, a roiatfon reprtiented bg 
tiriet B'C foUomed (^ a ro(a(ion ticice C'A' produces the tame displacement of the 
body at a rotatiun twice B'A'. By a rotation B'C is meant a rotation about an axis 
perpendicular to the plane of B'C which will bring the point B' to C. 

VJG. The following proof of the preceding theorem was given by Prof, Donkin 
in the PIUl. Mag. for 1B61. Let ABC be any triangle on a sphere fixed in spaca, 




sj^ s triangle on an cqnal sad conccatrio sphere moveable about ite oentce. ' 
aides and angles of a^ are eqnal to thoae or ABC, bat diSerentI; arranged, i 
triangle being the inverse or refieotion of the other. If the triangle a^ be pla 
in the position I, so that the sides containing the angle n ma; be in the same great i 
circles with those containing A, it is obvious that it may slide along AH into tbl 
position n, and then along BC into the position III; into which last position i1 
might also be brought b; sliding along AC, To slide a^ siong AB ia eqnivalout to 
moving ^ and a each throogh an ace twice the arc AB about an axia perpendicular 
to the plane of AD. A similar remark applies wben the triangle slides along BC 
or AC. Hence, twice (he rotation AB followed hy twice the rotation BC produces 
the samii ditplaoement as twice the rotation AC. 

276. Rotation Oonylsa. If it be required to compound the rotations about 
two parallel aiea, the construction of Itodrigues caquiroa only a slight modification. 
Instead of area drawn on a sphere, let planes be drawn through the axeis making 
with the plane containing the axea the same angles aa berare; their Intersection 
will be the toaultant axis. One case deservea notice. If 9= - S", the resultant 
axis ia at infinity. A rotation about an axis at infinity is evidently equivalent to 
a traualatioQ. Hence a rotation S about any axis OA followed by au equal and 
opposite rotation about a parallel axis ffB distant a from OA is equivalent to a 
translation 'ia sin ^8 perpendicular to a plane through OA making an angle ^6 with 
the plane contaiiiing the axes and in the direction of the chord of tbs aro desoribed 
by any point in OA. These results also follow easily from Art. 323. 

377. Oonjocata ItotaUona. Any given dUpIaccnmU of a body nuiy be reprt- 
tented by tieo finite rotationt, oiie about any given straight line and the other nbout 
tome other itraight line lehich doei not neceitarity iatertcel the firil. When a dis- 
placemeut ia thus represented, the axes are called coyugatt oxet and the rotations 
are called coivujrute rolatioiu. 

Let OA be the given straight line, and let the given diaplacement be represented 
by a rotation ^ about a straight line OR and a traoalation OT. We wish to resolve 
this rotatioD about OH into two rotations, one about OA to be followed by a rotation 
about OB, where OB ia some straight line perpendicular to OT. To do this we 
follow the rule in Art. 371. we describe a sphere whose centre is and radius 
unity and let it intersect OA, OB, OT In A, B and T. Make the angle ABB equal 
(o the supplement of ^ , and produce RB to £ so that TB = - . and join AB. By 

the triangle of rotations the rotation ip is now represented by a rotation about OA 
which we may call 3, fuUowcd by a rotation about OB which we may call ff. 

By Art. 376 the rotation ff is equivalent to an equal rotation B' about a parallel 
axis CD, together with a translation, which may be made to destroy the translation 
or. This will be the oaae if the angle QT makes with the plane of OB, CD be 
Hf-f) on the one side or the other of OiT according to the direction of the rotation, 
and if (ho distance r between OB, CD be such that ■iraio^^'-UT. 

The whole displacement has thus been reduced to a rotation 8 about OA followed 
by a rotation C about CD. 



ditplacenienfi o/ a body 
it rigitirtd lu coaipumid 



T}6. Oompoaltlon of ■omra. AHy I 

inay be rtpreaenltd by (ico it«r«»iKe acrea 

liut the body bo screwed first along the axis OA with linear displau 
angle of rotation f, and secondly along the axis CD with displauomont a' and angle 
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0'. Let OC be th<i aborteat dietance betwfoa 0^ and CD, and fur the sake of the 
parspectivs let it be called the Axis ot j/. Let O be the origin and lot the axia of z 




be parallel to CD, bo that OA lies in tlie plane of zi. Let 0C= r. and the angle 
AUx^a. Draw a plane lOT making with the plane of n aD angle ^C, and let it 
cat yi in OT. Draw another plane AOR making with i; an angle J0, and cutting 
the plane xOT in OA. 

Produce AO to a point P, not marked in the Ggnie, eo that PO=a, and let 
ns ohooee P as a base point to which the whale diaplaoement of the body ma7 
be reforrGd. The rotation B' ia equivalent to a rotation ff about Ox together with 
alranalationalong Or^arBiujd' bj Art. 223. B; Art. 271 the rotation about O J 
followed by 9' about Ox ia cijuivalent to a rotation Q about OR where D ia twioe the 

angle ART. aa Ihot Bin- = Bin^.^ — ^ . The whole diaplaoement ia now rcpre- 

Bcntcd hj (1) a tranHlution of the base point P to O. (3) the rotation (1. (3) a further 
hiiear translation which ia the reaultant of the translations 2r sin ^d' along OT and 
u' along Ox. By Art. 219 these diaplacementa may be made in any order, being 
all connected with the same boae point. They may therefore be compounded into 
a single ecrew b; the rule given in Art. 226. This ia called the retullant tcrtw. 
A Borevr equal and opposite to the resultant screw will bring the body back to its 
original position. 

The angle of rotation of the resultant screw ia and its axia ia parallel to OR 
by Art. 220. It follows by Art. 273 that the aine of half the angle of rotation of 
each screw ia proportional to the sine of the angle between the axes of the other 



To find the linear displacement along the axia of the resultant screw, we most 
by Art. 222 add together the projections on OR of the three diaplacementa OT, a. a'. 
The projection of Or^Srain Jff'cos 7'J! = 2rcoary .coa Til. which is twiee the 
projection of the shortcut distance r on the aria of rotation. H T be the linear 
diaplaoement, we have T— Srcos Jtjr + ii cos Ji J -f- n' ooa Ar. 

379. If the component acrews be almple rotations, we have ii = 0, a'—O. and it 

may be ahown without difficulty that T ain ^-2r8in5ain ^sinn. It has been 

shown in Art, 377 that any displacement may be repreaenlcd by two conjugate 
rotations in an inhuile number of w.iys, but it now follows that in all these 
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r Hin - sill sin a is tlie nnme. When [he roiationa are inaefinvtely smail, and 
equal to uitl, w'dl respectively, tliin bpcmaeB J rtKii' (i/( )" niu a : Hint in. the product of 
nn nngular velocitj into the moment of its eonjuRatc niiRulur velocity nhoiit its nxia 
is thi? snme for all conjugatcx represcutin^ the manv motion. 



where iji' la the angle j-OIt auil O is Ite rennltant rotatinn. The first (^]iia.tion 
eipresnes the fnct that the centrnt axis lies In a plane wliich biscctH at ri!;lit aiL|;!es 
a sttniKht line ilrawn from O })er]>cndiculac to OR in the jilnne j-OTi to rcpn'si'nt 
the linmr tranxlalioii in that direction. Thc.*ecoiid enpreanes the fact that the central 
Hxin lien in a plane parallel to TOU at a dititance from it deteimined liy Art. 22-1. 

These equations may also l>e ilediiced from thoBe of nodri(!ueB Riven in Art. -iSl, 
To eflpct tliiH wo nmst write for (.i, t. e) the reaolved parts of the translation alone 
OT. Since however the pofitive direction ol the rotation in RodriKi"'B' formulii' 
has been taken opponite tii that chosen in the preceding article, wo must write for 
{I, III, ti) the direction cosinea of OR with their nigns chan^d. 

The equations to the central axifl of any two screws may he found by cither of 
these methods. 



Ex. 2. Let the motion be coostnioted by two finite rotations 0, B' taken i: 
order round axes (l.i, CI) at rifihl .-mi;leH to each other, and let CO be the sliortw 
distance between tliP axes. Let the two Btrai|;ht lines Or, CI' be drawn in til 

plane VCO such that llie angle /'0C = " and tan Pt'0 = sin=^ eot|. Then ifj 

he nioved baekwirda by (he rotation B or forwards by the rotation 6', in either can 
its new position is a point on the central ftsis. 
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SRO. Tba Valooltjr of any Poiiit. The formillip cori'Dsponding to those |;iven 
in Art, 238 for infinitely small motions ate rather more complicated. 

A ilinplncemcNt of a liodij la yiren liij u wl-'lion tkrou'ih njiiiilt aiujle 6 aluiul nil 
iijcii piisaiiig Ihrouyh the nrii/in irktui <lirii:liiiii ciniiii'n iire (I, m, n). /( ia Teqiiiri'il 
lufiiid the ehaii'jet produced in the co-ordiniilef (x. y, ?.) ••/ "iiy point P. 

Let PP' be the chord of the arc described by P and let Q bo the middle point 
oJ PI''. Let i + ir, n + Sg, i + S: be the cii-ordinalea of P" and i, tj, f tliose of y. 
Since the abscissa of <J is the arillimetic mean of those of P and I", wc lla^e 
( = T+^S^ ; siniilarlj v — lf^h^' ?=; + !&;■ Let v.U he a perpendicular from (,' 
uu the axis, theu W = 2(,i.Utnn Ifl. 
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Let {\, fi, r) be the direction coaineB of PP, tlien ainoe PP" H perpeDdiaulor to 
I siIb, ■we have l\ + mti + nr = 0, uid since it is also perpendicular to OQ ve hftve 
t-V/i + tr-O, hence 



snm □( the squares of the denonuDstora is 

which is OQ''~OM' = QM^. Hence each ot these ratios 's = ^j^. 
ow Sx is the projection of PF on the siia of x, 

.: Sx = 2QM .iaa^\ = 2tao^lni{~ m,] ; 

■imilarljii/^S tan^fttf-If). 3;=2tan^(/i)')nf), which are the required fonnaln. 

If the origin have a linear displaoement whose resolved parts parallel to the 
lea are {a, b, c), we must add those displacementB to the valaes of ii. Sy. it fonnd 
by solving these equations. Let the co-ordinates ot the middle point of the lehoU 

displacement of P be represented bj {', i)'. f . Then we have, aa before, {' = 

but ainiM Sx, 3y, Si, are increased by a, ^, c we must wril« £'- =, V- q, f- s 
toii, 1), f. We thns obtain 

™»l|-(^-0-"('-i)l' 

with similar cipreasiona tor Sy and ii. 

261. The equations to the central axis follow from these exprensions without 
difficulty. The whole displaoBineDt of any point in the central aiis is alonf; the 
axis, so that (f. i;', ^ the co-ordinates of the middle point of the displacement are 
eo-ordiaa(eH of a point in the axis, and Sx, Sy, ii are proportional to [I, m, n) the 
direotion-cosineB of the axis. Hence 

o + 2tan 



Eaeh of these ia evidently equal to la-t-mb-t-ne, which is the linear displaoement 
along the central axis. The results of this and the preoedjng Article are due to 
Bodrignes. 



I 



2S2 Thl term Momentum haa been given as the heailmg 

of thia ChjiptLF th jiij[h it iiilj exprcshta i pi iti n f iti coiittuta 
The objtct »f the Chipttr in i\ U i i I if llowmg 

problem The ciiciiinstanc s t i! i it iiij 

tune ig ivTt. gi\eii At the tm l t th uiirler 

other circiimitaiices It is il[iiiii! t I I i Utums 

which iiiaj exist bi,twLLii thLi^t. tw) miliina Thi, inaiiiier m 
which these changes. aiL effecttd bj the foict-i is not the subject 
of ciiqiurj We onlj wish to dLtcrniinc what chinges ha\e been 
(.fleeted m the time t —i If the time t, — t be \lt\ small 
and the forces very great, thii becomes the general pi-oblein of 
inipiiisca This also will be considered in the Chapter. 

Let us refer the system to atiy fixed axes Oa:, Oi/, Oz. Then 
the six general ei[uations of motion may, by Art. 72, be written 
in the form 

lulcgrntiug these fioni t = („ to ( = f, , we hiive 

Let an aeeelemting force F act on a moving ])article iii (luring 
any time t, — t„, and let this time be divided into intervals each 
equal to dt. At the middle of e;ich of ihe.so intervals let a Hue 
be drawn from the position of iii :r il.ii iii--;.iiLt, to represent, at 
the sjjme instant, the value of I"/' ' ,i ^■I'tion and magni- 

tude. Then the resultant of ih- - ■ ■ M by the mles of 

statics, may be called the whole j\ni.,. ■^\\- mii d in the time fi — (o- 

Thus { 'mZdt is the whole force resolved parallel to the axis of Z. 

These eiiuations then show that 
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(1) The change produced by any forces in the i-esolved part 1 
of ihfi viomentiiTii of any system is equal in any tiine to the whole ] 
resolved foive in tliat direction. 

(2) The change produced by any forces in Hie vWTnent of Om ' 
womentiivi of the system about any ati-aight line is, in any time, 
equal to the whole movient of these forces about that straight line. 

When the interval t,~t„ is very small, the "whole force" ' 
expended is the usual measure of an impulsive force, and the ' 
preceding equations are identical with those given in Art. 8 ~ 

It is not necessaiy to deduce these two results from the equa- 
tions of motion. The following general theorem, which is really 
equivalent to the two theorems emmciated ahove, may be easily J 
obtaJDcd by an application of D'Alembi?rt's principle. 

283. Fundamental Theorem. If the momentvm: of anv J 
particle of a systmn in viotion be compounded and resolved, asif w * 
were a force (Uiing at the instantaneous position of tlie particle, 
according to the rules of statics, then the momenta of all the par- ' 
tides at any time ti are together equivalent to the mometita at any 
previous time t„ togetliej- ivith the whole forces which have acted 
during the interval. 

The nrgnment Erom D'Aleinbart'a principle may be mado clearer by being put at 
greater length. If ve multiply the aiaae m of any particle P by its velooity i>, ths ' 
prodnet in the mowentmn mv of the particle. Let ua represent tliia in directino , 
and magnitnite by a Btraight line PP' drawn from the partiole in the direotion rf 
its motion. For the pnrponeB of onmpoaitioii and resolution this reprexentatire 
Rtrwght line (in accordance with the rules of BtatiCB] may be moved to any position 
in the line of motion. It may therefore move with the partiale. If the partiete be 
acted on at any inelant by an external force inF, a new momentum equal to mFdl 
is generated in the time ill. This also ean be rupreaented by a etraigbt line and 
eomponnded vith the mv of the particle. If two piu-tioles act and re-act on each 
other vith a force R for a time dt, two equal and opposite momeDta (viz. Rdt] are 
Gommonioated to the particles. Taking all the particles, we see that the change in 
their momenta is equal to the resultant of every laFdt which has acted on the 
ayittein. This being tme for each element of time is trne (or any finite interval 
(, - (j. Since the resultant of evoiy iiiFdt has been defined to be the whole force, 
Uie theorem follows at once. 

In the cfl.se in which no forces act on the system, except the 
mutual actions of the particica, we see that the momenta of all 
the particles of a system at any two times are equivalent.- 

The two principles of the Conservation of Linear Momentum 
and Conservation of Areas may be enunciated as follows. 

If the forces which act on a system be such that they have 
no component along a certain fixed straight line, then the motion 
is such that the linear momentum resolved along this line ia 
constant. 
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EXAXPLE OF A CEKTRAL FORCE. 

If the forces be such that they have no moment about a 
certain fiseil striught line, then the moment of the momentum 
or the area conserved about this straight line is constant. 

It is evident that these principles are oniy particular cases of 
the results proved in Art. 73. 

284. Example of a central force. Suppose that a single 
particle m describes an orbit about a centre of force 0. Let t, tf 
be its velocities at any two points P, P" of its course. Then mi/ 
supposed to act along the tangent at P" if reversed would be in 
equilibrium with mv acting along the tangent at P together with 
the whole central force from P to i*". If p, p' be the lengths of 
the perpendiculars from on the tangents at P, P", we have, 
by taking moments about 0, vp = v'p', and hence vp ie constant 
throughout the motion. Also if the tangents meet in T, the whole 
central force expended must act along the line TO, and may be 
fotind iu terms of v, w' by the rules for compounding velocities. 

Ex. Two particles oT masses si, n' move aboDl the same eenlre of lone. It 
K, h' be the double ftr«*s deacnbed b; each per onit of time, prove that mh + a'Af* 
ia unaltered \>j an impact betweea the partideB. 

285. Example of three particles. Suppose three particles 
to start irora rest attracting each other, but under the action of no 
external forces. Then the momenta of the three particles at any 
instant are together equivalent to the three initial momenta and 
are therefore in eqtiilibriiim. Hence at any instant the tangents 
to their paths must meet in some point 0, and if parall^ to 
their directions of motion be drawn so as to form a triangle, the 
momenta of the several particles are proportional to the sides of 
that triangle. 

If there are n particles it may be shown in the same way that 
the n forces represented by mv, wiV, &c. are in equilibrium, and 
if parallels be drawn to the directions of motion and proportional 
to the momenta of the particles beginning at any point, they will 
form a closed polygon. 

If F, F', F" be the resultant attraction on the three particles, 
the lines of action of F, F' , F" also meet in a point For let 
X,Y,Z\)e the actions between the particles m'm", m"m, mm', 
taken in order. Then F is the resultant of — Fand Z; F'ot — Z 
and X; F" of -Z and T. Hence the three forces F. F\ F" are 
in equilibrium", and therefore their lines of action must meet in 
a point 0'. Also the magnitude of each is proportional to the 
sine of the angle between the directions of the other two. This 
point is not generally fixed, and does not coincide with 0, 

* This proof ie merely an amplification bf tlie folloning. The three (Ontet 
F, F', F", being the interaai roactionn of a system of three bodies, are in equili- 
brium by n'.\lcuibc(t'B Principle. 

R D, "V^ 
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If the attraction be directly proportional to the distauce, the 
two points 0, 0' coiucide with the centre of gravity G, and are 
fixed in space throughout the motion. For it is a known propoM- 
tion in statics that, with this law of attraction, the whole attraction 
of a system of particles on one of the particles is the same as if 
the whole system were collected at its centre of gi-avity. Hence 
0' coincides with G. Also, since each particle starts from rest, 
the initial velocity of the centre of gi-avity is zero, and therefore, 
by Art 79, ff is a fixed point. Again, aince each particle starts 
from rest arid is urged towards a fixed point G, it will move in the 
straight line joining its initial position with 0. Hence coin- 
cides with 0. When the attraction is directly proportional to the 
distance, it is proved in dynamics of a particle, that the time of 
i-eaching the centre of foi-ce from a position of rest is independent 
of the distance of that position of rest. Hence all the particles of 
the system will reach G at the same time, and meet there. If 2m 
be the sum of the masses, measured by their attractions in the 



usual 



■, this time is known to be 



1 25 



2BG. BzampU of lApUet's Tlix«* pBTtlelW. Three parti'clet tchnic mat$e* , 
are m. m'. m", mulvallg attracting each other, are <o projected that llie triangle J 
formed by joining tlielr poHlioiu at nny iiutaat remaiai almayt limilar In >U origimd 
form, tt U required (p dettrmiite the conditiont of projection. 

The eeatn of gravity will be eilhcr at rmt or will move unlrarmly in a etraiRht 
line. We ma; therefore ooDsidcT tlie oentre of gravit}^ at rest and maj afterwards 
ffenerftlite the ccinditionii of |irojection by impresaing on eaob particle au additional 
velocity parallel to the direction iu which we wish the centre of Kravit; to move. 
Let he the centre of gravity, P, P', P" the positions of the partialea at any 
tima I. Than, bj the oonditionn of the queation, llie lengths OP, OP. OF' are 
alwayH to be propoitional, and their angular velocities about O are to be equal, 
aince the moment of the momenta of the syatem about is always the name, 
we have 

mr*n + rnVn + wVi ^Constant, 
whore r, r'. /' are the diataucas OP, OP', OP', and 'i ii their common angnlar 
velocity. Since the ratios t : r' : r" are constant, it foUowH from thin equation 
that mr'n is conglaot, i.e. OP traoea oat eiiual areas in equal times. Hence by 
Newton, Section n, the resultant force on I' tends towards 0. 

I«t p. p', p" be the sidofl PT'. P"P. PP of the triangle formed by ibe pnrtiolea. 



(dist.f ■ 



and let the law of attraction bo ,- 
ih', m" on HI pasBes throagh O, 

%,aaP-PO = 



Then, si 



:e the resultant 



Df 



mP"PO. 



at, since O is the centre of gravity, 

m'p"tiaP'PO^m"p'ain P'PO. 
Hence either the throe particles are in one straight line or p"»'-'=p'"-'. IT 
= -1 the law of attraolion is "as the distance." If * be not= - 1. we have 
= p", and tbc triangle must be eiiiiilateral. 
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SuppOM the partidea to be projeoted in direetious m&king eqaal ftnglee with 
their distanoea from the contra of (crnvit; with velocities proportional to those 
diBtanoeg, and Huppose also the resultant attroctionis towards the centre of gravity 
to be proportional to those distaaces, then in all the three caaes the same con- 
ditions will hold at the end of a time dl, and so on contiaasll;. The three 
particlea will therefore describe similar orbits about the centre of gravis in a 

Fintly, let os suppose that the throe particles are to be in one straight lina. To 
fli our ideas, let iii' lie between m and tn", and between m and ni'. Then since 
the ottraolion on any particle must be proportional to the distanoe of that particle 

from 0, the three attractions 



most be proportional to OP, OP", OP". Since £niOP=0, those two eqnatious 

P'P" OP m' 4. m" /I 4. tl 

amonnl to but one on the whole. Let •=^ . so that ^, = '" +-^,*iz,' 






Then wo have 



(-ii?^,.) 



,»",}.(^-«)i,'t»"ii+.ii, 

r Laplaoe, by whom this problen 



vhich agrees with the result given b 
MHisidered. 

In the case in which the attraction follows the law of natare h^2 and the 
eqaation becomes 

Thin in an eiiuation of the Qfth degree, and it has therefore always one real root. 
The left side of the eijoatjon has opposite signs when t = and t = is . and hence 
this real root is positive. It is therefore always possible to project the three masaea 
BO tliat they shall remain in a straight line. Laplace remarks that if m be the son, 

m' the earth, m" the moon, we have very nearly s = \/ "' — ^foo' ^' '*'™' 
originally, the earth and moon had been placed in the same straight line with the 
mm, at distances from the son proportional to 1 and 1 + — , and it their velocities 
had been initially parallel and proportional to thone dintancea, the moon would 
have always been in opposition to the sun. The moon would have been too distant 
to have been in a state of continual eclipse, and thus would have been full every 
night. It has however been shown by Lionvjlle, in the Addilioni it la Conttuittonee 
dm Temp; 184S, that sucli a motion would be unstable. 

Tlic paths of the particles will be Bimilar ellipses having tlie centre of gravity 



ton 






Secondly. Let ns suppose that tho law of attraction is "as the distanoe." In 
this case the attraction on each particle is the same aa if all tho three parliolei 
were collected at tlio centre of i;ravity- Eaoh particle will describe an ellipM 
having this point for centre in the same time. The neoeasary conditions of pro- 
jection are that tho velocities of projection should bo propoi'tional to the initial 
distances from the centre of gravity, and that the directions of projection shonld 
make equal angles with those distances. 



Thirdly. Let at »appate tlie particles to be at the ungular points of an equi- 
Iftterftl triuiele. The resultaQt force on the particle lu is 

^ COB P'PO + '-^ cos P'TO. 
p ' p' 

The eondition that the forces on the particles should be praportional to their 
distances from O shows that the ratio of this force to the distauoe OP is the Eama - 
for All the particles. Since 

mV'0O8P'PO + inV««P"P0 = (m+ni' + fn"}0P, 
it ia dear that the condition is initially satisfied when p — p'=p", Henoe, by tho 
same reasoning as before, if the particles be projected with equal velmitiei in 
directions making eqitol angles with OP, OP, OP' reBpectively, they will alwaji 
remain at the angular points of an eqiiilataral triangle. 

A discuBsion of the stability of this motion will be given in a later part of thia 

El. 1. Show that if the three particles attraot each other according to the 
law of nature, the paths of the particles, when at the corners of an equilateral 
triangle, aie equal ellipses haTiDg O for a common focus. Find the periodic time. 

Ex. 3. If fonr partiolos be placed at the comers of a quadrilateral whose ddsa 
taken in order are a, b, c, d and diagonals p, p', then the particles cannot move 
under their mntual attractions so as to remain always at the oomers of a Bimilar 
qoadrilateral unless 

(^p'« - frf") (<■- + «-)+ (a"c« - pY'IC-" + ''"I + (''"''"- ""f") (P" + P") = 0. 
where the law of ottrflttion is the inverse (n - 11"" power of the diHtanoe. 

Show also that the mass at the intersection of 6, c divided by the mass at the 
intersection of e, d is equal to the product of tlie area fomied by a, p', d divided by 
the area formed by a, b, p and the difference -i^^- .-^ divided by - - = . j 

These rosnlts may be conveniently arrived at by reducing one angular point, t» ' 
A, at the qaodrilateial to rest. The resolved part of all the foroos which act on each 
particle perpendicular to the straJKht line joining it to ^ will then be zero. Tho 
case of three particles may l>e treated in the same manner. The process is a little 
shorter than that given in the text, but does not illustrate so well the tubject of 
the chapter. 

287, When the system under consideration consiats of rigid 
bodies we must une the results of Art. 74 to find the resolved 
part of the momentum in any direction. The moment of the 
momentum about ivny straight tine may also be foimd by Art, 75 
in Chap, il., combined with Art. 134 in Chap, iv., if tlie motion 
be in two dimensions, or with Art. 262 in Chap, v., if the motion 
be in three dimensions, 

288. Sudden Flxturei. A rigid boiiy is moving freely in 
space in a known manner. Suddenly a straight line in the body 
becomes fixed, or has its motion changed in some given manner. 
It is required to find the changes which occur in the motion of 

the rest of tho body. 



ART. 290.] 



SUDDEN CHANGES OF MOTION, 



24^5 



Such problems as these are all solved by one mechanical prin- 
ciple. The change in the motion is piodiiced by impulsive forces 
acting at points situated in this straight line. 1 fence, by Art. 2<S3, 
the aivjnlar moment am of the bodj/ ahoid the (i.ns' is the same 
after as before the chanr/e takes place. This dynamical pi-inciple 
will supply one e<puition which is sufficient to determine the 
subsequent motion of the body round the straight line. 

We may also use this principle in a more general case. 8up})ose 
we have any system of moving bo<lies which suddenly become 
rigidly connected together and are constrained to tui*n ri^md some 
axis. Then the suksequent angular velocity about this axis may 
be found by e([uating the angular momentum of the system about 
this axis after the change to that before the change. 

In applying this principle to various bodies it is convenient 
to use ditierent methods of tinding the angular momentum. The 
following list will assist the reader in choosing the method best 
adapted to each particular case. 

281). Case 1. Suppose the body to be a disc moving in any 
manner in its own plane, and let the axis w^hose motion is changed 
be perpendicular to its plane. This case has been already solved 
in Art. 171. 

200. Ctise 2. Suppose the body to be a disc turning about 
an instantaneous axis Ox in its own plane with an angular axis o). 
Let an axis Ox' also in its own plane be suddenly fixed. 

In this case the calculation of thi.' anirular momentum is so 
simple that we may with advantage recur to Hrst principles. 

Let da be any element of the area of the disc; y, f its dis- 
tances from O./-, O.r'. 'I'hen fjco, //'&>' are the velocities of da just 



(/ 



(I. 




-hy 



X' 



X 



before and just after the inq>avt. 1'he moments of the momentum 
about (Kr just before and just attej- aie therefore yfwda and 
f'wda. Summing these for the whole area of the disc, we have 

(o'^f-da = (o^fjfda (1 ). 



Firstly, let Ox, Oj^ be parallel, so that the point m at infinity. 
Let h be the distance between the axes, then y' = y — k. Hence 
wc have 

fo'tij'dtr = M (Sy^ — ASyArj. 

Let A, A' be the moments of inertia of the disc about Ox, Oaf 
respectively, y the distance of the centre of gravity from Ox. M the 
moss of the disc. Then we have 

A'^' = n>(A~Mhy\ 

Secondly, let Ox, Ox' not be parallel. Let be the ori^^n 
and let the angle xOx' = a, then y =y cos a — a; sin a. Let F be 
the product of inertia of the disc about Ox, Oy where Oy is per- 
pendicular to Ox. Then by substitution in (1) we have , 
A'tn' = ai(A cos « - ^ sill a). 



Ex. I. An ellipUo ftrea 
Buddenl; thiu Utiu reatum i 



if occcntricitj' e u turning about one lulna reatum, 
loosed and the otlier fixed, Show Ibat the angulM 



— ,— , of its former valno. 



Gz, S. A right-angled tnongDlar oiea ACB is taming about the side AC, 
Suddenly AC is loosed and BC fixed. IF C be tbo right angle, the angular velooi^ 



2. AC 



of its former value. 



Ex. 3. A rectangle AUCD hai its plane vertical and iU lower edge AB boriion- 
tal and fixed in bpbo& A slight distiirbanoe being given the rectangle turna round 
AB, bat when ita plane becomes horizontal the side AD ia Hied and AB released. 
It then begins to turn round AD and when the piano is agiun rertical AB is fixed 
and AD releastd. Show that the final angular velocity about AB is given b; 

u==:27ff(16a-i-96);siaiP. 
where AB=3a and AD='2b. 

291. Case 3. Let the body be turning i-oimd an instantaneous 
axis 01 with a known angular velocity w, and let some axis 01' 
which intersects the former in a point be suddenly fixed. 

Let I, 771, 71 be the direction -cosines of 01 referred to the 
principal axes at 0, and (', m', n' the direction-cosines of 01'. Then 
by Art. 264, the angular momenta about these principal axes just 
before the change are Aotl, BtDiti, Can. The angular momentum 
about 01' just before the change is therefore (by Art. 265) 
{AW + Bmm' + Cnn') a. If 6>' be the angular velocity of the 
body about 0/' just after 01' becomes fixed in space the angular 
momentum is {Al'' + Bni' + Cn"^) a>'. Exjuating these we have w', 

Ex. I. A aolid right cone uf Bemi- vertical angle a U rotating about a generating 
line. Snddenlf another generating line a fixed, the axial planes throui^h the 
generating lines being inoUned at an ojigle ifi. Show that the ratio of the angular 
velocities is equal to (2 + (4 -l- ") coe^) ; (6-t-ii), where n — tiin''a. 
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Ki. 2. When n body turns uliout a fi^tetl piiint the pnnlnct of the moment of 
inertia about the inHtantaneoiii; Axin intu the aijuoie of the nngiilar velocity ix called 
the via vivo. Let 2T he the via vivn of the bodj when it in turning freely about 
the niis ()/. anil 2T' iU vis viva when the axis 01' ia sndileiily lived, CoiiBtnict 
the momeotiil eliippoid at the point 0, mid let S be the ani;le between the eccentric 
liues of the two axea 01, OI'. J'rove that /" = rcos-e. It toUows that the vis viva 
is ahvaya lessened by fixing a new axis. 

202. Caau 4. Let the motion of the body bti given by its 
coiiipoiieiila ol' motion u, v, (c, Uj, (u„, W;, the centre iif gravity 
being the baJ:>e point, Let the eijiintiun to the straight hue whose 

, , , , ,,.>: — f II — ri s — h , , 

motion IS aiidueiuy ehiinged be — v^ — = - , where I, m, it, 

arc tihc actual di recti on-cosiiies. 



E([LiuLiiig Lheae we liave to'. 

2<t3. 8tippose the s.i-l'l.-n iin-lmn fnice.l on the straight line 

tu h. ivy.p --, nt. .1 I.V fll. V. '...-ili.- r, V, W n<i s.mie J.nint /* ull 
111. . ■.. lo.'ilirs (t, ip. y^r. Thru {\u- 

r, V II ..I il.. -. I.- /' :i>Ml llie iiiigular veiue'ities $ + 111. 

tf) + il/ii, ^ + ilii, where il i^ the ouly inikriowu ipiuntity. 

The BORiilar Tcliioities 0, ip, ifi may be chosen in an infinite variety of ways tu 
repri'BcQt the given motion of the straight line, hocanse an auijiihir velocity abonl 
the Htnight line does not move the line itself. If 9, •/•, ^ iiave been chiison tu 
make the component '0-i- iir^ + ii^ al)DUt the line eijnal tci xeto. and if {I, ni, n) ho 
the actual direction -coninca of tliu straight linii, then O will be tlic angular velocity 
of the iKidy about tlic asis just after the change. 

Thi-s quantity H. whatever ine.tniiig it may have, is to be 
tuiLiiil by eijtiatiiig the angular iiiomentii about the axis before 
iiml alter the change. The.-ie inuiiienta may be written tlown aw 
explained in Art. 20it. 

2i)i. Suppose the sudden tiiolieu Inrced (.u the straiglit. line 
to be repreMonted by giving the \elueities of two points I', J'' on 
the line. And let the required motion of the boiJy after the change 
be represented by the components of motion )(', v', w', a>i', <»„', W;' 
at the eenti-e of gr!ivity taken a.s the biwo. Thi.> ai]i;ijlai- inn- 
iiinil.um both hef.uv and after the ehange ni.n !■■ v,,;'::..,, ,],,wi, 
li\ All. iJtHi. Kijiialiiij,' these we have the <\\i . ''Liii. 

fhr ivsolvrd vrl-,eilii's of P and /" may h-- !■■ ■ I ■■ \: -:is 
and ei|iiateii to their given Ibreed value* Thii- .\l iiu\r mi tiie 
whole (iix iiuiepeiideiit ecpuitions to (ind the sis eomponents of 
motion after the cliange. 



MOMENTUM. 

Ex. 1. An elliptio due ie at rest. Saddenlj one extremit; of the nujot x 
and one extremity of the minor are made to move perpendienlsrly to the p' 
the disa with velocities U uid V. Show that the oentic of gravitj will beeii' 
move with a velocity equal lo Kf + F). 

Ex. 2. An elliptic disc ifl at text. Suddenly one extremity of the latua rectom 
is made to move parallel to the major axis witb a velocity (7, while the other 
extremity i» made to move pcrpendicolarly to the plane of the disc with a velocitj 
W. Show that the velocities of the centre reaolved parallel to the axes of the disc are 



U 






2(1 + 4^)' 



Ex, S. A oircolai disc turning freely in its own plane which is vertical lalla on 
another eqoal circular disc whose plane is boriiontnl and which is torning aboat 
a fixed vertical axis through its centre. At the moment of impact the two diaaa 
become rigidly connected. If the point of impact bisect a radias of the horizontal 
circle, ahow that the angular velocity about the fixed vertical axis is rednoed 
one ball 

Ex. 4. Let the motion of a free body be given by the compouenia u, c, w. 
u,, w,, u, referred to any base. Let the sudden motion given to a straight line be 
represented by the components U, V. W, B. f,, f referred to the same base. Tlien 
the relative motion is given by the components u - U, v - V, &c. Taking thuse as 
the given quantitiea, find the components of motion after the change on the 
■uppoBition that tbe straight line is Huddenly/ii'rif. Let Uieee resultB be u', i'', itc 
Then prove that the required motion is repteaented by the components U + u', 

OTiiB prooeaa of solution may be called reducing tht itrm'gbt line to rat. 

295. Case 5. lu some cafies, tnsto^ of a, straight line, a 
Dingle point P in the body is seized and made to move iq some 
given manner. In this case tbe angular momentum about every 
straight line through the fixed point is unchanged. Choosing 
some three convenient axes through the point and equating the 
angular momentum about each before the change to that after 
the change we have three dynamical equations. Besides these we 
have the geometrical equations, supplied by Art. 238, expressing 
the fact that the resolved velocities of P aie equal to the given 
forced velocities. Iq this way we may form six equations to find 
the rax components of motion. 

296. Let us consider an example of this process. Suppose 

the motion of the body to be given by the components u, v, w, 
m,,, ay, til,, the centre of gravity being the base ; and let the point 
P whose co-ordinates are f.g.h be suddenly fixed. Let A, B, C, 
B, E, F he the moments and products of mertia of the body 
about the axes at the centre of gi-avity, aud let accented letters 
represent the corresponding quantities for paiullel axes at P. Let 
Hx, ilji, ill be the required angular velocities of the body about 
the ascB meeting at P parallel to those at the centre of gravity. 
Then the equations of momenta give 



I 
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Aio^- Fto„ - Em, + M\vh - n'ij) - ^rn^ - /"ii,, - ^'n,> 
-Fm^ + Bw„ - /)w^ + ^\(mf- »/,) = - r?i, + /i'n„ - y/ri„ 
- Kii>^ - i)w„ + (7w, + j/"(-(3 - 1/)= - £'ii^ - iJ'riy + ("n,. 

It is obvious that tht'sc i-qiiatious may be gi'catly Miiii(ili(ii.'il by 
chuiisiiig the axcn so that one aet may be priiicipvl axes. 

2ii7. If the budy bt turuing about an axis QI thmiigh the 
centre uf gi-avity G just bcfoie the point 1' is fixed, the teriiiH which 
contain the velocities of the centre of gravity ihsajjpoiir I'loni the 
equations. They now admit of an easy geometi-ieal interpretation. 
The cijuation to the nii>inental ellipsoid at the centre of gnivity ia 

AK'^ ^BY-' + CZ- - 2DYZ~2EZX - 2FXV=^h\ 
It is thciiTure clear thai the left-hand sides of these ei|uatiiius are 
proportional tn the direct.ii m-cusincH of the diametral plane of a 
straight line whose diivet ion-cosines are proportional to {bit, <Oy, w-). 
In the Kainc way if we c(.instruct the moinental ellipsoid at /', the 
light.-hiinil sides are proportional to the direction -eosi til's of the 
diametral plane of the axis (Hj, H^. II;). Thus the iiislii nUmeoiis 
UM'S of rotiitioii. he/ore ftiid after P is jixed, lire so rdiiteii Unit 
t/ieir diamebvl jAiines with reyiird to the mumentid edipnoids at 
G and P respective! ij are parallel. 

We may ul-n dr,li,r,. t.lil. resnit, without dimvnliv, rn.ii Art. 

118. Theni.,ii..ii •■{ rli,. I>,,dy abnut the axis 01 hinv I..- | Iiuvd 

by an impul.-iv.' r. iri|il,' in ilir plane <li,imrtr:il in <•! willi ii'L,'ard 
to the moioLiilHl elli|i>.iia ut G. Let us then >ii],|M.,e ilie body 
at rcKt and 1' fi-xed, and let it be acted on by this emiple. It 
follows from th'.' same article, that the body will begin to tnni 
about an axis PI' which is such that its diametial plane with 
regai-d to the niuniental ellip.sotd at P is parallel to the plane of 
the couple. 

The direction of the blow at P may also be rasily found. The 
centre of giavity being at rest .siidilenly begins in move perpen- 
dicularly to the plane containing it and the axis PI'. This is 
obviously the du'ection of the blow. 

2118. Ex. 1. .1 ijihne, in c-liilitnilf tf, hiiHfl up hij a pniiit in 11^ ^urfitro, l» in 
I'jiiUibriiim nnikr the. mliiiii i<f ijrnritij. Siidilenli/ the i-otaliuii iif Ibc rnrlli ii 
tloi'prd. it M re'imreil to dclrrmlilc lilt nwliuii nf lla fiilien: [Malli. Tripoi, 1M57.] 

Let G ha the centre of Us sphere, O its poiut of auKpeu»inD, nnil a its railiuii. 
Let C be tlic centre of the enrth. Let na uniipme the liynre xa llIa^vll tliitt the 
snhere is muvjnj; avav froiii tlie ol 
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Let OC, Op, ftnd the perpeiiJiuul&r to the plane of OU, Op be taken as the axes 
ol x,ij, t reapeetively. and let 0^, 0,, 11, be the angular velocities about them jnet 
after the rotation oF the earth in stopped. 

B; Art. 29G, the angular momenta aboat Or, jaet before and jnst afler the 
TolAlion is itopped, are equal to each othet; 

.■. Mk''uco»B = 3IkKl,. 
whore Mk' is the moment of inertia of the sphere about a diameter. 



Lastly, the angolar momenta about Os 
Solving these equatio 




eijual tu eaoh other ; 

.U(jt= + u'}0,. 
equal; .-. = 311^,. 



■nolo,, (1,, tl, webave 



e get n, = uain( 
But a^ = ii!txiae. Adding together the sque 

where (1 is (he angular velocity at the sphere about its instantaneons axia. 

Ex. 2. A pwtiolo of mass il, without velocity, is suddenly attached to the 
Eurfaee of the earth at the extremity of a railius vector making an angle 6 with the 
aiia of the earth. If £ be the mass of the earth before tlie addition of ilf, A and C 
its principnl moments of inertia at the centre, u the angular velocity about iU 
Bzia. prove that 

a)_ £Jlf.iT^ain*fl 

ii '^^E■^M)AC + E3ICT'<lOB•e 



where is the initial angular velouity about i 
and ^ the angle that the initial aiia of rotati< 



Mr' sin fl ooH ff " 

axis parallel to tl: 

mnkes with the a: 



Bi, 3. A regular hotnogeneous prism whose normal seotion is a r^^lar polyg 
of n sides rolls on a perfectly rough plane. Prove that, when the axis of rotali. 
chongoB bom one edge to another, the angular velocity is reduced in the ratio 



AUr. 2SJi).l (il{.Vl>lIAl, filANUES. 251 

2^9. Gradual ChangeB. In thi'so examples the cIuiiigL'H 
pi-oducod in the motion were stiddi?!!, but the niL-thod of proceed- 
ing is the same if the chniigefi are giadiiiil. 

En. 1, A bead nf nta^n iii aVt^ea on a circular uira of mass .1/ and radius a, 
and tlie vrirc cnn turu freely nbcmt a vertical diameter. Prove bhat. if ui, n be the 
out^lnr velocities of tim wire when tbe bead is respectively at tlic extremities of 

a horizontal and a vertical diamtter, ——l + ijz. 

Ex. 2. If the earth pratluiilly contraclKd by radiation tif beat, so as to be 
always similar to itself us regnida its physical constitution and form, ijcove tliat 
wben every railiua vector lias contracted an «'•' part of ita leliy'l'. nljcro n is small, 
tliG angular vetoeily has increased a 2ii"' part of its value. 

Es, 3, It two railway trains each of niasa ^V were to travel in opposite 
directions from tlie pole along a meridian and to arrive nt the ci|uator at the same 

tiinp, prove that the angular velocity of the earth would be decreaaed by 7Tp~ of 
itself, where ri is tho equatorial radius of the eurtli and J'.'^- ita moment of inertia 
about its axis of figure. 

What would be the effect if one train only were to travel from the pole to the 
equator ? 

Ex. 1. A By alights pcqieadicularly on a itheit of |in]ii.-r Ijini; on a smooth 
horizontal plane and proceeds to describe the clu^■c r-f{S) traced on the sheet of 
paper, the equation to the carve being referred to the centre uf gravity of the paper 
as origin. Supposing the fly to be able lo prevent himself from slipping on tbe 
paper, show that Lis aupinlnr velocity in space about the common centre of gravity 
of tbe papc a 1 il j al to -^j^ — ~ -j- , where M and iii are the masses 

of the pap a d tb fly and 1' is the radius of gyration of the paper about ita 
centre of ^ y H n bnd the path of the Hy in space. 

Ex. 5. Sup] se th to melt from the jwlar regions twenty degrees round 

each pole t ll t nt Cs lucthiug more than a foot thick,enDH|;h to give l|'g feet 
over those areas or Obh of a foot of water Hpread over tbe whole clobe which would 
in reality rai=e the Hca-level by only koiuc such unliacoieinble di/Iercnce as jth of 
an inch or an inch, then this would sla(.k<-n the earth s rate as a time kc<.[H.r by 
one-tenth of a second per year. Thiu and the nett example aii. taken fruiu the 
Phi'. Miff. They are both due to Sir W Thomson 

If E be tha mass of the earth, ii its radius A its radiu'i of gvration about llie 
polar axis, u lis angular velocity before the meltini, nt havt b\ llic prini.iple 

of angular momentum — = - ' ,'' costffl + cosU) whiru U ii tht mass of the ite 
melted and in twenty degrees, tiubstitnling for the letters tbiir kno >'u nuin i leal 
valnes, the value of Su is easily found. 

Ex. (i, A layer of dust is fonned on the earth h (net thick, where h is small, by 
the fall of meteors reaching the earth frunl all directions. Show that the change iu 
the length of the day is nearly — ^ of a day, where >t is the radius of the earth 

in feet, p and D the densities of the dust and earth respectively. If tbe density of 
the dust be tivife that of water and h = ^'j , eipicsE this result numerically. 
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Ofpohtet in a paper La tlio AitronomiKli* Niii^hriehltu (No. 2573] and mora 
reeently H. A. Newton in the American Journal of Science, vol. xxx, tSSl, have 
ooDsidered the effects on tbe earth both or the impact of meteors and the gravitation 
attiaotion of those which paes near the earth withont hitting it. 

Ex. 7. A spiral tube of small unifoi-m section can turn frcel; about a Tertictl 
axis and haa its two extremities on the axis. A variable qtaautitj' Q of fluid pec 
second enters at ita upper eitremitj and Sows out at the lower. If J/ be tbe mas* 
of the tube, m that of the fluid contained, show that {M+m)k'u + Q/ram^ 
is constant, wliere <fi h the angle the tangent to the tube at any point F makes with 
the plane containing P and tbe axis. One tonn of this experitneut vtaa used by 
Maxwell to determine if electrioitj had momentum. See EUctTicitj/, Tol. ti, 
Art. 574. 

300. The principle of linear momentum may also be used, 
like that of angular momentnm, to determine the gradual changes 
produced by alterations of mass. The general theory is as follows. 

Let a body of mass M, whose resolved velocity parallel to m 
IB V, be acted on by a finite foi-ce X, Let this body lose a small 
portion jn = — dM of its mass in each element of time dt. It is 
required to find its equation of motion. In this time the force 
increases the linear momentum by Xdt, while the momentum lost 
by diminution of mass is mv. But the gain of momentum is 
d (Mv). The equation of motion is therefore 
d{Mv) = Xdt + vdM. 

This equation may alao be obtained by taking .If to represent the mass of the 
body juat after tbe losa of the element »t. Then equating tbe two oxpressiona for 
the gain of momentum in the next element of lime, we have Mdv^Xdl. 

Next, let us suppose that the body gains a mass m^dM in 
the time dt, and let the resolved velocity of this inci-ement just 
before it is attached to Jf be v'. The total gain of momentum 
is now, Xdt due to the force, and mv' due to the impact produced 
by the sudden junction of the masses M and m with different 
velocities. The equation of motion is therefore 

d {Mv) = Xdt + v'dM. 
If ti' = ii this reduces to the fonner result. 

According to the rule given in Art. 85 the finite force X should 
be neglected iu determining the effect of an impulse. But since 
vi is infinitely small, being equal to dM, the change of momentum 
produced by the impulse is of the same order of small quantities 
as Xdt. We muHt therefore include the force X in the equation. 

These principles may be tUnstrated by the solution of some problems on the 
rectilinear motion of strings. The curvilinear motion of strings will be dismisBad 
further on. 
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Ex. 1, One portion ol r hcnvy uniform siring is coiled up on a (able in a small 
heap A , the other portion, viz. A CB, paases over a small pulley C (which ie situated 
vertically over A) and han^a Trecly down on the other nide of the pulley to a depth 
cn = b. It C.J =a and fMs ereater than «, find the motion when the system starts 
from reBt. tTait nnd Steele's Dijmmicn, 1856.] 

Let x=CB. As the end B dcRcends, auccciiiiive Unks (nith veloeity i>' = 0) are 
t«l(en from the heap and added to the moving chain. We therefore have 



Multiply by {r + .i)r and intcKrnte, wo find 



= igir-h).' 



Ex. -3. A tiiixibl" chiiin AP.CDr liam.- in C(|Hilibiiiim over n smooth vertical 
circle with one end ^ filed tn ill. '.nniM'. .1 .l ln.ri/ontftl diiimetcr. One portion 
<iB(? linnga vertically on oni- -I I ■ i ■ imtion Df.' lianKS vertically on the 

other Hide of the circle. If Hi. i . ; ; (i,;; sliow that the ciination tor 

determining the distance (vi/. i/i ..: 'I . ''..-. |'...iit nf the chain from the bori/.ontnl 
diameter dnrins the first part of t)ip luotinn is 

ll-'J + i!"'r!i'{!} + Str-^3<!l + h<'l 
wliere I is the whale length of the string and 2r the circumference of llie circle, 

[Math. Tripos, 1870.] 

Before A is set Free the lentitbs AB, DC and DK are all equal and AIIC forms a 
catenary whose parameter in iiero. Wlien A in set tree, AB begins firNt to descend. 
Each element of All falls freely onder gmvity; if thcierore .r = AB we have 
H-r — yt-. Tlic BiicceBsive elements o( All are transferred to ItC each «itli a 
velocity '■' = i)i, the length nf each element beinK -rf.r. Thus as BC descends and 
DE a^cvnds the equation of motion of BCDE is 

./[(;-. r)«]-(-rf.c)r'+3(2y + j- + f^ J) ,Jf. 
IIiTi' I- is the vilucity of the chain KCJIE and this is equal to the velocity of E 
upwards (ni^t that of II downwards). Since I>E = ' - c -.e - n we have I'^j-hj). 
Sulisti tilting- for v and i'' the result follows without dillicnlty. 

Ex. 3. An ineiaxtic string of length ' is attached by one end to the lower 
surface of the edge of a smooth horiKontal table with a line edge on which the rest 
of the string lies, being heM taut nt riRht angles to the eilije hy a force at the other 
end. If this end he Mt free, show that the velocity with which it will leave the 
table will be ^l\2iil(\usi~l)]. [Tune E jam.] 

Ex. 4. A fine uniform chain ia collected in a heap on a horizontal tabic, and to 
one end is attached a fine strin;; which passes over a smooth pulley vertically above 
the chain and carries n weight equal to the wci{,'ht of a length u of the chain. Prove 
that the length of the chain raised before the weight comes to rest isn^'(^), and 
find the length suspended when the weight next comes to rest. [^ay Exam.] 

Ex, .'i. A chain of length n U coiled up on n lediie at the top of a. roopii inclined 
plane and one end is allowed to slide down. Show that if the inelinntion of the 
plane ik double the angle of friction (vlx. X). the chaiu will be moving Cre«ly at ths 
end of a tinn' ( giveii by uf = fin uot X, [Co!]. Exam,] 
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Ei. 6, A balloon ia at a oeilain moment at a height h, dcweading with Telocity 
V, and moving liorizoiiUlly with a velooity V equal to the Telocity of the wind at 
that height. IF the velocity of the wind be proportional to the height, and if with 
IT of desaeading at a particular spot the escape of the gas be regnlated bo as to 
kitep the velocit; of descent couBtant, prove that a miacalcnlation dh in the initial 
height will prodace in the point reached oQ error 



-'(1 + ^)1, 



Vt^gh. 



[Math. Tripos.] 



Ex. 7. A spherical raindrop, descending bj the action of grarit;, receive! 
eontinaally b; tlie precipitation of vapour an aaceaaion of miLsa proportional to it* 
surface : e being its radius when it begins to descend, and r its radins after the 
w tliat its velocity V is given by the equation 

T being left out of account. [Smith's Prize Ei., IB53.] 



The Invariable Platte. 

301. Let us represent the momentum inv of a pai'ticle P by 
a straight line PP' drawn from the pai-ticle in the direction of 
its motion ; see Art. 283. By the rules of statics, this momentum 
is equivalent to an equal and parallel linear momentum applied 
at any arbitrary point 0, together with a couple whoso moment 
is wvp, where p is the perpendicular from on PP". Let us 
represent this transferred linear momentum by the straight line 
OM, which of com-se is equal and parallel to PP'. The plane of 
the couple is the plane containing OM and P, and it may be 
represented in direction and magnitude by an axis ON perpen- 
dicular to its plane. 

Taking all the particles of the system we may compound the 
linear and couple momenta of the several particles into a single 
resultant linear momentum applied at the arbitrary point 0, 
together with a single couple momentum. Let OV and OH be 
two straight lines drawn from to represent in dii'ection and 
magnitude these two resultants. Then these two straight lines 
will represent graphically the instantaneous momeuta of the par- 
ticles considered as one system. 

Let us refer the system to Cartesian co-ordinates. Since mi, 
my, vii are the resolved parts of the momentum of the particle m, 
the vector OV is the resultant of SihA, Stny, tmi. Again, as in 
Art. 75, 111 (i/£ ~ zy) is the moment of the momentum of the same 
particle about tho axb of x. Hence OH is the I'esultantof the 
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Let iiH now suppose that no external forces net on the system, 
so that it moves subject 'Hily to the iimtual actions and reactions 
of its several parts. In this case, since no additional momentum 
is given to the system, buth ihe straight lines OF and Olf are 
fixed ill magnitude and direclinii tJinmghout the motion; see 
Art. 283. 

Their roMolved parts also must be eonsta.nt. It follows thereforD 
that each of the ipiantilies li^, h,. Ii,, is constant. If we represent 
by A the angular niouientum about 0//, we have li- = li,--i- li.;- + /i^^ 

The mtios ' j . y are therflore the direction-cosines of a 

straight line (viz. OH) which is fixed throughout the motion. 

That the resolved angular momenta A,, Aj, fi,j are constant 
follows also at once from Art. 78. Refcri'iiig to the second eiiuatioa 
given in that article, we see that, when the moment of the external 
foi'ces about any straight line fixed in Ppacc i.t zero, the angular 
uioTnontnni about that line is constant. 

The straight line OH is eallod the iuvitnable line at 0. A 
plane perjiiiidicidrir |., 01! is called the /(uv(ci'<(6/e ;i(H"e at 0. This 
straight line Oil is snrjietimes ealled the i-e.snltant axis of augnliU' 
or eoii|ile momentum at 0. 

If any straight line OL be drawn through making an angle 
with the' invariable line UII at '/, the augidar momentum about 
OL is /( cos ft For the axis of the ifsultant mom en turn -couple is 
OH, and the resolved part about OL is therefore OH cos d. Hence 
the invariable line at may alsi* be defined as that axis through 
about which the miiincnt of the momentum is greatest. 

At different points of the sy.stem the position.^ of the invariable 
line are different. 13nt the rules by which they are connected are 
the s;u(ie a-' those which connect the axe's of the resultant coujftc 
of a system of forci's when the origin of reference is varied. 
These have been already stated in Art. 235 of Chap, v., and it is 
imnecessary here to do more than gcneiully to refer to them. 

If the Hystcra is ucted an by any cxteTiial fnrcea, the straight lines 01' nnd OH 
mftj not both be fised in space. Consider firnt any ono [lattiolo, let Oil'. O.V' rcpre- 
sent itB linear and couple momenta bRit nn interral of tinio lit. TJieii .l/.V, NN' 
will represent in direetion and maHnitn.le tliu linear monienluni and the couple or 
angular niomeiitum added on in tlic time ill. Hence the effective force on any 
particle HI is ci|uiva]ent tu a single linear effective force acting at (), lepresuutcd by 
SlM'till, and a ftinglc eCFective couple reprcBouled by tiN'I'It. 
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TaldiiB neit the whole syalem of partioIeB, let OV, OS' repraacnt ita lioMC 
Doaple momenta after an interval dt. ThuB OV h the reinltant of the group OJIf 
oorrespatidinR tu all the particles of the syatem. 01" the resultant of the group OJU'. 
Rence VV'Idt rGprenente the whole linear effective force of the fljetem at the time E. 
By BimOar teoBoniriK HH'Idt repreaentfl the resultant eflectivu couple of theajBtem, 

It appears therefore that the poiute V and H trace oat two curves in apau 
whose properties are aualogoiis to those of the hodograph in djuamioa of a partiolf. 

Prom this reasonuig it lollown also, that if I', be the resolved part of the 
momentum of a ajiBtom in the direction of anj straight line Oi and H, the moment 
of the momentum about that straight line, then Tj and 11, are respectively the 
resolved part along and the moment about that Btraii;lit lino of the elTcctive foroM 
of the system. 

Now D'AlBrohert'H principle asBartB that the effective forces of a iiygtem ore 
equivalent to the Impreased forces. Henoe, whatever coordinates are used, if X and 
L be the resolved parts and the moment of the impres^'d forees about any straight 
line which wc may call the axis of r, then t^ = X and II, ~ I.. These eijuationi 
correspond reRpectivcly to those marked (A) and {B) iu Art. 73. 

We may notice the following cases ; 

(1) If all tlie impressed forces pass through a Hied point, let this point be 
chosen as origin, then, though OF may be variable, Oil is fixed in position and 
maenitude. 

(2) It all the impressed forces be equivalent to a Hyet«in of ooupleB, then, thongh 
Oil may be varinble, OV is fixed in position and magnitude. 

In a memoir on the differential cotfficlenU and delenltiiiaiils of Httei, Mr CohsD 
has discussed same properties of these resultant lines. I'liH. Trant. 1863. 

302, The position of the invariable plane at the centre of 
gravity of the solar system may be found in the following manner. 
Let the system be referred to any rectangular axes meeting in the 
centre of gravity. Let w be the angular velocity of any body about 
its axis of rotation. Let Mk' he its moment of inertia about that 
axis and (a, /9, y) the direction-angles of that axis. The axis of 
revolution and two perpendicular axes form a system of principal 
axes at the centre of gravity. The angular momentum about the 
axis of revolution is Mh?ta, hence the angular momentum about 
an axis parallel to the axis of « is Ml^tn cos 7. The moment 
of the momentum about the axis of 2 of the whole mass collected 
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hence we have 



at the centre of gravity \sM[a^ -y; —ij ^ J , 

The values of A,, Aj may be found in a similar manner. The 
position of the invariable plane is then known. 

303. The Invariable Plane may be used in Astronomy as 

a stnndard of i-eference. We may ob.iorve the positions of the 
heavenly bixlies) with the greatest care, determining the co-oidi- 
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nittcs of each with rcgan] to any axes we pleasi.'. It is, however, 
nlear that, unless those axes aru fispc! in space, or if in motion 
unless their motion is known, we have no mciiiiH of tranHmifting 
our knowledge to posterity. The pianos "'' '!m ■ : 'li/ii- and the 
equator have been generally made the 'hi i i ' ' i'li;rciice. 

Both these are in motion, and their niutiiiM H' i . ■ ■■> a near 
degree of approximation, and will heri.';ili r |ii..l'.il'l_\ ln^ known 
more accurately. It might, therefore, be po.ssibli.' to caluiilatc at 
some future time what their positions in space were when any 
set of vahiahle nbservatinns were nindi'. But in a very long time 

some I'l liii riL.i;. 1 -I- fi ■, .Mr :•■ \. .ii ,,],i] finally become 

consirlri ;.. . I ■ , ■ . i. ■■■■,■ ■ I- i.i.iin'S in f^paec may 
also l>i- ■■! ■ ■■ !■■ ■ I '■. .i . .' ■ li-iTvations on the 

fixed ^t;n-. Tl, -_-.■_■ I ■.!. ■■■ .i ■ ■ lui..|v rised.aod, 

as time gou.i ou, the i>"- ■; i - ■ -i ■■' : i - ■ ■ ■■■ can be 

determined from the^- "I'- ■■ ■ i - - i 1 ' ,ii-curacy. 

A third method, which h--.-- 1.. . n . I. i i i. i- [.i niako 

use of the Invariable I'hi.ic K ■ | ■■ ■ ■ ' I. ■ in ■ r:.,i,,i,,- 

our svstcm, viz. the suii. piaiii't'-, -.):■ '■' ■ .;■...■.- i. i 

ouly'to their tmitiial atlr;Lcti..ii- ■ i' ■ ^ ' - 

articles that the du-eetimi in ,sii,uc ,4 ilir luwuub^ !'1.l:u .u iliu 
eenti-e of gmvity is absolutely fixed. It also follows from Ait. 7y 
that the centre of gravity either is at rest or moves uniformly in 
a straight line. We Iiavo here uegh-cted the attractions of the 
stars. These, bn" ■v^ i .nr Im. -in.iH i.i he taken account of in the 
present state iif ■■ :■ i . ■ .. i-i' ' . '■ ■ !.rlL,'e. We may, therefore, 

determine to - i- ;.■ i - ■ ;- "f "iw ro-oniuiate planes 

in space, by reltiiiiij,' ll,. hl i.. liu Ihvaiia)''" l'l:uiiv n" being a 
plane which is moi-e nearly livi'd than :u\} ' 1 i. i. ]>lane in 
the solar system. The pnsition nf this ]>l h.. . '■■ ■ .nl.'aed at 
the present time from the present state ^l iJm ■I'. -\ ■■■ \'i. and at 
any future time a similar calculation may bi' miidr finiinied on the 
then state of the system. Thu.s a knowledge of its position cannot 
be lost. A kTiowledg.' of the ro-i,rdiiiat,-s ,.[ the Invariable Plane 
is not. h.iw.'v, 1- -nfVii'i, ,,( (,. f|,-i, ■nunr- -■ .(,■,.■'-■ ]■■ 'i,,. ,,.--*:. .n i.f 
our iJiiir .'■■'■>,.. W . ;- .' : . ■', ■ . . ■"■■" ,■ ..[■ 
some >!'._]■ .■■■■■■,. |i I' .■ ' ■ ■! 

projecting on thr Juvariable Flanr ihe direeli.m of niulion of 
the centre of gravity of the system. If the centi'e of gravity of 
the solar system is at rest or moves perpendicularly to the 
Invariable Plane, this method fails. In any case our knowledge of 
the motion of the centre of gravity is not at present sufficient to 
enable us to make nnich use of this fixed direction in .-ijiace. 

304. If the planets and bmlies forming the solar system can 
be i-cgariled as spheres whose .strata of eijual density iu'e con- 
centric spheres, their mutual attractions act alorig the straight 
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linea joining tlieir centi-es. In this case the motion of their centres 
b the same as if each mass weie collected into its centre of 
gravity, while the motion of each about its centre of gravity 
would continue unchanged for ever. Thus we may obtain another 
fixed plane by omitting these latter motions altogether. This is 
what Laplace has done, and in his fomiuliE the terms depending on 
the i-otatioDs of the bodies in the preceding values of h-,, h,, ft, are 
omitted. This plane may be called the Astronomical Invariable 
Plane to distinguish it fiom the true Djiiamical Invariable Plane. 
The former is perpendicular to the axis of the momentum couple 
due to the motions of translation of the several bodies, the latter 
is perpendicular to the axis of the niomentimi couple due to the 
motions of translation and rotation. 

The Astronomical Invariable Plane is not strictly fixed in 
space, because the mutual atti-actions of the bodies do not strictly 
act along the sti-aight lines joining their centres of gravity, so 
that the terms omitted in the expressions for h,, A.,,7i, are not 
absolutely constant. The etfect of precession is to make the axis 
of rotation of each body describe a cone in space, so that, even 
though the angular velocity is unaltered, the position in space 
of the Astronomical Invanable Plane must be slightly altered. 
A collision between two bodies of the system, if such a thing 
were possible, or an explosion of a planet similar to that by which 
Olbers supposed the planets Pallas, Ceres, Juno and Vesta, &c., to 
have been produced, might maku a considerable change in the 
sum of the terms omitted. In this case there would be a change 
in the position of the Astronomical Invariable Plane, but the 
DjTiamical Invariable Plane would be altogether unaffected. It 
might be supposed that it would be preftraljle to use in Astronomy 
the true Invariable Plane. But this is not necessarily the case, 
for the angular velocities and momenta of inertia of the bodies 
forming our system are not all known, so that the pi>sition of 
the Dynamical Invai'iable Plane cannot be calculated to any near 
degree of approximation, while we do know that the terms into 
which these unknown quantities enter are all verj' small or nearly 
constant. All the terms rejected being small compared with 
those retained, the Astronomical Invaiiable Plane must make only 
a small angle with the Dynamical Invariable Plane. Although 
the plane is very nearly fixed in space, yet its intersection with 
the D^iiamical Invariable Plane, owing to the smallness of the 
inclination, may undergo considerable changes of position. 

In the Micaniqiie Celeste, Laplace calculated the position of 
the Astronomical Invariable Plane at the two epochs, 1750 and 
1950, assuming the correctness for this period of his formulie for 
the variations of the eccentricities, inclinations and nodes of the 
planetary orbits. At the first epoch the inclination of this plaDe 
to the ecliptic was l''7(»89, and the longitude of the ascending 
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iintip 114 -3070; at the sccorni opoch the incliiiiition will he the 
same as befiiro, and the longitiiiie of the no(ie 114 ■39S4. 

305. Ex. I. Show that the mvariiWo plane at any pnint of Bpaee in the 
Btraifiht line described by the centre of gravity of the solar KjHteni is parallel to 
that at the centre of Rravit}-. 

Ex. 2. If tho invariable planes at all (loinis in a certain straight line are 
porallel, then that f^trniMht hne is jiarnllcl to the stralKln line dp-^trihed bj the 
centre of Eravit.v. 

Tnqvihive Furces in Tlnre Di'iieiisions. 

SOU. Constrained single body. To ilctermiue the (lenerul 
e<i"<diiji)fi of iiiotii'ii iif If hudii abimt ii fi.i-ed puint under the adion 
iif'ffiveii imp'iUes. 

Let the fixed point be taken as the origiti, and lot the axes 
of co-ordinates be i-ectangiilar. Let (ilx. 0;.. i^.-K (wj. t^.c '•'i) be 
the angular velocities of the body just before and just after the 
iiiipnls,.. and let the dift'erenees f-t^-tl^, m., - il'.„ (u_. - fi, he 
c;dled ftjr'. a>,,'. w/. Then Uj.', a,'. a>: arc the angular velocities 
<jeiier<ile<l h;/ the impulse. By D'AK'tnbert's Principle, see Art. ST, 
till' difi'erciKv belwei'u ihe" iiiunients <•( the mometitiv of the 
]iarlieles ••{ the system just before :iiid juwt after the action of 
Ih'' ini|nilHis its eiinal t<i the nionient of the impulses. Hence by 
Art, ■2(i2 

i(^;-(2.,N/-)o,;~fS,;-//,.)< = .v (1), 

whei'e /„ M, X are llii- nionients uf the im[.U^ive forces abonl 
the axes. 

These three eitnatious will siiftice to determine Ihe values of 
tOt. tOi/, ftij'. By adding thesi- to the angular velocities before 
the iinpidse, the initial motion of the body after the impulse is 
found. 

.107. Ex. 1. Show that these Ci|uationE< are iuiIeiK-ndHiii af eai^li other, and 
that DDLie of the angular velodtieH u^, u.,. u, in itilinue. 

This foUowH froiYi Ail. ao, where it i? f^houn Ihitt the tlimiimiit of the eijualions 

Ex. -2. Shoiv that, it ibe bc«ly be acted on by a finite numhir of given inipulaea 
following each other at infinitely shnrt inleivals. thci linul motion ia independent 
of their ordei. 

3U». It is to be observed that tliese ei|nation8 leave the 
axe.s of ii-ferenee undetermined. They shonld be so chosen that 
the vahit'B of A. ^nid^i/. fte,, may be most easily fonnd. If the 



positiuDs of the principal axes at the iixed point are known, these 
will in general be found the most suitable. 

In that case the equations reduce to the simple forms 

Bwy' = M\ (2). 

The values of w^', ti)„', «,' being known, we can find the pres- 
sures on the fixed point. For by D'Alembert's Principle the 
change iu the linear momentum of the body in any direction is 
equal to the resolved pai-t of the impulsive forces. Hence if '■ 
F, G, H he the pressures of the fixed point on the body 



..(3). 



= M (u„'z - ai'y) by Art. 238 I 
XZ+H=M{a>Jy-o>y'x) I 

SOB. Ei. A miform dUe bonnded by an arc OP 0/ a parabola, the axti ON, 
find the orAiftate PN, ha* iu vitUi Ojixid. A bime B U given to it perpendicular 
to iti plane at the eitremilij P 0/ the curved boundary. Sappoting the dUe to be at 
reit before the application of the blu\c,JiKd the initial niotion. 

Let tlie equation to the parabola be j/'-4kx, and let the biIb □( i be peipen- 
dicolai to it« plane. Then 2ini'j = 0, Zmyi = 0. Let /ibe themasH of a nnit otoMft 

■ndktONsi:. Alio 'Lntxy = p.ffiydldy = iif°x^dx = 2iif°ax''dx = ~itac*. 
A = ^~^J'</dx = ^^.^^A, B-^f'-fyiU^txa^ti, and f = .l4-fl, bj Art. 7. 




The moments of the lilow fl nboHt the MBS aw I. = B:^liif, il=-Bc, y=0. 
equatioDH of Art. 30G will braoine after »abtititntini> of these vahieo 
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IIhiuc. if S'l^i \iv taken ei|iial U> — Si', the ilisc will bcuin W rutati' nliaul (>!;. Tlic 
rc!,- LI It lint niiKiilar vclocitj will bi) g-. — -.^ HI/. 

;!in. New statement of the Problem. Whrn a body Itgc 
to turn iiliiiiLt A tixi'ii |iiiiii|, is acti'd uti hy any iiuiLiber uf impulses, 
each iinjjiilsf is L'ijiiivu.k'iil. lo :Lti criiinl ami parallel impulse 
acting iit the ti.vt.Tl puiiH tufjollK-r with ;iu irupuisivi' miiplf. The 
inipul.se at thi> tixud puinl ivui h:m; im .■rtb<-l oii thu iiKitioii of 
the bod^'.iiiul may i hcivfoR' be Irft, ..nt oi' -T.iisiilrrati.m ifculy the 
motion is waiitwl. Cuinpnuiiditi;,' :»!! rln- r-,,i;|,|,., ...,,. ..,.,. that the 
general prnblem may bestatt'd till!- \ I., i ■ .. ■'■■■nt a fixed 

point is acted on by a given iinji r i :|j.- change 

produced iu the motion. The iUi.iK :i- r. -..Imi -■ ■ .mpiised m 

the eijuatiuns which have been writti/iL duwii in An, ;jU6. The 
following examples express the result in a geometrical form. 

Ex. 1. Sbon from thexe equations that the rasnltaat axis of the angulu* 
velocity generated by the couple ia the diametral line or the plane of the conple 
with regard to the moraeutnl ellipsoid. See alio Art. 118. 

Ex. 2. Let G be the nioi^nitude of tlie couple, /> the iN?ipendicu!ar from the 
fixed point on the tftiii;eiit plane to the iiiomenlal ellipBoiil parallel to the plane 
of tbe couple 0. Let n be llie ont-'ular velocity generalcrt, r the radiuH victor of 
the ellipwiid whieh is the axU of Q. Let J/(' be the pjiiameler of the ellipsoid. 

ProTc that -^ = ' — . 

Ex. 3. If llj, (J,, IJ, be aQRUlar velocities itbout three conjugate diameters of 
the moinental eltipiioid at the fixed point, liuch that their resultant in the ani^ular 
velocity generated by an impuUiTd couple II, A', li', C" the nionieiits of inertia 
about theae conjneate diameters, prove that 

.['(!, = r, cos Q. 11% = r, fiif 3, c"n,= n con 7, 
where a. fi, y aru the lUiKltn the axis of G mnkea 'vvith the conjugate diainetare, 

Ex. 1. If a hoily free to turu about a fixed iioint be acted ou bj- an impulsive 
couple G, whose axin i» the radius vector r of the ellipsoid of gyration at O. and if 
p be the perjienilicnlar fraui ') on llii: tangent plane at the extremity of r, tlten the 
axis of the anHolar velocity generated by tlie blow will be the perpendicular ;j, iind 
the matmitudc 15 i' given by G = Jfpril. 



I 



Ex. 6. When a body tiiruK about a fixed point, the produot of the moment ol 
inertia about the inBtantaneona axis nod the square of tlie sngalar velocity ii 
ealled the Via Viva. Let the vis viva (generated from rert by any impnlBo be 'iT, 
•nd let the via viva geDorsCed by the same impulse ivheo the body is couattained to 
turn iboat a fixed axia paaHing thtou^jh the tixed point be 37". Thon prove that 
r'=Tcos'0, -where S is the angle between the ecceatrie lines of the two axes of 
rotation with regard to the momental etlipioid at tlie fixed point. 

Ex. 7. Hence deduce Euler's theorem, that the vie viva generated from rest 
by an impulse in greater when tlie body ir free to turn about the fixed point than 
when constrained to turn about auy axis through the fixed point. This theorem 
waa afterwards i^neralized by Lagrange and Bertrand in the second part of the first 
volume of the Micatiiqar Analytique. 

311. Free slngrle body. To determine Ute motion of a free 

body acted on by any ;/iven impulse. 

Siucf the body is fi'ee, the motioa round the centre of gravity 
is the same as if that point were fixed. Hence, the axes being 
any three straight lines at right angles meeting at the centre of 
gravity, the angular velocities of the body may still be found by 
equations (1) and (2) of Art. 306. 

To find the motion of the centre of gravity, let {U, V, W), 
(u, V, IV) be the resolved velocities of the centi-e of gravity just 
before and just after the impulse. Let X, Y, Z he the coniponenta 
of the blow, and let M be the whole mass. Then by resolving 
parallel to the axes we have 

M(u-U) = X, ifiv-V)=Y. M(w-W)=Z. 

If we follow tho same notation as in Art. 306, the differences 
u— U,v--V,w—W may be called u', v'. vJ. 

813. Ex. 1. A body at rest is acted on by on impulse whose oomponenta . 
parallel to the principal axes at the centre of gravity are <A', 1*, Z) and the co- 
ordinales of whose point of application referred to these axes are (ji, 5. t\. Prove I 
that if the rcsnlting tnotiou be one of rotation only about some axis, 
A {h - V)pYZ-*r B {C- A) q!!X+ V {A - Ii] rAT=0. 

Is this coudition sufficient as well ax ueceasary? See Art. 341. 

Ex. 2. A homogeuoous cricket-bnll ii let rotating about a horizontal aiiB it 
ths vertical plane of projection with an angular velocity H. When it strikes the | 
ground, «nppoeed perteatly rough and inelastic, the centre is moving with velooi^ 
r in a direction making an angle a with the horizon, prove that (he direction of | 
tho motion of the ball after impact will make with the plane of projection an angle 



5 Fee 



-, where a j» the radius of the bait. 



313. Motion of any point of the body. The componenta 

o/tlie chit iige 0/ velocity 0/ any point u/ the body are linear /unctions I 
0/ tiie components of the blow. The equations of Art. 311 com- 
pletely determiuL- the motion of a free body acted on by a givt 
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iiii|)IiIm and h r ii ' \ J .S wl lu i\ daLLiiiiin. thi iiiilul 
iiiotiim nt iii\ I IK Ln ( /( / / 1 be thi lu orrli- 

nates ui iln [ n in ul lln blow lli-ii tin luimicnts 

-it th( hlu» 1 1,1 1 il , u Hspnrni!) qZ - i V } X - pZ, 
pV— qX Iht L luu I bi, \uitti ii on thp light hand suifs of the 
ti|inti(ins iif Art 306 Ltt (y) y i') be the co oitimati •< of the 
puiut whilst initial VLhi^ities ptralkl tu tliL a\i'5 aie leqiined 
Ijfl ("i !, ",) (" V 10 ) he its \eli'citns |u'!t hi fmt unl jiisb 
ittii th( ini]iiil«L Let thfc rist :>! thi in.LitiuiL bi thi. sum as 
thit used 111 Art J06 Then 

with similar i'r|iial !<>iis fni- r.— i\, w^—'C,. Siibstitiitinsr in those 

UiiUiltiniis tllr value uf .f'. <■ . ,:■', w/, '»/■ "-' glVQU bv Art.. ^11 «t: 
seu that ><,->!,, (■,-(^, "■;-ii: :x\v all linom- luiiclinns nf A', )', Z 
wf the fii'st di'groe nf the fmni 

«,-", = ^'A' + f;r + ;/;?, 

whulv /', (;, // doiiriid on the Ntnif:tuiv of the budv ;ilLd th.; e.i- 
nnliLiLiresefliie two puiuts. 

Ml I, When ibc putnt whose itjitUU million is rBiiuired is tlic [loint nf npplioBtiou 
o{ the btoiv, aiii (he axcn of refeieuuo are the prinoipal a^cs al thi? centcc of 
tTftvitj, [liesc expresaioHH tako the wniplo forma 






The ii;;li'. I,ii;.l -;i. - -r these eqiialionfl are llic iKiM. 11111; i...il:.icuta of a 
liUBdiiitii' 1.1- I ■ ■. . I /, which we may call /.. :■ ■ :!■■ ■:■■!■ nil bloits 

iit the .-'I- I ■ ■I;' hoili/ the nfiiltiint il.': ■■ ■ -ilhtpoint 

Sof iU'p! ■•■''■■■> ■■ .■■■■■■■■!■■ :d„r 10 IhcdiumelriO ph'.. ■; ')■■ /.■■..' ,j the bluw 

tuitk retjuid to u ccrttiiii ettfpioid. wlioie eenirt is at V, aiui icliuic equation it 
E=ei}Mtant. 

TiiB exprest^iiiii l'>.>i K may L« nrittca in cither uf the uiiuivalcut furmu : 



Impact of any two bodies. I 

315. Two bodies moving in any maiiTier impinge on each other. 
To find the motimi after impact. 

Inelaitlc Bodiei. If the bodies be inelastic and either 
perfectly 8moot}i or perjectly rough, it ia imnecessary to introdace ^ 
the i-eactions into the equations. In aiich a case we take th© 
point of contact as the origin. Let the axes of x and w be in 
the tangent plane, and that of z be normal. Let U, V, W be the 
resolved velocities of the centre of gravity of one body just before 
the impact, and m, v, w the resolved velocities just after the impact. 
Let Hi, fly, il„ d)^, tOy, o}f be the angular velocities just before and 
juBt after. Let A, B, C, B, E, F he the moments and products of 
inertia at the centre of gravity. Let M be the mass of the body, 
and X, y, z the co-ordinates of its centre of gravity. Let accented 
letters denote the same quantities for the otner body. 

Then taking moments about the axes for one body we have, 
by Ai-ts, 306 and 76, 

4(Qi.-n«)-/'((.)„-np)-£'(a.,-n,)-(t;-7)x+(w-ir)y=o, 
-P(«,-n«)+£(w„-n„)-i)(w,-n,)-(w-w)(c+(«-D')«=o, 

-.S(»«-n,)-i>(<Uj-n^) + l7(«,~fi,)-{w-t7')i/+(T/- V')a!=0. I 
Three similar equations apply for thf other body, differing from 
these only in having all the letters accented. 

Resolving along the axis of z for both bodies, we have 
Jf (w _ TT) + jtf' (ly - It") = 0. 
The i-elative velocity of compression is zero at the moment of 
greatest compression, we have therefore 

Mj — w^ + Wys; = W — ai^'y' + (UyV. 
We thus have eight equations between the twelve unknown i*- 
solved velocities and angular velocities. 

316. If the bodies be smooth we obtain four more equations by 
resolving lor each body paiallel to the axes of a: and y. For the 
one body we have 

'c-U = 0. «-K=0. 
with similar equations for the other body. 

317. If the bodies be perfectbi rough we obtain two of the 
four equations by resolving the linear momenta parallel to the 
axes of X and y, viz. 

M{u- U) + M-iu'-U') = 0) 
M(v~- V) + M'iv'~ V) = o]- 



eqiiiil 
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\Vc have also two ^t'ometrical ecjuatioiiH obtained by cqiuitiiig to 

zero the resolved relative velocity of sliding, viz. 
'( - w,,= + w,y = I'' - wy'z' + w/f/'t 
V - lo-t + Wj3 = y' - (oJ;c' + a^'s'} ' 

31 S. Smooth Elastic BodieB. If tlip bodie.s be smooth and 

imperfr--''i ■■'. •.:•:- ..... ,:,-|.> i,,! ,...'!ii<-.. thr unnicil I'.-vn'..]] into the 

I !■ '...■,, . ■ ', i]i.|-al case 

I '. _■ I ■: . ! - i ■ . . . ■ ■. iii riinsidei- 

iiij :iiii.-'. .- I'l:. 1 ■. " I- ..| . ..11!.-. -iiM|ilitiod by 

putting tlio fiiu'li.inr- /' niid (^ b.ith ^■■[\va\ t., ■/.•.-r,, in [W twelve 
(.■qniitious of mutioii (I ), ("2K (^-S) and (i). We also have the velo- 
city '■' of roinpri-*-^ion i"|ii;il h< zero at thu ninment of greatest 
eoni[iri.=-!i'n. Tliir- ■■ . !i.'.. .ii..' nmrc ii|iiiitiiiii tVoni which the 
iiomwl : i ■. ./.■ . .hi. Mnliiplvihstlii. valu.. of fl by 

1 + e, ^v ' ■ ■ ■ - ■ ■ - ,-'*'■■" t" i' ill Art. I7!t, we have 

the I'Mhii. '■■■■. I i. ..] /,' - .1 ill., whuk' iiiiii;K't. 8iib-tiUiting this 
l;i.st valiiV ,>1' R ill 111., lurhc ..iiualions ul' iiiutinii (1) and (2), (3) 
and (+), thf niniiiiii ul'ln>th hmlii'^. just aftor impact is found. 

3U), Rough Elastic Bodies. The ptnbleni of JetenniuiDg 
the motion of any two rough btjdies aftei' a collision involves 
some rather long analysis and yet in aoniL> points it differs essen- 
tially from the corresponding problem in two dimensions. We 
shall, therofoi'o. first consider a special pi'obleni which admits of 
being treated bnefly, and will then ajiply the same principles to 
the geueixil probioni in three dimen.sioiis. 

320. JfV.'o riiii'jii ellii'Suiilx •itovin;/ in tiiti/ maiDiev iinpiut/e on 
each other so llmt the t:it remits/ oj a principal di'imeter of one 
strikes the e-dreniit;/ ••/ ti iirinci-jmt diinnetcr of the ether, at 
an in/itant when the three principal iHuineter-s of one are p'lrallel 
to those of the other. Find the motion just after inipavt. 

Let ns reler the motion to eo-nrdinate axes parallel to the 
jinncipal diaineteis of either elHpsipiil at the beginning of the 
impact. Then sini'i' the diinitiim nf the impact is indefinitely 
small and the velocities are tinite, the bodies will not have time 
to change Iheir posilioii, and therefore the principal diamctei-s will 
be parallel to the co-oitlinate axes ihionghont the impact. 

Let U, V, irbe the resolved velocities of the centre of gi-avity 
of one body just before impact; n, v, w the resolved velocities 
at any time (, allcr the beginning of thi> iiiifi-i'.' 'lot before its 
tennination. Let ilj, fl^, il. be the :ni_' i ,i ■.'."■■ . of the 
body just before imiwict abnnt its princ-i|i;il ■■ :-.. rhr centre 

of gravity ; Wj, a>^, QJ, the angular velui-jii,.. w i|,.. Ufui' ^ Let 
ft, b, c be the semiaxes of the ellipsoid, and A, B, the moments 
of. inertia at the centre of gravity abmit these axes respectively. 
Let M be the mass of the body. Let aecented letters denote the 
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vetuciti.- ■■,■■ ._ . ■■■ ■ ■ . ■■; 


! >' 


1" ir. (lie initial 
1 ..!' initial 


sliciiu-,: . ■ . 1. ■ ■ 
that ill ■..■...■t, ■!,. I....h. ,1/ > -I,.!,,.; .,!.. 
bi.dy M, su tluiL ,^^ and C„ ar..' li.aii |ju. 
cinistants p, q. r are intlopondent uf the 
t'sseiitial ly pa'sitive ijiiantities. 


iiLitiiil 


■ .'mIiu-iI case 
...i,,|.,.--ii,g the 
T]w iillicr three 
.iiotii.ii and arc 



321. Exaetly as iri two dimensions, wl- shall a^lupt a graphical 
inetlnMl of (racing' the changes which occur in the fiictions. Let 
lis meiiou-' ril-iK/ fli.- n\f,s of .'■. y. z three lengths Ol\ OQ, ilR to 
repri'S'-n: ' I ■ ■!■ ■ !■ in'tiona P, Q, R. Then, if t.hesi.' be vegfU-ded 

as thi' 1 ■■! a jwiiit 2', the iiiotiou of T will represent 

the cliariL;' - ;;i ili.' i..'-,,s. It will be convenient to trace tne loci 
f,'ivcn Ky i^' = 0, '' = 0. The loeiis given by S = i.s a straight 
line paralli'l tn the asis of R, which we may call the line of nii 
ulidiii'j. The locus given by C'=0 in a plane parallel In the plane 
POQ, which we may call X]w phinc (-</ ftrctttext r-iiiprex^ii<ii. At the 
beginning of the im]Jaet mie elli|psMi(i is r:|ii|iiij^' ;i|i.iii^r x\\,- uthcr, so 
that according to Art. l")-! the fri^.timi i-;itl.-i| iiii.i pbv \-< limiting. 

Since P. Q. R aiv the whole rr>,.h..,l mrntii gmei.'it.'d in the 

time t. dp, dQ. ilR aie the resnlved ninmenta generated in 
the time ill, the two foniLer being due to the fiictional, and the 
latter to the normal blow. Then the direction of the resultant of 
liP, dQ must be oppoMte to the directien in which one point of 
ci.intiicl slides ovci' the other, and the magnitridi.' of the resultant 
must be c(jnal to /idR, where fi, is the coefticicnt of friction. \Vc 
have therefore 

dP .S'„cu.sfl„-/J' ,.„, 

d(r ^^■•^^^^d--']<j ' 

{dPr + ulQf^/^'idRy (U). 

The Mohition of these eijuations will indicate the manner in 
which the representative point T approaehee the line of no sliding. 

The ci|Ualiou (13) can be iM>lveii bv separating the variables. 

(.S, c<i^e.,-jirv' = a<.V„ sii, 0„ - y'^)v, 

whtvc a !,-> ill! arbitrary cun^taiii. At the bi'gimiiiig nC the uiutioii 
/' auJ y arc zuro, heucc wu have 

/.icosft-jiPN; ,,V..iiift-,mi ,.„ 

I .S,r,.»e. I -[ S.ame. ) ""■ 

which ]na_v al^r> be irrictfti 



U', fiiii t)J " 









This equation gives the relation between the direction and the 
velocity of sliding. 

322. If the direction of sliding does not change duiing the 
impact, d muat be constant and equal to 6„, We see fi'om (16) 
that, it' p = rj. then O = 0o; and that convei-sely if 5 = 5„, S is 
constant \iuless P = g- Also, if sin d^ or cos 0„ be zero, iS must 
be zero or infinite unless 6 = 6^ The necessary and sujficient 
condition that the direction of friction should not change during 
the impact is therefore p = q or sin 2&„ = 0. The- former of these 
two conditions, by (12), leads to 



-a-i)--a- 



1 \ 



= 0., 



..(19). 



..(18). 

If this condition holds, we have by (13) P = Qcot^o and 
therefore by (14) 

p = M-R cos e^ 

Q=^R smdj, 

It follows from these equations that, when the friction is 
limiting, the representative point T moves along a straight line 
making an angle \a.n~'pi. with the axis of R, in such a direction 

aa to meet the straight line of no sliding. 

323. If the condition p = q does not hold, we may, by dif- 
ferentiating (8) and (9) and eliminating P, Q, and 8, reduce the 
determination of R in terms of to an integral. 

By substituting for .S' from (17) in (8) and (D), we then have 
P, Q, R expressed as functions of 0. Thus we have the equations 
to the curve aloug which the representative point T travels. 
The cmve along which T travels may more conveniently be 
defined by the preperty that its tancent, by (1+), makes a constant 
angle tan~'^ with the axis of R and its projection on the plane of 
PQ is given by (15). And it follows that this curve must meet 
the straight line of no sliding, for the equation (15) is satisfied 
by pP = -S„co85o, qQ = S,fsme„. 

32+, The whole progress of the impact may now be ti-aced 
exactly as in the con'csponding problem in two dimensions. Tlte 
representative point T travels atuiig a certain Icnown curve, until 
it reaches the line of no sliding. It then proceeds along the line 
of no sliditig, in such- a direction that the abscissa R increases. 
Th£ complete value R^ of B. for the whole impact is found by 
multiplying the abscissa R, of tlie point at which T crosses tfte 
plaue of greatest compression by 1 + c, so that R. = Ri(l +e), i/e6e 
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the iiieosiire vf the elasticity cf the iwti bodies. The e<nni>tete euhies 
of the f'ridioHS aiHed i„t« flfu/ ore the unlinolet of the jxisifiniis 
of T correifpoiidiif;/ to the -r/wr-ssrt R = R,. Siib.stiiuii'i'i these iii the 
di/iiamicol eqiiiitiimx (1), (2), (^1, (4), the wolirm uf the tin, horlies 
just after impact mai/ be found. 

325. Since the Hne of 
plane of PQ, P and Q 

line. &> that, wht-ii mv 
frictiiKi is called inti.> i 
instiiut before the teiini 
are either very roiigli 
impulses are given hy 



If a bi: the an; nf the curve whose Wjuatiou is* (15) trnm the 
origin to the poiut where it meets the Hue uf no sliding, theu the 
lepi-ysentative point T eiits the line of no sliding at a puint whose 

abscissa is R= . If the bodies be so i-oueh that -< — , the 

. „ . '" . ** '; 

point T will not cross the plane of greatest compves.'iion nntil after 
it has reached the line of no sliding. The whole normal impulse 

C 
is therefore given by R = -^' (I +e), Substituting these vahicR of 

P. Q, R hi the dynamical equati'tns, the lu.itiou just alter impact 
may be (ound. 

^2li, Ex. I. It be the angle ^Tllich the itirectioa of attdintEof one ellipsoid over 
the other iimkes with the axis ol .r. ptoxo thut B contin 1.1 ally incvtasea or continually 
decreases throu^'hout tbe impact. And if the initlul ^'aluc of He heCveen Oand ^, 
then S approaches- or zero aeconlicK as ii ^ or •; 1;. Show alao that the repre- 
Beclative point readies tbe line of no slidlnR wlien C has either of these vahteH. 

Ei. 2. If the hadie» be suoh that the dii-ection of sliding continues unchanged 
during the impact and the sliding ceaeen before the termination of the impact, tbe 



Ex. S. If tiro ron^b spheres imp 
of sliding is the same tlinmghoot the m 
Coriolis. Jen lU MlhoJ. 1835. See A 3i 

Ex. 4. If two inelastic solids of r 
of each being tbe point of contact, pr 
tbron^bout tbe impact. This ami 
M. PbillipM in the fourteenth volume o L 
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MOMENTUM, 

Ex. E. If two bodies having the principal axes at th^r centres of gravi^ 
parallel impinge, so that these centres of gravitj are in the comtnon □ormal at the 
point of contact, and if the initial direction of sliding bo parallel to a principal a: 
at either centre of gravity, then the directioD of sliding will be the same thronghont 
the impact. 

Ei. 6. If two ellipsoids of equal mass impinge on each other at the ex- 
tremitieg of their axes r, c', and if aa'^bb' and eti'-l>c', prove that the direction 
of friction is constant throughout the impact. 

Ex. T. A billiard ball rolls without sliding on the table and impinges against a 
ODshion, find the subsequent motion. 

Let tbe planes of the ouflhion and table be called the planes of xy and xt 
respectively. I*t the initial velocity of the centre of gravity resolved parallel to « 
and r be - u and - ir and let the angular teloeity about the vertical bo ii. After 
rebounding the ball will desirilie a aeriea of very small parabolio jumps whioh are 
hardly perceptible. Finally the hall may be regarded aa rolling on the table. This 
final motion is given by 

where 7 is the smaller of the tvo quantities ^ and |i(I + e)in/|rE'-t-(ii + nit)*}*. 

327. Tivo ruiigh bodies vioving w any maimer impinge on each 
other. Find the motion just after impact. 

Let UB refer the motion to eo-ordinate axes, the axes of a:, y 
being in the tangent plane at the point of impact and the axis 
of 2 along the normal. Let U,V,whe the resolved velocities of ' 
the centre of gravity of one body just before impact, «, v, m the 
resolved velocities at any time t after the beginning, but before 
the termination of the impact. Let H^, il„, Ii, be the angular 
velociticB of the same body just before impact about axes pai'allel 
to the co-ordinate axes, meetang at the centre of cavity; atx.ioj/.a, 
the angular velocities at the time L Let A. B, C. D, E, F he 
the moments and pi-odiicts of inertia ab(»iit axes parallel to the 
co-ordinate axes meeting at thL- centre of gravity. Let J^ be the 
mass of tbe body. Let accented letters denote the same quantities 
for the other body. 

Let P, Q, fl be the resolved parts parallel to the axes of the 
momentum generated in the body Af from the beginning of the 
impact, up to the .time (. Then —P. —Q, — ii are the resolved 
parts of the momentum generated in tbe other bmly in the same 
time. 

Let (a;, y, 2)(x', y', z') be the co-ordinates of the ceatres of 
CTavity of the two bodies referred to the point of contact as origin. 
The equations of motion are therefore 
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-U). 


-P 


J7(« 
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-0 


Mi,w 
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.R 



We havi' six similar ec]iiatioii!> for the other body, which differ 
frnm these in having all the letters, except P, Q, Ji, accented, 
anil in having the signs of P, Q. M changed, Thtse we shall call 
etniations (3) and (4>i. Let S be the velocity with which one 
bixly slides along the othei' and ff the angle which the direction 
of sliding makes with the axis of ./■. Alsn ht (' be the relative 
veliii'ity iif ct impression, thpn 

,S' -.in = v' - <i.;.t' + w/;' - -■ + w.--' - 

r = ,o'- w;y' + m,;y ~ «■ + w^n ~ 

If we Mubalitnte fVom (1) (2) (3) (4) in (">) we find 
S, eos 6 - S cos e = oP +fQ + eli ] 

C.,-C=eP + ,lQ + cR\ 

where S„, B,„ C,. are the initial values of S, d, C and are fmtnd fiflni 
(5) by writing fw the letters theii' initial values. The exprcissiona 
for (I, i. r, rf, e, /' iii'i' rather complicated, but it is nmiecessary to 
calculate these. 

328. \Ve iii:iv now iracr tin.' uholr piogrrss of rhe impact by 
theiiM-..] .■! -!..|"b;. .r IK. il'...l. 1-1 I,- i,M i-.iM- Inmi the point i.f 
conlan -.,..■, , : - :l . , i i,!;lh,s (;/', Of^, 0« 

torepi.-' '. ■;.! .- .'■■ ',', /; I i. II li". ;i.s lirfiir<-, these 

be regxinl.u a- ili,' ^■-■\A\u..i.-~ -A ;i p^iui. T, die motiuii of T 
will represent the changes in (lie toi-ceis. The eipiatiijus tu the 
line of no sliding are found by putting .S' = in the tii-st two of 
equations ((3), We sue that it is a straight line. 

The equation to the piano of greatest cniiircssiDU is found by 
putting C = in the third of ei|nations (ti). 

At the beginning of the impact one biwly is sliding along the 
other, so that the friction called into play is limiting. The path 
of the representati\'e point as it travels from is given, as in 
Art. 321, bv 

^^ dQ jp 

When the I'epi'oseutative point T reaches the line of no -slirliug, 
the sliding of one body along the other ceases for the instant. 
After this, uuly so much frietion is called into play as will suffice 
to prevent sliding, provided that this amount is less thau the limiting 
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friction. If therefore the angle which the line of no Bliding makes 
with the axis of fi be less than tan"'/i, the point T travels along it. 
But if the angle be greater than tan~'/t, more fi-ictiori is necessary 
to prevent gliding than can be called into play. Accordingly the 
friction cantinues to be limiting, but its direction is changed 
if jS changes sign. The point T then travels along a curve given 
by equations (7) with 8 increased by w. 

The complete value flj of iJ for the whole impact is found ^ 
by multiplying the abscissa R of the point at which T crosses the 
plane of greatest compression by 1 + e, where e is the measure of 
elasticity, so that /t, = iii (1 + e). The complete values of P and Q 
are represented by the ordinates con'esponaiitg to the abscissa B^. 
Substituting in the djTiamical equations, the motion just after 
impact may be found. 

329. The path of the representative point before it reaches 
the line of no sliding must be found by integrating (7). By 
differentiating (6) we have 

d ( ScoaO) _ adP +/dQ + edR _ a/i cos 6 +ffi am d + e 
d (Slmfl) ~ fdP + bdQ + ddR ~ f^^^e + biisine + d ' 
which reduces to 



.<**). 



1 dS_ 

S dd 



fi2^+/sin2^ + 



2 ^ 



0+/ cos 2)9 + - cos5 



Fi-om this equation we may find S as a function of in 

the form S = Af{6\ the constant A being determined fi-om the 
condition that S = S„ when = 0„. Differentiating the first of j 
equations (6) and substituting from (7) we get 

- Ad {coe0/(6)] = (/wi COS 5 + ;t/'siii d + e) dR (10). 

whence we find R = AF{0) + B, the constant B being determined 
from the condition that R vanishes when = d«. By substituting I 
these values of S and R in the first two equations of (6) we find | 
P and Q in terms of 0. The three equations giving P, Q, B i 
fiinctions of are the equations to the path of the representative i 
point. It should be noticed that the tangent to the path at any \ 
point makes with the axis of R an angle equal to tan~'^. 

330. If the dii-fection of friction does not change dining the 
impact, is constant and equal to 0„, so that caripot be chosen as 
the independent variable. In this ease P = fi,Rcif^0„, Q = fi.Rsin0t 
and the representative point moves along a straight line making 
with the axis of R an angle tan~'/i. .Substituting the.ie values of 



J 
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P aiitl Q ill the fii-Mt two of c(iuatioiis (6) wv hav.- 

-'-^''sin2^„+/coH2ft, + -cos^„--wiri(?„-0...(ll) 
2 -^ /* /i 

as a iiecesfiary couditioii that the direction of friction should not 
change. Conversely, if this condition is .satisfied, the equations 
(ti) and (7) may all be satisfied by making constant. In this 
case it is al.so easy to see that the path of the representative point 
intursucts the line of no sliding. 

If iS„ be zero, the representative point is .situated on the line of 
no sliding. If the angle made by this sti-aight luie with the axis of 
li be less than tan~V' ^^'^ representative point travels along it. 
But if the angle be greater than tan~'/i, more friction is necessary 
to prevent sliding than can be called into play. Since 8„ is zero, 
the initiai value of is unlinown. In this ca.se, differentiating the 
first two e(|uationsof (U) and putting .S = 0, we see by division that 
the initial vnlne of most satisfy etjnation (11). The condition 
that till' -III I'i ^iiiti 111' fi !■(;■.! I ■111. - ii.it ,-)i.iiij. i- iherefore satisfied. 
Thij- v:il ,. ■ ;■ 1 -^1 ■■.!■ ■ . • .1 . ■ ■: .11 in (9) infinite, so 

that ill. . ■ ■■•{. But, by what 

has jii-.[ I -..ml, ■■■ . -. .. ■Ii.r 1 1, .■;..!; Ii ..i 1 1,, i .-pty.sentative point 

is a straight liLie. which makes v\ith the ;i\is of if an angle cijnal 
to tan~'/i, and ha.s the proix^r initial valne of 0. 

331. Es. 1. Let '; = | A -f -K llH-:'/ 

yn--.(J :P-.rl! .rlj - yl' 

ani] lot A he tlie dtterminaoc obtnineil by leaving out the Uust ruw and the lant 
column. Let O'. S' he eniTL'nponding expreseioDH for this other budy. Then 
n, b, •; il, p, J are the coefficients of /'-', y^, IH', 2yft, -iSP, apy in the qiiadric 

where 2K is a couHtant, which ma.y be Bhown to be the sum of Ihe virea Tivre of tlie 
niotiana Kenerated in the two bodiefl, a.» ex|)luinr!d in kit. 314. 

Tliii< iiimdric may be shown tn he iin elli|i;<ni(t by comparing il« i>i[uation irith 
that given in Art. 28. Ex. H. 

Show also that n, b, r are neceBHarily posilivi;, and that iib>j'-. bf>il^, eii^c-. 

Shon- that, by turning t)ie axes of reference luand tlie axis of R thruu^h the 
proper angle, we cati make 7" zero. 

Ex. -i. Prove that the line of no irliding is parallel to the coujutjatc iliauicler 
lit the plane contniuing the frictions P, <f. I'rove atxo that the plane o( greatest 
conipiesHiun in the diametral plane of the reaction R. 

Ex. -A. The lint: of no sliding \s iiw interRectioD ol the polar plaiiea uf two 

pdintx BituaCed on the axe.i a( P and y, at dintaneei^ from the origin rt^Hpectivelj 

and . ~. . Tl'e plane of greateft coniprefnion 1^ the piiliir plane of 



E(. 4. Tho pl&ue of FQ cuts the ellipsoid of Ei. 1 in on ellipse, whose axes 
divide the plane ioto (our quadrants ; the line of do sliding cuts Che plane of PQ in 
(liat quEuirant in which the initial sliding i'i„ ooaiire. 

Ex. 5. A parallel to the line at no nlidini; through the origin cuts the plane of 
ip-eatest aompresEiion in a point nhose abscissa II has the same sign as C„. Hense 
show, from geometrical considcrationB, that the representative point T mnst crow J 
the plane of greatest oompression. 

EXAMPLES*. 

1. A cone revolves round itH axis witli a known angular Telooity. The altitn 
begins to diminiiih and the angle to increase, the volume being oi 
that the angular velocity is proportional to the altitude. 

n plane about its centre: if a point il 
angular velocity. 

' S. A uniform rod of length 2ii lying on a smooth horizontal plane paa 
through a ring which permits the rod to rotate freely in the horizontal plane- 
middle point of the rod being indefinitely near the Hug, any anmilar velocity & 
impresBed on it, show that when it leaves the ring the radius vector of the n 

point has swept out an area equal to . 

4. An elliptic lamioa is rotating about its centre on a smooth horizontal taUi 
If u, , u,, Of, be its angnlar velocities when the extremity of its major a 
focus, and the extiemity of its minor axis respectively bioome fixer], prove that 



5. A rigid body moveable aboat a fixed point at which the prinoipal 
are A. H, C is struck by a blow of given magnitude at a given point. If t 
angular velocity tlius impressed on the body be the greatest possible, prove 
(", b, r) being the co-ordinates of the given point referred to the principal 
at O, and (I, », n) the direction cosines of the blow, 
<il-i-bm + en = Q, 

H. Any triangular lamina ABG has the angular point C Axed and is oapttbli 
of free motion about it. A blow ia struck at B perpendicularly to the plane of II 
triangle. Show that the initial axis of rotation in that trisector of the side A 
which ia furthest from It, 

7. A cone of mass vi and vertical augle 2a can move freely abont its 
has a fine smooth groove eut along its surface so as to make a coostnut an^ p 
with the eeneratiug lines of the cone. A heavy particle of mass P moves along ^ 
the groove under the action of gravity, the system being initially at rest with the 

* These examples are taken from Eiamiuatiou Paperc which have been set in 
the University or in the CollCfMis. 
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particle at a diataDce « from the vertex. Shov tliat. if 9 be the angle through whiebV 
tbe cooe has turned when the portiole ia at anj distaiice r from the vertei, 



iHi' + Pe' 



^^,in = .c 



k being the radius of gyration of the ot 

8. A. body is tumiog about an axis through its centre of grarit; when k j 
point in it becomes suddenly Bied. If the new in«tantaneouG nxia be a principal I 
axis with respect to the point, bHotc that the loans of the point is a reotangnlar 
hyperbola. 

9. A oube is rotating with angular velooity a about a diagonal when one of 
its edges which does not meet the diagonal suddenly becomes Qxed. Show that the 

angular velocity about this edge as alis— — j- . 
4 ^-A 

10. Two maaaea m, m' are connected by a fine mnoath string which p 
round a right circular cylinder of radina a. The two particles are in motion la 1 
one plane under no impressed loroes, show that, if A be the aam of tbe absolats J 
areas swept out in b time t by the two unwrapped portions of the string, 

r bdng the tension of the string at any time. 

11. A piece of wire in the form of a circle lies at rest with its plane in cootaot ] 
with a smooth horizontal table, when an insect on it suddenly starts walking along I 
the arc with uniform relative velooity. Show that the wire revolves round it! ' 
centre with uniform angular velocity, while that centre describes a circle in spooe | 
with uniform angular velocity. 

13. A uniform circular wire of radius a, movable about a fixed point in ita 
□ircumference, lies on a smooth horizontal plane. An insect of mass equal to that 
of the wire crawls along it. starting fioin the extremity of the diameter opposite 
to the fixed point, its velooity relative to tlie wire being uniform and ec|aal I 
Prove that after a time t the wire will have turned through an angle 



(J,-9- 



13. A small insect moves along a 
length 3a. the extremities of which an 
of a fixed circle, whose radius is — . Supposing the Insei 
point of the bar, and ita velocity relatively to the bar to b 
prove that the bar in time i will turn through an angle -- 



t to start from the middlftV 
uniform and equal to Vti 
. -1 I"' 



II. A cough circular disc can revolve freely in a horixontal plane about a vertical J 
axis throu^th its centre. An equiangular spiral is traced on the dine, having tl 
ceutre for pole. An insect whose maaa is an Hth that of the disc crawls along (ba,l 
curve, Htnrting from the point at which it outs the edge. Hbow that, when Ihe iiuM 
reaches the centre, the disc has revolved through an angle ^ log (l-f-l,^ 
where a is the angle between the taaj:^nl and Ihe radius vector at any point Q 
the spiral. 

Vi— '^ 



are 
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16. A uniform dnnlu <U«c moveBblfi about it« ce^^re in its own pUne (which 
is borizonUl) lua a fine groove in it nut along a tiuliae, and is net rotating with 
an angalar velooity w. K xmall rocket whose weight is an n"> of the weight of Che 
diflo IB placed at the inner eitreinit; of the groove and dincharR^: when it baa 
left the groove the same is done with another e<iual roaket, and eo on. Find the 
angnlar velocity after n of these operaliuna, and, if ii be JudDfinitely increased, show 
that the limiting value of the name in uf~'. 

16. A rigid body is rotating about an aiiii through its centre of graTity, when % 
oertain point of the body becomes auddenly tixed, the aiie being Bimullaneoosly act I 
free; find the equations of the new instantaneous axis; and prove that, if It he 
parallel to the originally flied axis, the point must lie in the line represented by , 



the eqiiationa ii'ls + li'unj + 



= 0, (/,'- 



V+(" 



'=)£ 



-6*)- =0; where the 



principal axes throngh the centre of gravity are taken as axes of co-ordinates, a, b, e 
are the radii of gyration about these lines, and I. m. n the direction -cosines of 
the originally Hxed av» referred to them. 

17. A solid body rotating with uniform velocity u about a fixed axis contuns 
■ otoeed tubular channel of small uniform section, filled with an incomprensible fluid 
in relative eqnilibriam: it the rotation of the solid body vera suddenly destroyed 



the fluid would n 



n the tnbe with a velocity 

; perpendicular to the 



where A is the area of the 
rotation. 



projection of the axis of tho tnbe o 
and I ia the length of the tube. 

IS. A gate without a latch, in the form of a rectangular lamina, in fitted with a 
universal joint at the upper comer, and at the lower comer there is a short bar, 
normal to the plane of the gate and projecting equally on both sides of it. As the 
gate swings to either Ride from its stable position of rest, ooe or other end of tb« 
bar beoomes a fixed point. If h be the height of the gate, 'i tan a its length, and 
2j3 the angle which the bar subtends at the upper comer, show that the angular 
velocity of the gate as it passes tlirough the position of rest is impulsively dimin- 



ished in the n 



-Un'/9 



and that Ibe ti 



e hetwi 



the oHcillationH become small decrease 
and joint being neglected. 



impacts when 
ighls of the bar 



' It JH setdoin lliat ^Eathemnticinni; can be routid cneoiied iii a (Hmtruverny 
flucb ax tliat wliicli ngvd for forty ycnrh in the last ceiiturj'. Hit iibjn;t of tbi- 
dJHpute was to determine huw the force of a body in motion was to be iiiEanured. 
I'll lu tlie year I118U, tbe inenciurc takun \vas tbe piodnct uf the maxi of tlie body 
and its velocity. Leibrit/, liowever, thoiighl ho ptrceived an trror in llie common 
oj'inioii, ftnd uudertnok to shtin- tliat the proper meaHiire nliould be the product 
of (he mass and the square of the velocity. Shortly nil Europe was divided 
betiveen the rival theories. Uenuany took part ivilU Leibnitz and IlErnoulli; while 
England, true to thrt old meaxiire, coiubnted thi>ir aruumentK with great Hueiieag. 
France vax divided, an iltiistriolm lady, the Uarqoiae du Chatclet, being lirHt a 
warm Eiipporter and then an opponent of LeibnitKian oiiiiiions. Holland and Italy 
were in general favourubic to the (.ierniau philosopher. But what nas moat slratige 
in this great dispute was, that the same problem, solved by geometers of opposite 
opinion;!, had the same solution. However the foree was meaEured, whether by the 
first ur by the stoond powev of the velocity, the result was the same. The arKumeuts 
and replies advanced on both sides are briefly given in JMontncla's Ili'tvry, aud arc 
moat intereatinij. Fur these however we have no npace. The controversy ivaa at 
last closed by D'Alembert, who showed in his treatise on Dynamica that the whole 
dispute was a mere ijaeslion of words. When we speak, he says, of the force of 
a moving body, we eithti altiich no tlear nieaiiinH to the word or we understand 



The first of tjiese integrals shows that the change of the I 
momeDtum is equal to the time-integral of the force. By applying 
siniilar reasoning to the motion of a dynamical s^tem we have 
been led in the last chapter to the genoral principle enunciated 
in Art. 283, and afterwards to its application in determining the 
changes produced by very great forces acting for a very short time. 
The second integi-al shows that half the change of the vis viva 
is equal to the space -integral of the force. It is our object in tbifl 
chapter to extend this i-esult also, and to apply it to the general 
motion of a system of bodies. 

833. Via viva. For purposes of description it is convenient , 
to give names to the two sides of this equation. Twice the left- 
hand side is usually called the vis viva of the particle, a term 
introduced by Leibnitz about the year 1695. Half the vis viva 
is also calied the kinetic energy of the particle. Many namea 
have been given to tfae right-hand side at vaiious times. It is now 
commonly called the work of the force F. When the force doea 
not act in the direction of the motion of its point of application 
the term "work" requires a more extended definition. This we 
shall discuss in the next article. 

334. Work. Let a force F act at n point /I of a body in the 
dii-ection AB, and let us suppose the point A to move into any 
other position A' very near A. If be the angle made by the direc- 
tion AB of the force with the direction AA' of the displacement of 
the point of application, then the product F.AA'.cos^ is called 
the work done by the force. If for ^ we write the angle made 
by the direction AB of the foi-ce with the direction A'A, opposite 
to the displacement, the product is called the work done against 
the force. If we drop a perpendicular A'M on AB, the work done 
by the force is also equal to the pnxluct F.AM, where AM is to 
be estimated as positive when in the direction of the force. If F' 
be the resolved part of F in the du'oction of the displacement, 
the work is also equal to F' .AA'. If several forces act, we can in 
the same way find the work done by each. The sum of all these 
is the work done by the whole system of forces. 



I 



•inly the pToperty Ibnt certain raButanaes can be ovorcomo by the tiioving body. It 
IB not then by wiy Hlmple conaidcratious of merely the mma ftiid the velocity of tbe 
body that we must eHtimate this force, but by the nature of the obfltacles overoome. 
The greater the reeietance overcome, the K'^'te' we may say ie the foroe : provided 
ne do not onderstand by tbie word a pretended existence inherent in the body, but 
Bimply nsu it as an abridged mode of expreseing a fact. D'AJembert then points 
out that there are difFerent kinds of obetaelea and eiaminea how their diSerent 
kinds of reiiataneeB may ba used as meaaures. It will perhapa be suffiotent (o 
observe, that the reaistnnce may in some caaes be more conveniently meaeiued 
by a space- integral and in olhern by a time-integXBl. 3ee Montuola'i Hiilory, 
To], m. and Whewell'ii Uhtmy. Vol, ii. 




FORCE-FUNCTION AND WORK. 



no by a 
., is the 



iudcfiiiitely small displacement, in tne same m the virtual moment 
of the force. In statics we aie only concerned with the small 
hypothetical displace meats eiveu to the system iu applying 
the principle of virtual worE, and this definition is therefore 
sufficient. But in dynamics the bodies are in motion, and we 
must extend our definition of work to include the case of a dis- 
placement of any magnitude. When the points of application of 
the forces receive finite displacements we must divide the path 
of each into elements. The work done in each element may be 
fouud by the definition given above. The sum of all these is the 
whole work. 

It should be noticed that the work done by given forces, as the 
body moves from one given position to another, is independent of 
the time of transit. As stated in Art. 332, the work is a space- 
integral and not a time-iutegral. 

335. 1/ two systems of forces be equivalent, tlie work done bjf 
one in any small displ<Keiiie>it is equal to t/uU done by the oUier. 
This follows at once from the principle of virtual work in 
statics. For if every force in one system be reversed in direction 
without alteiiog its point of application or its magnitude, the 
two systems will be in ei|uilihrium, and the sum of their virtual 
momentiii will therefore be zero. Restoring the svstem of forces 
to its original state, we see that the virtual moments of the 
two systems are equal. If the displacements are finite the same 
remark applies to each successive element of the displacement, 
and therefore to the whole displacement. 

336. We may now find an analytical expression for the work 
done by a system of forcea Let {x, y, e) be the rectangular 
co-oi-dinates of a particle of the system and let the mass of this 
[larticle be hi. Let (X, 1', Z) be the accelerating foi-ces actii^ on 
the particle resolved parallel to the axes of co-ordinates. Then 
otX, inY, tnZ are the dynamical measiu-es of the acting forces. 
Let us suppose the particle to move into the position x-\-dx, 
y + dy, z + d2\ then according to the definition the work done by 
the forces will be 

'^.{iiiXdn+inYdy + mZdi) (1), 

the summation extending to all the forces of the system. If the 
bodies receive any finite displacements, the whole work will be 



I 



nUxdw^ 7dy + Zdz).. 



the limits of the integral being determined by the extreme 

positions of the system. 



L 



337. Force-flinctlon. When the forces are such as g( 
ally occur in nature, it will be proved that the summation ( 
the last Article is a complete differential, i.e. it can be integi 
independently of any relation between the co-ordiuatos x, y, z. The 
summation (2) can therefore be eipressed as a function of the co- 
ordinates of the system. H7ie« this vi the case tlie indefinite inteffiitl 
of the summation (2) is called t/ie force-fuiiction. This name was 
given to the function by Sir W. R. Hamilton and Jacobi indepen- 
dently of each other. 

If the force -function be called U, the work done by the forces 
when the bodies move from one riven position to another is the 
definite integral U, — (I,, where U, and U, are the values of U 
corresponding to the two given positions of the bodies. It follows 
that the work is independent of the motie in which the system 
moves from the first given positiou to the second. In other wards, 
the work depends oil the co-ordinates of the two given extreme 
positions, and not on the co-ordinatea of any intermediate jmsitum. 
When the forces arc such as to possess this property, i.e. when 
they possess a force-function, they nave been called a cmiservative 
system of forces. This name was given to the system by Sir W. 
Thomson. 

338. Thei-e mil be a force-function, firstly, when the external 
forces tend to fi^xed centres at finite distances and are functiona 
of the distances from those centres; and, secondly, when the forces 
due to the vmtual uttractions or repulsions of the particles of the 
system are functions of the distances between the attracting or 
repelling particles. 

Let m<f>{r) be the action of any fixed centre of force on a 
particle m distant r, estimated positive in the direction in which i' 
IB measured, i.e.from. the centre of force. Theu the summation 
(1) in Art. 336 is clearly J.mip(,r)dr. This is a complete differ- 
ential. Thus the force-function exists and is et^ual to Xml^(r)dr. 

Let iJiH»'0(c) be the action between two paiticlcs m, m' whose 
distance apart is r, and as befoi-e let thi.s foree be considered 
ptjsitivc when repulsive. Then the summation (1) becomes 
^mm'^(r)dr. The force-function therefore exists, and is e<{ual 
to 'S.mm'J^(r)dr. 

If the law of attraction be the inveiBe square of the distance, 
^(r) = — ^ Rid the integral is - . Thus the force-function differs 
from the Potential by a constant quantity. 

339. It is cleai' that there is nothing in the definition of the 
furce-functioii to coniiK-t us to use Cartesian cu-ordinati-n. I( *1 
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P, Q, &c. be foi-ces acting on a particle, Pdp, Qdi/, &c. their virtual 
momenta, tii the mass of the particle, then the force-function is 
U= tmfiPdp + Qdq+&c.), 

the summation extending to all the forces of the system. 

Ex. 1. If (p, 0, i) he tbe oylinddcBl or tiemi-polar co-ordinfttea of the paxlicle 
M; P, Q, Z the i^solved parts of the forc«B reapectirely alon); and perpeadicnlar to 
p and along I, prove that dU^Zm {Pdp i-qfid^ + Zdz). 

Ex. 3. If (r, e, t/,) be tLe polar co-ordinateB of the particle tit; P, Q. il the 
lEBolved parts of tha forces respectively along tho radina vector, perpeodjculst to it 
in the plane of S, antl perpendicular to that plane, prove that 
dU=2m {Pilr + yrdfl + Er sin fld*). 

Ex. 3i If {x, y, t) be the obliijne Carleaian co-ordinateH of tn; X, Y, Z the 
OOmponentB along the axes, prove that 

dD = 'Zn \X {dj: + rdy -i- ^t) + Y {,dx + dy + hli) + Z (talx + Xdy + di)), 
vhero (X. n, v) are the ooBinea of the angleB between the axes yi, tx, zy leBpeoliveljr. 
This leault ia due to Poinaot. 

S'tO. If a stfttteiii receive any small displace inent dapaiullel to 
a given atraiijhi line and an uiu/nlar displacement d8 round the 

line, tiien the partial differential coejfidents , - and .^ ''^prevent 

respectively the resolved part of all the forces along the line and the 
vwment of the farces about it. 

Since dU is the sum of the virtual moments of all the forees 
due to any displacement, it is independent of any particular co- 
ordinate axes. Let the straight line along which ds is meafiured 
be taken as the axis of z. Taking the same notation as before, 
dU='S.m (Xrf.c + Ydy + Zdz). 

But (ir = 0, dy = 0, and dz = da, hence we have 



dU=de.J.niZ-, 



dU ^ „ 
ds 



Here dU means the change pi-oduced in U by the single dis- 
placement of the system, taken as one body, parallel to the given 
straight line, through a space ds. 

Again, the moment of ail the forces about the axis of s is 
^mienY—gX), but dx = — ydB, dy = iai6, and d« = 0. Hence the 
above moment 

_, Vdy + Xdx+Zdx dU 



Here dU is the change produced in U by the single rotation 
of the system, taken as one body, round the given axis, through 
an angle d9. 




341, As considerable use will be made of the force-ftinction, I 
ihe student will find it advantageous to acquire a facility in ] 

writing down its form. The following examples have therefore I 
been cnoaen as likely to be most useful. 

342, Work done by gravity. A system of bodies /alia 
under tlte action of gravity. IfM be tfie whole vkiss, h tlie space 
descended by the centre of ffravity of tlte whole system, the work 
done by gravity is Mgh, See Art. 1 40. 

Let the BUB at i lie vertical and let tlio positive din>otion be dowiiwarda. Then 
in the Bummfttion (1) of Art. 336. A'=0. Y^OkTiiy.=g. Ktnee dU=l>«iidt. UI 
be the depth of tlie centre of gravity below the plane of zj/, and C be any coDfltant, 
we find U—Mgi+C. Taking this between limits we easily obtain the resnlt given, 

Vnlta of work. The theoretical unit of work i-s the work 
done by a dynamical unit of force acting through a unit of space. 
We may use tht' result of this example to supply a practical unit. 
The work rei]uired to raise the centre of gravity of a given tnaas 
a given height at a given place may be taken m the unit of work. 
English engineers use a pound for the mass and a ftx)t for the 
height, and the unit is then called & foot-pound. The term Horse- 
power is used to express the work done per unit of time. The 
unit of horse-power is usually taken to be 33000 foot-pounds per 
minute. The duty of a steam-engine is the actual work done by 
the consumption of a unit quantity, usually a bushel, of coal, 

Bji. 1, A force ooinmunieatefi to a pHrtlcle whose mass in equal lo that of % 
cubic foot of water a velocity of one foot per minute. Find the work done in foot- 
Ex. 2. Determine the rcaiatance of a oteainer in toon when SOOO effective bone- 
powor ia required to drive it al 17^ knots (of 6080 fe«t) pet hour. [Univ, of 
London, 1B8G.] 

Ex. S. BnppoBing a trioycle and rider weighing together 300 lbs. lo ran 
uniformly at 8 niilee an hour down an incline of one in 100 againut the reaistonoM 
of the air and □( the road, without working the pedals; prove that to go up an 
incline of one in 300 at the same epeed the rider must be working at the rate of '06i 
of a horae-power; and thut the mean pressure on each pedal will then be about 
ia-672 lbs., Bpppoaing the cranks to be 5 inchoa long and to make 100 revolution* *. 
rainnte, [Univ. ofLondon, 1886.] 

. Ex.4 Prove thaltheamonntof work required to raise to the sorfoce of tiJeearOi 
the homogeueouB contents of a very small conical cavity, whoee vertex is at ths 
centre of the earth, is equal lo that which would be expended in raitung the whola 
mass of the contents tiirough a spaoc from the nurfnce equal to one-Sfth of the 
earth's radius, supposing the force of jtravity to remain constant. [Coll. Exam,] 

343. Work of an elastic atring. Ex. If the length of an 
elastic string or rod which is uniformly stretciied be altered, tho'l 
work done by the tension is the product of the compression of the 
length iiiid the iirithnietic nieon of the initial and final tensions. 
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ii T=E '^ — a. i a. I pp te t the direction in whiuli p in mciisui'ed. Tho 
work don h 1 p be pi-dp therefore equal to - Wp, If we intejtrBte Ihia 

frmu p^r to p = r' we tind 1U«1 the work rciinired ia -.^ I (''-/)=-('■- ')'-|- This 
leaila at nncc to the result given. 

If a string ber<inie,? iilae^k, ihe tensirm is supposeil to T«ni.ib, and ni> work in 
done until the -string again becomes tight. In applviuc the rule, tlie compression in 
tlie (litlerence between the two terminal lengths if the xtring be tiiibt in both, 
nhethev it bae been slack or not during ihe various chanifes of length which may 
have occurred during the jirocet^s. If the string; h(> ulaek in either terminal titatc we 
mast in ealculatinf; the conlln^.■ssion suppose the string to have its uneCretched 
IcnRth in llmt temiinal state. 

In t!ie case of a roil the tcnsiou becomes negative nht'ti the rod is coniprexsed. 
and the rale applies so long as the rod remains .■straight, and «'e can Hiip]>OHC 
Hooke's law to be true. 

If tbe string is not stm,i«hl but U unifoinily stretched over a surface or in a 
lino tube, the same rule lo find llie work is still true. To prove Hub, we divide the 
string into elements, each of wbicb nmy be considered na straight. When the 
whole string is now uniformly strelcbed the work done is the rouan of the tensions 
inlu the sum of the contrntlions of all the elements. Tliis lant is clenilr the con- 
tmcHonoCthewliolistiing, 

If the surface be fixed the siring cannot contract witliout one, at least, of the 
extremities moving, and in this eoae the »olk is don it that ettremitj 

If the surface move, and the e^trennties of the hiring lie bxed in apace the nork 
is transferred to the RUrfaoe by means ot the leactions If the stiinR ha^e no 
effective fnrcei^, these reactions are in ejuilibrium uitli the tensions at the pomta 
.(. 1} where the string leaves the surface ^ov^ let th •.urfaoe recei>e anj small 
displacement. By the principle of rirtual nork the woik dont Ij the reattiona 
on the snrface ia cjual to that done by the tno e| ml tension'' nt tho points i i> 
But tills work is the instantnneoua tension into Ibe c ntractioil of the sttmn i e it 
is - Tilp. If the surface rec'ive a liuite diaplutenjent thi nork done ii the intefiral 
of this expression, and tlie rule is of couri-c tlie t^tai. as before 

Whether the Htiini; have iiiufs or not we may con idei tach separKte elt nLnt of 
it as one of the moving bodies whooe m tion oittM int tin equation of \is 
viva. The work done liy the contraction of all the elements ih to 1 1. reijarded as 
distributeii ovei all the bodies. The ivork done by thi l |lial ind opposite reactions 
Ixitween tlie string and surfid'e will then be zeio, 

34+. Work of collecting a body. Ex, 1. If m. m! W- the 

massijs of twii particles iittiacliiig oacli cjIIilt with it luicc _j - 

where c iw the distance betwei?ii them, show that the work <fiine bi/ 
ilif miit"<d force when then have moved /ruin uu injinite distance 
apart to tt dislunce r !s """ , This follows from Ait, 33«. If the 
particleH repel e!w;h iilhi.r wo rrgani eithfv m- or m !is iieyalive. 



Es. 2. Let two finite masses M, M' attract each other and J 
occupy eiven positions. Prove that the work of bringing the par- I 
tides of one from infinite distances apart into their given positions | 
under the attraction of the second, supposed fixed in its given ] 
position, is the same as that of bringing the particles of the second ' 
from inHnity into their positions under the attraction of the first. 
Prove also that this work may he /mind by taking both bodies in 
their final positions and multiplying the mass of each element of 
one body by Uie potential of the oiJier at that elemeitt, then intO' 
grating throughout the volume of t)te former body. 

This integral is sometiraes called the mutual work or the 
mutual potential of the two bodies. 

Let thera be two sets of nttractin^ particl^H which we may represcul by 
Nij, iri,, Ac, In,', HI,', ttc., and let the partielea of each set attract the particles of 
the other set, but not the particles □( its own set. Snppose the particles ni[ , m,, ita. 
to oocupj any given positions, and let one particlu hi' or the second sat be brought 
from an infinite distance to any giveti position, say to a position at distAQOM 
r, , r,, fee. from the particles m, , nt., iro. The vrork done is m' I — ^ + '4-iIb, ) = m'F, 
where )' is the potential of the attracting massas at the given position of ih'. 

Let us now bring in socoession all the particles iii,', m.,', i£c. from infinite 
distances tu their given final positions under the attraction solely of the massei 
m,, w,, il'c. The whole work is ZniT, which may also be written in the aym- 
metrical form £- — . whei'e r is the distance between the partiolea ni, »>', OQd the 
£ implies sammation for every combination of each particle of one set with each 
particle of the other. This symnietrical form proves the first part of the pro- 
position. 

The particks may be elementary, and in th 
collecting any mass ,1/' into a given ))aaitioD under the a 

placed in a given poi.ition is eijual to Jl'diii', where V is the potential of the n 

il at the Goal position of dm' and the integration extends over the whole a 

of .ir. 

Ex. 3. If the particles composing any mass were separated I 
tiiiiii t.'ach uther, work might be obtained from their mutual at- ' 
tmcLionti by allowing the particles to approach each other. Tho 
work thus obtained is greatest when the particles are collected 
together from infinite distances. If dv be an element of volume 
of a solid mass attracting according to the law of nature, p the 
density of the element, V the potential uf the eolid mass at the 
element dv, prove that the wortc performed in collecting the j>ar- 

ticles composing tfie jnaas from infinite diatunces is ^ I Vpdv. 

The pi-oblem of determining how much work can be obtained 

from the bodies forajitig tho solar system by allowing them to ' 



e Be« that the work of 
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coiiRolifiate into a scilifl mass has bfcn cansiHcrot] by sevei-Jkl philii- 
sophei-s. Sir W. Thuiiiain has calculated that the potential energy 
or the w<)rk which can be obtained from the existing eular system 
is 38 X 10^ font-pnundfl. Jidin. Tyns. 1S54. 

s of any particleB, r„, c^. *c- '''e diBlances 
&e. in an^ arrangemeut. Then, as berere. 



ftliicli may be writtcu l' = Z — ~ . Non i( J', l)c Ihe (lolential at the |)ftrtiole hi, nf 
all tlie particles tucept iii, in the given arrangement, 1', = — -^ - '+ ... It I'... ]\, &c. 
have fiinilfir meanings we may write tlio norlt in tile forni 

In liudinjt tlie potential of auy nolid niauH nt any point /' we n\ny oiuit the 
matter within nay indefinitely small element euclosing F if iCn dcniiity bo tiiiite. 
For, since potential is '' mass ilivick'd ly distance," anil the mfttiM varies as the cube 
of Ciie llntur ilimenHion^, it follows (hat the potential of Nimilav lignreq at points 
similarly situated niust vary aa Hie si|iiBre of the liiienr dimensions and must vanish 
wlicn the mass becomes eleineiitUiry and the distance indelinilely small. In 

applying, therefore, the form f= ^I'oi to a j*olid body we may write fili- for hi, Hnd 
take i' to be the potential of the whole maf» at the viemeul :lr. 

Ex, 4. The purticles ooraposiuR a hriiiioHL'ncuu-i sphere of mass .1/ ami indiii-; r 
Keve oriuiiiaily at infinite distances Irani path ntlier. Prove that the work doni! by 
their mutual attiaclioiis is . " - 

Ej.. '•. The purticles of a houioReneons elllpsoiil, whoai? luas^ is ,1/ and 
are ii, I; •; aii' rnllecied fi'oin infinite distances, show that the work done if 






Ex. 0. The work iif nillertinj; the particles- of two maises 
which ail' whully fxti^ninl to each "thiT fmui inHnite distances is 
the sum (if the works of cnlliTtiuf; t-auh sepiuately. plus their 
niiitual potential. 

It' one mass be wholly iutiTnal 1m the "ther, prove that the 
work of ccilieetiug the difference is the snm of the work>- "f col- 
lecting each sepai-ately, minus their nnitiial putenlial. 

If the first proposition he not evident, li»t .1/. M' be the masses ftlrea<ly collected, 
and let us bring an additional particle from an infinite distance to the niass M. 
The work on this particle in evidently that dne to the attraction of M toHether witll 
that due to the attraction of -V. The first Is an addition to the work of collecting 
Jf, and the second is an addition to the mutnal potential of .1/ and M'. 

From Ihe first proposition wi' deduf by trans posit inn Ihiil llio work of collecting 
.1/ is equal In Ihe n-ork of eiillectin); l.1/->-.V') minn<i the work of collecting .U' miuns 



the mutual potential ot M end JV'. Now tb<? mutual potential of M and hi' is equal 
to the mutual potential of {il + M') and 3S' minus twice the ivork ot coUeotiag Jl/', 
The eeoond propOBition Tolloos at onoe. 

Ei. 7. A quantit; of homoge&eouB matter ia bounded bj two epheres which do 
not intenact, one sphere being wholly within the other. The mdii of the spheres 
are a and b, and the distance between the centres is ;. Show that the work of 
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eollecting this matter from infinite diatonceii ia - 

345. Work of a ^aseoui preiiure. Ex. 1. An envelope 

of any shape, whose volume is v, contains gas at a uniform 
pressure p. Assuming that the pressiu-e of the gaa per unit of 
area is some function of the vohiine occupied by it, prove that the 
work dime by the pressures when the volume iiic?'eases from v = b. to 



is j pdv. 



Divide the surface into elementary areas each equal to da, then jiila is the 
pressure on da. When the volume hull iucreased to i' + dr, let any element da take 
the position da', and let itii be the length of the perpendicular drawn from the 
central point of da' on tbe plane of da, then pdatln is the work done by the pressure 
on da and p/dadn is the work done oier the whole area. Bnt dada is the volume 
ot the oblique cylinder whose base is ttir and opposite face dtr'; so thM/dadn ia the 
whole increment ot volume. The whole work done when the volume increaseB by 
dv is therefore pdi\ 

Ex. 3. A. spherical envelope of radiDs a contains gM at pressure P. ABsoming 
that the pressure ot the gas per anit of area is invemely proportional to the volutoe 
occopied hy it, prove that the work required to compress [fae envelope into a sphere 
ot radius b is iwa'F log ajli. 

Bx. S. An envelope ot any shape contains gas and the shape is altered without 
altering the volnme. Show that the work done over the whole surface ia xero. 

Ex. 4. A hollow cylinder contains equal masses of two different elastic fluids at 
the same pressure P separated by n pinCon without weight, tjhow that the work 
done in moving the piston till tbe densities of the two Quids are interdiauged is 
FA {a - b) log a/b, where A is the area of the piston, and a, b are the lengths ot tbe 
portions of the cylinder ocoupied by the fluid. [Pembroke College, 1603.] 

Ex. S. A mass of air of uniform density p (1 + ') is enclosed in an envelope and 
surrounded by air ot atmospheric density p. If the masa expand until its density ie 

eqoal to that ol the atmosphere, prove tliat the work done is A- ( log(l+«)- — J 
where k is tlie product of the pressure and the volume. It t he small the work la 
very nearly J *«'. 

346. Work of an Impulse. Ex. 1. An impulsive fui-ce acts 
on a body in a Hxed direction in space. Show that, if ^ be the 
whole momentnii) communicated by the force, «,, u, the velo- 
cities of the point of application, resolved in the direction of the 
force, just before and just after the impulse, then tlic work dans by 
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tlie iiiipiil''e is "_^---F. This result is j^iven in Thoiiiwin nw] 
TaifN Niitxml Fhihs^qihy. 

When a force is lueasnTed in tbe ustiitl vtay by the momentum generated [ler unit 
of time, the walk Ik measured by tbe luoduct of tbe force into the refiolved dlBplace- 
ment. But impulses arc not no meaniu'ed, we cannot tberefDre directly apply tbiR 
nUe to Unil the work of ati impulni^. 

Let UN rtRLird the iiupulHe as the limit of a liniw force aetxtiR in the fixed direc- 
tion for a very tilmrt time T. Let t)ie direction of the axis of x be taken pamllcl lo 
the tixed diiection and let .V be the whole momentum communicated duriu^ a time 

I measured fruui the comuieucement of Ihe imiiulse. Here I \s any time Ibbh thnn 
r, and X varies from Kero to f' as f varies fiaui lo T. Also, since X in the whole 
momentum up to the time I, A' ia the moving force on the 1>ody at t!it time r. Let 

II br Ihf rr.mh-td vrhiciti/ of the pniiil af •qipUcaliiiii at tki: liiiit^ I, then ii„ tind ii, arc 
the rniueu of ii when f-Oand l = T. Since iiill h the spiice described in the time ill 

/F 
11(1. \. 

To integrate this we muHt linnw whnl function u is of .V, 

If the body be n particle of masK m. we know that, when the time of action is very 
Rinall, in In -ii„)=X, lienw, substilntinR fur ", wc liud utter intejimting u„l'■^ KF^jni. 
When Jf = Ji' we have by dcflnilion " = Fi,. ,', ui{\i.- H(,)=I-'. F.liuiinating *', we liiid 
the work i9^/''(»„-t'ii). 

If the body be moving in two dimensions, let ii be the velocity of tlie ceutre of 
ftravily at the time t resolved parallel to the direction of the impnlne, and ui the 
BBKular vi'Incit.v; we then hnv.- bv Art*. HW and 137 

Hence " = "„ i L\ where L is a ([uniitity independent of .V and thercfoie constani 
during the inlcgr.uion. Substituting for ii, the intei-ial takes the funn F(ii„ + liLI't. 
lint us before ii, = ((„ ¥ I.f. KliiiiiiMtiiin f. the result followa at once. 

If the hoilv bo nioviiiu iu thrte diuiennions, llie velocity <• i« known by Art. ;ll;i 
lobe II lineal fuuelicm of A', so llial ni. may write ii-"„ + J..V, where L i< a ci.nslnnt 
depending ou the nature of the body. Substituting this value of n. we have the 
workeiiua! to \ {u„^ LX)<lX-u„F '^ /.^'. But ", = i(„ + /.F, IClimiiitttinn f, we 

find thai tlie work = - ["„+ ^il ; . 

Ex. -2. If one blow b\ be followed immediately by a Rccond blow I', at Ihc same 
point in the same straight line, and if >i.,, >',. n^bc the resolved velocities of the point 
of application before and after the blows, verify that the work .^ (11^.^- h.) {t\ + 1\) of 
the whole blow is the «uin of Ihe works of the xeparate blows, vi^. J ("„-)-'',) I'', Rnd 

Tiiis follows at once, since «|=ii„ + Lf, and ii. = n| + /,^j. The results of Ex. :l 
may be deduced from Ex. 1 in this mnnner. 

Ex, 3. Find the work done by on impulse whose direction Is not neeessaiily 
the same during the inileSnitcty short duration of the force. 

Let .V, 1'. 7. be the coniponenta of ilie whole momentnm Kivpn to the body in 
nny time ( men.siired from the commencement of the itDpuIw. Let ii, 1 , "■ be the 
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resolved velooitiaa of the p(»iit of appliimtion ftt tbe time t. Then, bj the n 
raMoaingu befcne, the work diiae= I {iu+ tv + ^ie)dt. Bat b; Aii.S14 when^ 

is iDdefiuitelj Bmall u ^Ug-t-VT^, P = r,+ tt-. » = "fo + ts- ■ 'here E ii ft k 

a A It I <t£ 

qiudratic fnnotion of (.V, }', Z) dependiog on the nature of the bod;. Sntntitn 

we have 

.h..«,v=„.,,„.,>».^,./(g«+S: «•*§.;!) 

where J:,, 1',, Z,, J!, are the velues of A'. I'. H, E when l=T. 

We may eliminate the form of the bodj and eipresG the work in tenna ( 
tbe resolved velocities of the point of application jnst after the termination of I] 
impulse. Since E, is a homogeneons quadratic fonction ofXj, 1',. Z,, we have 



SubBtitutinK we find the n-ork - 



?, = {M,-«JA, + (o,-p,)r, + (,r.- 



347. Work ot a mombrana aqoallT atrateliBd la all dt>*etlonM. Conxider 

a reclaiiHle whone sides are a and b, which may be considered aa bh element. Let 
T be the tnuton acrofi ang iiw rtfirrtd a* tuual to a unit of Irnnih. The tension 
acroea the side n is Ta, and when the side b has increased to h' the work done by 
these will be Ta(b'-b). SupposinR the tendon bckhs tbe side b' to be HtiU T, 
(which is trne when the rectanRle ia an element) the tension across the whole 
length will be Tb', and, when the side a becomea n', the work will be Th' (n' - a), 

Tbe whole work is therefore T lu'b' ~ ah), i.e. tht irork ii the product of the i 
teiuioti and the ehangt of area. 

If tbe membrane ia spherical, the are& is lrr°. The increase of an 
Sa-rdr. Hence the work done bj the tensions when the radius is increased trom 
'b 

Trdr. 



•"/: 



It the membrane be such that we may apply Hooke's law to the ten«on T, 
■e have T=E — ^ — . where a is tbe natural radius of the membrane and K is 



by the tensions, when the radina 



If w 



e that for a soap-bubble T in 



;, we find that the work dotM I 



.t7'((.= -«'). 



It we suppose tbe spherical membrane to be alowly stretched by fiUing it with i 
gaa at a pressure^, we have by a theorem in hydrostatics pr = Sr. In thiaei 

work required has been shown to 'be J pdv. and, since i'=^''*i this leads to the mbw | 

result as before. 

348. Work of a couple. Ex. A f^jiveii coiipli? is movec 
in its own piano from nuu position lo another; show that the J 
work is the product of itn mamevt b\j the angle turned through. 
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Any displacement of a couple ie eqaivaJcnt to a rotation round one extremity 
of itfi arm and a transference of tlie whole couple parallel to itself. The work 
done by the two forces during the transference ia clearly zeru. Vie need therefore 
only consider the work done during the cotntion. 

Let F be tlie force, n the length of the arm, and let the conple be turned round 
one extremity ,1 of its arm through an angle iW, The force at A does no work, and 
the work done by the otlier farce is F . add, Inte^Tatin^ tliia we have the work done 
by the couple when it turns through any fioite auyle. 

349. WotTc of Bending a rod. Ex. 1. A rcMl originally 
straiglit is bt'iit in imu plane. If L be the stress cijiiple at any 
point, p the radius of curvature, it is known both by experiment 

E 
and by theory that /. = — , where £ is a constant depending on the 

nature of the material, and the form of a section of the rod. 
Assiuning this, prove (1) when the rod is bent into a ffioen form, so 
that p is a known function of s (whether the forces are known or 

not) the work is ^1 -,ds, (2) when the rod is bent by k)ioiun forces 
so that Z ia a knoivn fimction of s, (whether the foi'm of the rod is 
known or not) the work ii J j-^ds. The limits of integration are 
from one end of the rod to the other. 

Let PQ be any clement of the rod and let ita length be ils. An PQ is being bent, 
let ^ be the iudeGnitely pniall angle between the tanf^enCs at its extremities, then 
the stress couple ia £ ~ . Aa ^ increases from to — the work done is -r I ^dii, 

which is the same as ^ 7, . TI1G vroik done on the whole rod is therefore - / -^ da, 

Ex. 2. A miifurm heavy rod of length I and weight le is supported at its two 
19 to be hurizontal. Show the work done by gravity in bending 



Ex. 3. A viiiiform liRht ro.l 1 
weight IP at any point C. If 


is Eup ported s 


.bending the rod is "J-S-. 





Goiiservclion 0/ Vi.s Viva und Energij. 

H5U, Def. Tht- Vis Viva of a particle is the proitnct of ita 
tllll^s and the wpinrc of its vclocify. 

The principle of vIb viva. If a xyste^it be in motion under 
the action of finite forces, and if the geometricul relations of the 
part-f of the si/stein be ecrpressed by equations which du not con- 
lain tlie time ej:plicitly, the change m the vi-! viva of the system in 



paasinrf from any one position to any other is equal to tmce i 
corresponding vtork done by the forces. 

In detevmining the force-fuuctiou all forces may be omitted I 
which do not appear in the equation of virtual work. 

Let X, y, z be the co-ordinates of any particle m, and let X, P",J 
Z be the resolved parts in the directions of the axes of the im- \ 
pressed accelerating forces acting on the particle. 

The effective forces acting on the particle m. at any time t are ] 

t^x tfiy ff^ 

'" rfP ' *" rfC "* rfC ■ 

If the effective forces on all the particles be reversed, they will be 

in equilibrium with the whole group of impressed forces, by Art. 67. 

Hence, by the priuciple of virtual work, 

where hx. By, Sz are any small arbitraiT displacements of the par- 
ticle in consistent with the geometrical relations at the time t 

Now if the geometrical relations are expressed by equations ] 
which do not contain the time explicitly, the geometrical relations ] 
which bold at the time t will hold throughout the time 8(; and, I 
therefore, we can take the arbitrary displacements 8«, By, Sz to be ' 

respectively eqnal to the actual displace in en ts -W 8*, — ^' * 

of the particle in the time S(, 

Making this substitution, the equation becomes 



"(dec 



.d-ydy 
'"rff dt 



^d£\ 
df dt) ' 



Sm 



dl^ 



+ Z 



de\ 
dtl' 



1 2S»i (Xdsc + Yd;/ + Zdi), 



Integrating, we get 

where C is a constant to be detemiined by the initial conditionaj 
of motion. 

Let V and t/ be the velocities of the particle m at the timeai 
t and ^. Also let l/i, U^ be the values of the force-function 4 
for the system in the two positions which it has at the timea^l 
( and ('. Then 

Smu'' - Smv" = 2 ( (7, - U,). 

351. The following illustration, taken from Poisson, may show I 
more clearly why it is necessary that the geometrical relatiooa | 
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should lint nonfaiii the lime explicitly. Let. fur example, 

tt> {X, I/, z, t) = (1) 

be any geonieti-ical relation connecting tlic cii-ordi nates of the 
particle it). This may be regarded as the equation to a moving 
surface on which the particle is constrained to rtst. The ijuanti- 
ties &/■, Si/, Sz are the pi-ojectiuns on the axes of any arbitrary 
displacement of the particle m eonsisteufc with the geometrical 
relations which hold at the time t. They must thereloce satisfy 
the e(|Uation 

((.'■ dy '' 11 : 

The f|uantities -77 ht, -^ ht, -j- St are the prajections on the 

axes of the di.splaceiiii'ul of the piirtide doc to its motion in the 
time St. Tlioy must therefoi'e satisfy the eipiatiun 

itj: lit ay at az tit at 

Hence, iinle.'w -? is zero thi-oughout the whole motion, we 

cannot take Si; S'l, Si to be respectivelv eiiual to '' St, -, St, -4- St. 

(16 dt ' dt dt 

The ei|natiiin j, =0 expres.ses the condition that the gcunu^tricai 

equation (1) shouhl not contain the time explicitly. 

3.52. The gi-eat advantage of this principle is that it gives 
at once a relation between the velocities of the bodies considered 
and the variables or co-ordinates which drfcrtniiie their positions 
in space, so that when, from tln' iL.uun t,\' ihe problem, the 
positions of all the: bodies may br mn'l [-■ i|i ]"(iii 00 one variable, 
the eijuation of vis viva i.'i siiffii'icut Im ilcLfLruine the motion. 
In gencnil the y>riuciple of vis viva will give a first integral of 
the eijiLiitionn of motion of the second oi-der. If, at the same 
time, siiuie of the other principles enunciated in Art. 282 can be 
applied to the bodies under cousi(ii'[:i'iii-. - 'th;if thewhnle number 
of eijuations thus obtained is eqn.!' ■ ' .-..'■• 1 nf iudepeiiileut 
co-oi-dinates of the system, it bi'i"! ;.-■■: . ■ -.ir\ in write down 
any ei^uations of motion of the SLiitnl in.l. r S,o Art. 14;!. 

Tbe priuciple or via viva was Bret uned bj Huyi;heiis in his detcnainntion of 
tlie oentre at nsoillalioti oF a body, but in a form difTerent from that now ■aaei. Sir 
til' now to paije Ti. The principle waa pjlcndiid by ,Tobn Bernoulli and applieil by 
bin son, tiBuic^l Beniaulli, to tbe salutioii of a great raiicty of problems, snob ab tbe 
mutiou of nuidH in vftsta, anJ tbe motion of rigid bodies under oettain eiven cnn- 
dilions. See Mutitucla, ilittmrt det Hathlvuitiquts, Tome 111. 



I 



Suppose the Bjatem to bagin 
tha Mtion of the forces X, 7, Z Ao. After a lime dt the 
Zm^■■' = aSm (.Vrfx+ Trfy + Z<ii). 
The left-hsjid side of this equation h neoeaaanly poiitive. We therefore infer that 
if K system start from rest, the initial motion most he sach that the virtaal work of 
the faraes for that motioa ronat be poiiitive. 

There may bo several different ways (geometrically considered) in whiah th* 
system could begin to move from its initial state of rest. Let the system be oom- 
pelled to take any one of these vrnys of motion by obliging a. snfficient nnmber of 
its points to describe certaia smooth oarves, ot by introdaoing any forees which 
have no virtual work for that particular mode of displacoment. The system can 
now move only in one way, or as vie often express it, the system bos only one path 
open. There are two directions in which it can travel along this path. The 
qneKtion arises — in which direction will it begin to move? Since the virtnalworkoC 
the forces is in general positive tor one of these directions and negative tor the 
other, the system must begin to move along the former. 

354. "~'*— r'"" of til* prindpl*. If a system he nnder the action of no 

external foroes, we have X-0, I'^O, Z = 0, and henee the vis viva of the syatem U 
constant. 

If, however, the mntnal reactions between the particles of the system ai« snob 
u do appear in the equation of virtnal work, then tlie via viva of the syttem 
will not be constant. Thns, even if the solar system were not acted on by any 
external forces, its vis viva would not be oonatant. For the mutual attra«tiotu 
between the several planets are reactions between particles whose distances do not 
remain the same, and hence the smn of the virtual works is not zero. 

Again, if the earth be regarded as a body rotating about an axis and in oouraa 
of time slowly contracting from loss of heat, the vis viva will not be oonstant, for 
the same reason as before. The incremo of angular velocity produced by this con- 
traction can be easily foand by the principle of angular momentum. See Art. 299, 

S65. Let gravity be the only force acting on the system. Let the aiis of z ba 
vertiool, then we have X=0, Y=^0, Z= -g. Hence the equation of vis viva beoomei 

ThoB the vis viva of the system depends only on the altitnde of the centre oT 
gravity. If any horizontal plane be drawn, (he vis viva of the system is the ume 
whenever the centre of gravity passes through the plane. See Art. 142. 

356. Ei. If a system in motion pass Ihrongh a positioo ot equilibrinm, i.e. 
position in whiob, if placed at rest, it would remain in equilibrium under the aotii 
of the forces, prove that the vis viva of the sj'stem ts cither a maximum or ■ 
minimum. De Oourtivron's Theorem. M(m. de VAcad. 1748 and 1T4!I. 

357. The equation of virtual work in statics is known to \ 
contain in one formula all the conditions of equilibrium. In the | 
same way the general equation 



I 
I 






■^s 



it) = %m(.Xh: + 7i!i + Ziz). 



may be made to give all the equations of motions by properly 



ART. 358.] POTENTIAL AND KTNETIC ESERGY. 293 

choosing the arbitraiy displacemeuts Sx, Sy, Bz. In Article 3.>0 
wo madu one choice of these displacements and thus obtained an 
equation in an intcgrable form. 

If we give the whole system a displacement parallel to the axis 
of s we have Bx = 0, hi/ = 0, and Ss is arbitrary. The equation 

then becomes 'S,ni -j-^ = ^mZ, which represents any one of the 
three first general equations of motion in Art. 72. 

If we give the whole system a displacement round the axis 
of 2 through an angle W, we have S.r - — ijBB, Si/ = x&d, hz = 0. 

The ei^uation then becomes Sm fa' ,^ — y -jr^l =2ni(a;>'-yA'), 

which i-cprcsents any one of the last three general equations of 
motion in Art. 72. 

3.)8. Potential and kinetic energy*- Suppose a weight 
m(j to be placed at any hinght // above the surface of the earth. 
As it falls throng!) a height z, the foi-cc of gravity docs work which 
is measured by riiffx. The weight acquires a velocity v, half of 
its vis viva Ls ^mv", which ia known to be equal to mgz. If the 
weight fall through the remainder of the height li. gravity may be 
made tn do more work, measured by mgih—z). When the weight 
has rcachc<i the gi-ound, it has fallen as far as the circuuistancea 
of the case peimit, and no more woi'k can be done by gravity 
until thi' weight has been lifted up again. Throughout the motion 
we see that, when the weight has descended any space z, half its 
vis viva, together with the work that can be done dining the rest 
of tlie descent, is independent of z and equal to the work done by 
gravity during the whole descent /*. 

If we complicate the motion by making the weight work some 
machine during its descent, the same theorem is still true. By 
the principle of vi.'^ viva, proved in Art. 350, half the vis viva of 
the particli', when it has descended any space z, is equal to the 
work mgz which has been done by gravity during this descent, 
diminished by the work done on the machine. Hence, as before, 
half the vis viva together with the difference between the work 
done by gravity and that done on the machine during the re- 
maindei' of the descent is constant and equal to the excess of the 
work done by gravity over that done on the machine during the 
whole descent. 



Let H8 now extend this principle to the general case of a 
Byfitcm of bodies acted on by any conservative system of forces. 

359. Let UB select some positiou of a moving system of bodies'! 
as a position of reference. This may be an actual final position I 
passed through by the system in its motion, or any position which 
it may he convenient to choose, into which the sj^tem could be 
moved. Suppose the system to start from some position which we 
may call A, and at the time t, to occupy some position P. Then 
at the time (. half the vis viva generated is equal to the work 
done from A to P. Hence half tne vis viva at P together with 
the work which can be doue from P to the position of reference 
is constant for all positions of P. 

To express this, the word energy has been used. Half the via 
viva is called the kinetic energy of the system. The work which 
the forces can do as the system is moved from its existing position 
to the position of reference is called the potential energy of the 
system. The sum of the kinetic and potential energies is called 
the energy of the system. The princijile of the conservation of 
energy may be thus enunciated : — 

When a system moves under any conservative forces, the sum of 
the kinetic aiid potential energies is constant throughout the motion. 

360. The distinction between work done and potential energy 
may be analytically stated thus. The force-function has been 
defined in Art. 337 to be the indefinite integral of the virtual 
work of the forces. As the system moves the work done is 
the definite integral taken with its lower limit detennined by 
some standard position of reference, which we may call C, and 
its upper hmit determined by the instantaneous position of the 
system. The potential energy is the definite integral taken with 
its upper limit determined by some fixed position of reference 
which we may call D, and its lower limit determined by the 
instantaneous position of the system. If the two fixed positions 
of reference which we have distinguished by the letters C and D 
are identical, the work integral is the same as the potential integral 
with its sign changed. But this is not generally the case; the 
positions of reference are chosen each to suit the particular integral 
in connection with which it is used. 

:61. Bxunplcs of PoMntlal BiMrsT. Ex. 1. A particlt dcKribet an ellipie ' 
frtily about n rnilrr of force in U> ceiilre. Find the wholt energy of iti mat 

jet ni be the mass of the particle, r Its distauoe at anj time from the centra, 
/IT the Bdoeleiatiog foioe on the particle. If ooincidence of the particle with the 
lentre of force be taken aa the position of reference, the potential euerg; by Art S60 
B /( - m/ir) fir = g"'fu^ when token between the limits r=r to r=0. If r* be tha 
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senii-coniutrale of r, the velocity of the pailicte is r\'^ snd the kitictic papruy is 
therefore jiiijir''. Ab the particle describes its ellipse tound the centre of force, the 
sum of the potential and kinetic enerifiea in equal to l,in)i(a- + li'] where a and bare 
the cemi-aiea of the ellipai.'. 

El. 2. A particle describea an ellipse freely about a. centre of force in the 
centre. Show that the mean kinetic energy during a complete revolution is equal 
to the mean pnlcntial cnergj'; the means being taken with re|;aril to time. 

Ei. 3. If in the last exampli^ the meana be tnlieii with recard to the angle 
described rounil the centre, the difference ot the means is J m/i (ti - 1)'. 

Ex. 4. A mafis .1/ of fluid ia running round a circular channel of radius a with 
veloeity II, another equal iuugk of fluid is running round a channel of mdiim b with 
vetucit; c, the rndiu.t of ouc chnnucl ia mmlc to increase and the other to decrease 
until each has the oriffinal value of the other, show that the work required to pro- 
duce the changGis- ( -, - j-^i (4=-.i'J)iU. [Math. TripoK, 186G.] 

i1li2. Iiiat of ForuB U be omilMd. In applying; the principle of Tis viva to 
auy actual case.^, it ia important to know beforehand what forces and internal 
rcactionn may be disrecardcd in formiiig llie equation. The general nilc is that all 
forces may be neglected wliich do nut appear iu the eqimtian af virtual work. 
Theae forces may be enumerated as fnllown : 

A. Those reactions who.fe virtual displacements are zero. 

1. Any force whose line of action passes through an instantaneous asis; as 
rnUhiij friclinn, but not sliding friction or the resistance of any medium. 

2. .'Vny force whose line of action is perpendicular to the direction of motion 
□r the iioint Df application ; aa the reaction of a iinoothji.ied iiirfiicc, but not that 
of a moving surface. 

B. Those reactions whose virtual displacements are not zero and which there- 
fore would cuter into the equation, but disappear when joined to other rcactioni>. 

1. The tcoctiou between two particlts whose distance apart remains the same; 
aa the tension of an iiif.clfii^ible atrimj, but not that of an elastic string. 

2. Tlie reaction between two ri(,id bodiea, parta of the same ay-ltm, which roll 
on each other. It is necessary however to include both these boiliea in the same 
equation of vis viva. 



C. All tenaiunn which act along inextvusible atringH, even tliough the striugs 
are hunt by passing through smooth fixed rings. 

For let a string whose tension is T connect the particles m, m', and paaa through 
a ring distant respectively i; r' from the particles. The viitual work is clearly 
- t'Sr- TSr', because the tension acts aloni; the string. But, since the string is 
inuitensible, Br + Sr'-O; therefore the virtual work is zero. 

3(i3. ExpreasioDB for the vis viva of a rigid body In 
motiOD. 1/ a bod-/ move in •nii/ miiimer its ins rtni I't iiiuj instant 
is eqiHil to the vis vico of the whole mtiss collected nt its centre 
of graviti/, together with the vis viva due to ntotiun roxnd the 
ceiiti-e o/graviti/ considered as u fued point : or 
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the via jiiva of a body = vis viva due to translation 
+ vis viva due to rotation. 

Let x,y,z he the co-ordinates of a particle whose maaa is m 
and velocity v, and let x,y,z he the co-ordinates of the centre of 

fravity of the body. Let x = x + ^, y = y + ri> ^ = 2 + f. Thei 
y a property of the centre of gravity, Smf = 0, Snti; = 0, Sm£'= 0. 1 

Hence Sm jt = 0. ^™^ = ^' ^^':h = ^- ^^^ ^^^ ™ "™ ^ I 
a body is 



$)'-m<i)i 



Substituting for x, y, s, this 

^•»l(S)'+(l)"+0' 



-m^ij^m] 



' dt 



"■dt 



dt ' 



dt 



'■dt"'"di- 



All the terms in the last tine vaniflh, as they should, by Art. li. 
The first term in the first line is the vis viva of the whole mass 
Sm, collected at the centre of gravity. The second term is the 
vis viva due to rotation round the centre of gravity. 

This expression for the vis viva may be put into a more coD- 
venient shape. 

364. Firstly, Let the motionbe in two dimensions- SeeArtl39. 
Let B be the velocity of the centre of gravity, P, 8 its polar e 
ordinates referred to any origin in the plane of motion. Let r, 
be the distance from the centre of gravity of any particle whose ■ 
J mass is m, and let v, be its velocity relatively to the centre of J 
' gravity. Let a be the angular velocity of the whole body about 
the centre of gravity, and Mk' its niomeDt of inertia about the 
same point. 

The vis viva of the whole mass collected at G is MV, which , 
may be put into either of the forms 

^-M(S)'-(I)1=^|(S'-"(S)]- 

The via viva about G is Xmv,'. But since the body is turning 
about*?, we have v, = ri<i>. Hence Xnw,'' = (o'.Xmri' = a)'.Mk'. 

The whole vis viva of the body is therefore 

%mi^ = Jfw' + Mk'w'. 



^M 
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EXPBESBIOlfS FOR VIS TITA. 

If the body be turning about an inatantaueous axis, whose 
distance from the centre of gravity is r, wc have v = ro>. Hence 

tmv' = Mto' (r' + i-=) = Mk'^w', 
where Mk'* is the moment of inertia about the instantaneous axis. 

Secondly. Let the body be in nwtion in space of three dimen- 
sions. 

Let li be the velocity of G ; r, tf, $ its polar co-ordinates 
referred to any origin. Let Wj, ay, w, be the angular velocities 
of the body about any three axes at right anelea meeting in 0, 
and let A, B, C be the moments of inertia of the body about the 
axes. Let f , 17, f l*^ t^*® co-ordinates of a particle m referred to 
these axes. 

The vis viva of the whole mass collected at 6 is M^*, which 

may be put equal to 

-{©■Kl)'-(i)]"-{(f)'--^(f)"-©^ 

according as we wish to use Cartesian or polar co-oi-dinatea. 
The vis viva due to the motion about G is 
fdi _ 

' ^\dt. 



2m.p,' = 2m 



(S)"-©' 






Substituting these values, we get, since j1 = 2m (1;' + f ), 
B = 2m {^ + p), C = 2m (f + v'), 

%mv,' = A wj' -t- BtOf/' + Cwj' 
- 2 {tm^) <^^y - 2 (tmr,0 '^y<^. - 2 (2ni5:f ) «^«. 

We mnj find the vis viva of the motion about G ia another maoner. Iiet be 
the ftngaUr velociity about the iastantiuieoaB axis, / the moment of inertia about 
it. The vU viva ia then otearly la'. Now / is found in ArL 15, and [□ our oau 
iii, = ()a, uij^n^, w, — CI7, faUowing tho notation of thatartiols. Eliminating a, p, 7 
we get the same result as before. 

If the axes of co-ordinates be the principal axes at G, this 
reduces to 

2mui' = Awx + Bia^ 4- Ga>^. 

If the body be turning about a point 0, whose position is 
fixed for the moment, the vis viva may be proved in the same 
way to be 

2mi^ = A'ta^ + Rto^ + O'w,', 

where A', B', C are the principal moments of inertia at the point 
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0, and ux, Uy, u, are the angular velocities of the body about t 
principal axes at 0. 

. 1. A rigid bodj of 
Bpace in an; manner, and its posititin ia determined bj the 

e of {^vity und thu anitlea 0, #, ^ which the princip&l 
gravity make with Bome fixed axes, in the inuinar explained 

i') + C{i> + tf>0OBB)^ + (A Bin' 4i + BcoB'i<]d 
+ B\a^e(AaoB'4i + B sin° #) ^ + 3 (S - J) sin si 

Show also that, Mtien 
expresBioD takes the limplt 

2r=JW(i'+y' + i') + C(^ + it«)sfl)' + J(tf + ain'eit'). 
Thin roeult will be often foQnd UMfnl. 

Ex. 2. A bod; moving freely abont a fixed point is expanding onder the in- ' 
Qacnco of heat, bo that tn Btracture and lorm it remains alwajB eimilat' to itself. 
If the law of expansion be that the distance between an; two partiales at the 
temperatnrc 6 is equal to their dietanoe at temperature zero multiplied by /{fff, 

where ^, £, C are the principal moments at the fixed point. 

Ex. 3. A bod; is moving abont a fixed point and its via viva is ^ven by 111* I 

Bhow that the angular momenta about the axes are — , -: — , j— . 

Let the body be moving freely and let 2Tg be the vis viva of translation. Prova 
that, if ;r, y, i be the co-ordinatee of the centre of gravity referred to an; rectangular j 

ir movinjj about a fixed point, and if accents denote diRerentiol coeffioienti 
with regard to the time, the linear momenta parallel to the axes will be 
dT„ dTj, rfTp 
dar' ' dy' ' dt' ' 
Thne the vis viva, like the furce- function, is a scalar function whose differential; | 
niponents of veetors. See Arts. 2{i2 and 340. In the ot 

1 the resultant hnoar momentum and the resolUnt ^ 
angular mouicntnm ronnd the centre of gravity- 
SOS, rrablanu on tli* Prlnolpla of via Tl*a. Ex. 1. A eireutar wire out 
tarn freely about a vfrtieal diametet at a fised azi: and a bead can ilide frtepf 
along it ander Iht action of gravity. The whole lyttem beiny ttl ia relation aboui 
the vertical niU.find r/w tiihstqneat motion. 

Let M and ni be the maBBes ot the wire and bead, w their common angular 

velooit; about the vertical. Let a be the radius of the wire, Mk' its moment of 

a about the diameter. Let the centre ot the wire bo the origin, and let 

B aiis of V bo meaaured vertically downwards. Let be the angle whiafa the 

is of y makes with the radius drawn from the centre of the wire to the bead. 



I 

I 




PBOBLEMS ON THE PRIMCrPLE. 

It U evident, ainoa gravity aotH vertically and aince all the reactions at the fiicd 
IS through the nxis, that tlie mnmeat o! nil the torcee about the vertical 
diuneteT i> zero. Henoe, taking momentR ahoQt the vertical, ve have 

And by the principle ot vis viva, 

These two cquntiooB will suffice for tho delermiDation of 6 and u. Solving 

"""■ '""'•' w t.!!'. .m- « * ""' (a)'- " * '••■" •°' '■ 

This eqaation cannot be iategrated, and hence B cannot be fonnd is terms of r. 
To determine the ooDHtants k and C no must recur to the initial conditions of 
motion. Supposing that initially 8 = r, and 6 = and ui-a, then h=Mk''iL and 
C = 2mya + iU)S:V. See Art. 8o3. 

Ex. 2. A lamina o[ any form rolls on a perfect!; rough straight line under the 

'' action of no forces ; prove that the velocity i' of Che centre of gravity G is given by 

i<'-c-' .— ,,, where r is the distance of Q from the point of contact, k the radimi 

of gyration of the lamina about an axis through a perpendicalar to its plane, and 



Ex. 3. Tu'o equal beams connected by a hinge at their centres of gravity bo as 
to form an X are placed syniiaetrically on tno smooth pegs in the sanio bonzoutal 
line, the distance between which is b. Show that, if the beams be perpendicular to 
each other at the commencement of the motion, the velocity of their centre of 

gravity, when in the line joining the pegs, is equal to . /rj — frj • irbere i is tha 

radius of gyration of either beam about a line perpendionlai to it throngh iti 
centre of gravity. 

. Ex. i. A uniform rod is moving on a horizontal table about one extremity, 

' and driving before it a particle of mass equal to its own, which titarte from test 
indefioitely near to the Jiied extremity; ehow that, when tlie partiole has described 
a distance r along the rod, its direction of motion makes with tlie rod an angle 



Ex. 5. A thin uniform smooth tuho is balancing horizontally about its middle 
point, which is fixed; a uniform rod such as juHt to lit the base of the tube is placed 
end (o end in u line with the tube, and then shot into it with such a horizontal 
i/vetouity that its middle point shall only just reach that of the tube ; supposing the 
velocity of projection to be known, Gnd the angular velocity of the tube and rod at 
the moment of the coincidence of theit middle points. [Math. Tripos.] 

Result. If m be the mass of the rod, m' that of the tube, and 9a, 2a' their 
respective lengths, v the velocity of the rod's projection, u the required angular 
velocity, then <J= - -^- , ,,. 

Ex. G. If an elastio string, whose natural length is that of a uuirorm rod, be 
attached to the rod at both ends and suspended by the middle point, prove by meana 
of via viva that tlie rod will sink until the atriuRs arc inclined to the horinon at an 



angle 0, which satiBfies the eqantioD cot' - - cot ^ - iin - 0, where the U 
string, whcD etretcbed to double its length, is n times the weight. [Math. Tiipoe.] 
Ei. 7. The centre C of a circular wheel is Gxeil and the rim is oonatrained to 
roll in u uniform manu<>r on a perfect); rough horizontal plane so that the jilaoe of 
tho wheel makes a oonstant angle a with the vertical. Round the circumference 
there is a uniform smooth cnnal of very small section, and a heavy particle which 
just Gt« the canal can slide freely along It under the action of gravity. If m be the 
particle, B the point where the wheel touches the plane, and 6 = i.BCin, and if ti be 
the angular rate at which B describes the circular trace on the horizontal plsoft, _ 



prove that 
the wheel 



m^ 



e'e + Donst., where a is the rodint « 



lalea de Gergonnt, Tome ii 



Ei. 8. A regular homogeneons prtEm, whose normal Ecction is a regular polygcoi I 
of n sides, the radius of the circumscribing circle being a. rolls down a perfectly 1 
rough inclined plane whose inclination to the horizon is a. If u, be the angulBrV 
velooit.v juat before the n"' edge becomes the inatantaneoas axis, then 






367. 



The Principle of Similitude. 
What are the conditions necessary that two syBtemsJ 



of particles which are initifitly geometrically similar should alsoj 
be racchanically similar, t.e. that the relative positions of th»i^ 
particles in one system after a time ( should always be simil 
to the relative positions in the other system after another time fM 
such that t' beiu? to t a constant ratio ? 

lu other words, a model is made of a machine, and is found to 1 
work satisfactorily, what are the conditions that a machine made J 
according to the model should work as satisfactorily ? 

The principle of similitude was first enunciated by Newton la J 
Prop. 32, Sect. vii. of the second book of the Principia. But the-1 
demonstration has been very much improved bij- M. Bertrand in 
CaJiier itsc^i. of the Journal de l'4cole Polytechnique. He derives 
the theorem from the principle of virtual work so as to avoid 
that necessity of considering the unknown reactions which enters 
into some other modes of proof Since all the equations of 
motion may be deduced from the general principle of virtual 
work, that principle seems to afford the simplest method of 
investigating any general theorem in Dynamics. 

368. Let (ar, y, z) be the co-oiiiinateB of any particle of n 
m iu one systom referred to any rectangular axes fixed in space, 1 
and let {X, Y, Z) be the resolved part of the impressed viovirtg 1 



ART. 369.] PRINCIPLE OF SIMILITUDE. SOI 

foi-ccs on that particle. Let accented letters refer to coiTespondiug 
r[ua!itities in the other system. 

Then the principle of virtua,! work supplies the two following 
eq nation H : 

2 1(A' -mi-)S.r +&C.J =0. 

S [(.V -»/£'■) 8.,/ + &c.j = 0. 

It is evident that one of these equations will be changed into 
the other if we put X' = FX, V ^ FY, Sic, .c' = Lc, i/ = ly, &c., 
m' = fim, &c., t'=^Tt, &c., where F, I, ft, r are nil ooiwtants, pro- 
vided that ul = Fri In two geometrically siniilai' systems we have 
but oue I'atio of similarity, viz. that of the linear dinionsious, but 
in two mechanically similar systems we have three other ratios, 
viz. that of the mn.ssca of the pai-ticlcs, that of the forces which 
act oil them, and that of the times at which the systems are to 
be compai'ed. It is cleai' that, if the relation just established 
hold between these four i-atios of .similitude, the motions of the 
two systems wilt be similar. 

.Siippi>se then that the two systems are initially geometrically 
similar, that the maBsos of coiTesponding pirticles are pi-opor- 
tional each to each, and that they begin to move in parallel 
directions with like motions and in proptjrtional times, then they 
will continue to move with like motions am] in proportional times 
provided the external moving force.'i in either system are prtjpor- 
, , niiiss X linear dimensions o- .i < ■ ■ -.- 

tional to r-—^ — ■ Smce the resolved velocities 

(time)^ 

of any particle are -rr , &c., it is clear that in two similar systems 

the velocities of corresponding [joints at corresponding times are 

, . linear dimensions ,~ i- ■ 4. ,. 

proportional to : . It we eliminate the time 

^ '^ time 

between these two relations, we may state, brieliy, that the con- 
<lition of similitude between two systems is that the moving forces 
, . . mass X (velocitv)- 

miist be proportional to ,-^— - .. ■ —_ 

' ' linear dimensions 

369. On ModeU. M. Berti-and remai-ks that, in comparing 
the woi-kiog of a model with that of a large machine, we must 
take cai'e that all the forces beai' their proper ratios. The weights 
of the several parts will vary as their masses. Hence we infer 
that the velocity of working the model must be made to be pro- 
portional to the square root of itw linear dinicnsionB. The times 
of describing corresponding arcs will also be in the same ratio. 

When the speeds of working the model and the large machine 
are thus related it is convenient to apply lu them the tei'ins 
" correspondiiiij velocities'' 



If there be any forces besides gravity which act on the model^ 
these mtist bear the same ratio to the corresponding forces in tha J 
niachine, if the model is to be Bimilar to the machine. If the 
model be made of the same material aa the machine, the weights 
of the several parts will vary as the cubes of the linear dimensions. 
Hence the impressed forces must be made to vary as the cubea i 
of the linear dimensions. For eitample, in the case of a model o* " 
a steam-engine, the pressure of the steam on the piston variflfi 
as the product of the area of the piston into the elastic fore 
Hence, the elastic force of the steam used must be proportior 
to the linear dimensions of the model. 

Supposing the impressed forces in the two systems to have, 
each to each, the proper ratio, the mutual reactions between the 
parts of the systems will, of themselves, assume the same ratio. 
For if, by giving proper displacements accordiug to the principle 
of virtual work, we fonn equations of motion to find these 
reactions, it is easy to see that they will be, each to each. In 
the same ratio as the forces. Since sliding friction vai-ies as the 
normal pressure, and is independent of the areas in contact, these 
frictions will bear their proper ratio iu the model and machina 
This, however, b not the case with rolling friction. Recurring 
to Ai't 164, we see that the rolling friction varies inversely as 
the diameter of the wheel, and therefore bears a greater ratio 
to the other forces in the model than it does in the machine. If 
the resistance of the air be proportional to the product of the 
area exposed nnd the square of the velocity, the resistances will 
bear the proper ratio in the model and the machine. 

3TD. Bxamplaa. As an example, let lu apply the principle to the case of a I 
rigid bod; oscillating about a fixed axis aoder the action of gravity. That Iba 
molionR of two pendulums may be similAr they must describe equal anglai, 
correBponding Cimes are therefore proportional to the times of owillfttion. Sinoe 
the forcea Toiy M the mass into gravity, we see tiut when a pendulum oaoillates 
through n given ftngle. the B(|aare □( the time of oscillation mast vary u the ratio 
of the linear dimensiona to gravity. 

As ft Beoond example consider the case of a particle describing an orbit n 
a centre of attraction whose force is equal to the product of the inverse aqnare at I 
the distance and some constant li. The principle at once shown that the square at ] 
the periodic time must vary aa the cube of the distance directly, and as fi. invei«el]'. 
ThiR is Kepler's third law. 

In Mr Fronde's experiments to determine the resistance to ships he employed 1 
small models. The following rule need by him will be a third example. IT tha J 
linear dimensions of a ship be ii times those of the model, and if at n speed F tlw ] 
measured resistance to the model be It, then at the oonespondini: speed, vis., n' V, . 
the reaiatancB to the ship will be n'Ji. 

Ex. Experiments are to be made on the deftection of a bridge 60 feet long J 
and weighing 100 tons, when an engine weighing 20 tons passes with n velocity of Tl 
40 miles per hour, by means of a model bridge S feet long and weighing 100 o>. f 
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Find the weight of the model engine, Hud if the niiidel liridge be of sueh stitTneaa 
that its statical central dcHeetion under (lie model cnij;ine be onc-t^nth of the statical 
central <lcfl<>ction of tlie bridge due to the engine, shuw that the velocity of the model 
engina must ho 18-55 feel per aecond. [Coll. Exwn.] 

371. SsTart'i Tbeorsiii. In the twunty- ninth volume of the Annales de 
Chiiaii^ {Pari^, 1M23| Savart dFrscribes niimeroiiB experiments which he made on the 
notes sounded by Eiiiiilai vessels containing aiv. He says that if we conHtruct 
cubical boxes and set the air in motion, aa is ordinatily done in organ yipea, we find 
that the namber of vibrations in a given time is proportional to the teciiu'ocals of 
the linear dinienniona of the roasaea of air. This law was verified between extreme 
limita. and its truth tested over many notes. He says that he frequently used 
the law during his researches, and never once found that it led hini wrong. This 
result having been obtained for cubes, it waa natural to examine whether the same 
law held for ptiematie tubes on square banefi. After numeroUB experiments he 
found the same law to be true. 

He then tested the law with conical pipes in which the opcnin;; was alwaya 
of the same solid angle, then with cylindrical pipea, then with pipes whose bases 
were ec[nilaternl triangles. These he made t" sound in different ways, putting 
the month-piece tor iuslance at different points of tho lenKtli of the tube. In 
all cases the aamo law was found to bold, for tubeH whonp diameters were very 
small compared with their lengths as well na for those whose diameters were very 
great. This law he again found applicable to mBssea of air net in motion by com- 
mnnicatiou from other vibrating bodies. Hence he inferred the following funeral 
law, which he enunciated as an experimental fact. 

When masses of air are contained in two similar vessels, the number of vibra. 
tiona in a given time li.e. the pitch of tho note sounded] is inversely proiiortional 
to the linear dimensions of the vessel. 

Tlus theorem otSavnrt's follows at once from the principle of siinilaiity. Divide 
the eiinilac vesaets into corresponding elements, then the motion-; of these elements 

law the force between two elements vaties as the product of tlie area of conlart 
into the density. Hence the Limes of oacillation of coiTesponding particles of air 
must vary as the linear dimensiona of the vessel. 

372, The first person who save a theoretical explanation of Savart's law was 
Cauchy, who showed, ia a Mrmuire presented to the Academy of Sciences in 1839, 
that it followed from the linearity of the eiiuations of motion. He refers to the 
general equations of motion of an elastic body whose pai'ticles are but slightly dis- 
placed even Ihougli the elasticity is different in diilerent directions. Theai.' equa- 
tions, which serve to determine the displacements (^, >r, f) of a particle in terms of 
the time t and the co.ordinatca (.r, ij, :), are of two kinds. One appliettto nil points 
of the interior of the elastic body and the other to nil points on its surface. These 
are to be found in all treatisi;a on elasticity. An inspection ol the equations showa 
that they will continue to exist if we replace f, ij, f, j;, <j, 1. 1 by «t, jcij, itf, kj-, ny, «, «(, 
where ■ is any constant, provided tliat we alter the accelerating forces In the ratio it 
to 1. Hence if the accelerating forces are zero, it Is sufficient to increase the 
dimcnBions of the elastic body and the Inlilul values of the displaoemeuts in the 
ratio 1 to I, in order that the general values of f . ij, i; and the durations of the 
vibrations may vary in the same ratio. Hence we deduce Cauchy'a eiteasion of 



will be similar each to each if the forces vary as - i — ^ — '. Butby Marriotte's 



[chap. 1 

SaTkrt's law, tie,, if vre roeaeare tbe pitch at the Dote given b; a bod?, a plate or 
an elaatio rod, b; the Dumber of vibratioug prodaoed in a unit of time, the piUh 
will Tar; inTersely aa tbe linear dimeDaiona of the body, plate, or rod, aappouog tli I 
ita dimenitiona altered iu 

373. Theory of Dlmentloni. These results may be also] 
deduced fVoni the theory of dimensions. Following the notation I 

of Art. 332, a force F is measured by vi -j- ■ . We may then state I 

the general principle, that all dynamical equations must be sucli'l 
that the dimensions of terms added together are the same in 1 
space, time and mass, the dimensions of force being taken to be'] 
mass . space 
"(tiine^ ' 

Let us apply this to the case of a dmple pendulum of length (.1 
oecillating through a given angle a, under the action of gravi^. I 
Let m be the mass of the particle, F the moving force of gravitj^-^ 
then the time t of oscillation can be a function of F, t, m aoaA 
a only. Let this function be expanded in a series of powers of a 
F, I and m. Thus 

T = 'S.AFH''mr, 
where A, being a function of a only, is a number. Sin 
of no dimensions in space, we have p + q = 0. Also t is of one 
dimension in time ; .■. — 2p = 1. Finally t is of no dimensions in 
mass ; .: p + r^ 0. Hence p = — i, 9 = ''=ii and since p, o, r 
have each only one value, there is but one term in the senea 

We infer that in any simple pendulum t = A kI -^ where A ia 
an undetermined number. See also Art. 370. 

STl. Ei. 1. A particle moTes from rest towarda a centre of force, whose attrao- 
Cion vari<jB as the diatance, in a mediom reaiating aa the Telooitj, ahow by the 
theor; of dimenaions that the time of teaobiug the centre of force ia independent 
of the initial position of the particle. 

Ex. 2. A particle movea from rest in Taeno tovards a centre of foroe whose 
aCtTBOtion Tariea inveraely as the n"' power ot tbe distance, show that the time of 
reaching the centre of force Ti 
particle. 



ta the — ri— th power of the initial distance of ti 



Clausius' theory of stationary motion. 

37S. To determine the mean vit viva of a n/item of material point! ia itaiU 
loHon. ClaueiuB, Phil. Mag., Augutt, 1970. 
By atationary motion ia meant any motion in which the pointn do not oontin 

original position, and the TelociticB do not'i 
tion, but the points moTe within a limilod | 
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Hpace and the vf locitief ouly fluctuate \i'it1iin crrtam lijtiitR. Of tliin nature are nil 
periodic motioDH. such bh those of tli<: planets about tlie xun, aud tlie vibratioua of 
elastic bodies, and further, suuh irregular inotionB as are attributnl to the utama 
and luolecules of a Iindj' in oidi^r to eiplaln its licat. 

Let r, y, i be the ca-ordinalea of any particle in the system and let its matia 
be III. Let X, Y, Z be the components of the forces on tliiB particle. Then 

wi -Tm — ^- We have by cimple different in lion. 

andthcrefore Crfi) ~ "9'''"^'''"t'~77' 

Let this eijuatioD be integrated with regard to the time from to ( and lut the 

integral he divided by (, we thereby obtain 

in wbith the application of the sntlii zero to any quantity implicH that the initial 
value ot tliat i|uanlity is to be taken. 

Tlte left-hand side of this equation and the first lemi on the right hand side nre 
evidently the uieau values of — ( - j and - - j-.V during the time I. I'or a periodic 
motion the duration of a period uiay be taken for tbu time ( ; but for irre);ular 
rootionEi (nud if we please for periodic ones also) \vu have only to consider that the 
time I. in proportion to the limes durin« which the point movea in the same direc- 
tion in reapect of any one of the directions of oo-ordinalcH, is very great, so that in 
tiie course of the time ( many changes of motion have taken place, and the above 
expressions of the mean values have beconje sufficiently constant. The last term 
of the equation, which has its factor included in square brackets, becomes, when 
the time is periodic, eiiual to zero at the end of each period. When the motion is 
not periodic, but ircei^larly -varying, the factor In braebets does not so regularly 
become Kero, yel its value cannot onntinually increase with the time, but can only 
Huetuate witliin certain limits; nnd the divisor I. by which the term is affi-cted, 
niimt accordingly cause the term to become vtmishingly small for very great values 
of I. The same reasoning will apply to the niufious parallel to the other eo-ordiualcs. 
Hence adding together our results for each particle, we have, if r be the velocity of 
the particle »;, 

mem, I J:„i,-. = - mean .^ - (.V^+ 1-,/ + ;;r). 

llie mean value of the e,ipresBiou-^2(.Vj-+ Yif + zi;) has been called by Clausins 
the ri'ff'i' of the system. His theorem may therefore be stated thus. Ilie mean ifmi- 

37lj. To apply this theorem to the kinetic theory of heal we premise that every 
body is to be regarded as a system of particles in motion. So far as this proposition 
is concerned, the particles may describe [laths of any kind, and any particle may 
pass as close aa we please to another. But, as no account of impacts has hrri- 
been considered, we must either suppose the particles to be restrained from actual 
contact by strong repulsive forces at close qiuirlers, oi (which amount!, to the same 




VIS VIVA. 

thing) mppose the particles to be perfectly elastic. &o that the total 
nnaJteted bj the impacts. 

The foroet which act on the ayilem ooonit in gener^ of two parts. In the 
Srrt phux, the elements of the body eiert on each other attractive or lepolaiTe 
fbnMB, and, secondly, forces may act on the system from urithoat. The virial will 
therefore eoDSist of two parts, nhiob are called the iidemai and e-ztemat virialt. It 
has jDst been shown that the meaa laai-vit viva it tijual to the ran u/ Ihett Uto 

If (r) be th« law of repalejon between two particles whose masses are m and m'. 



e have Xx+X'.r'- - 



>(r)- 



■Plr] 



y^^{rr — '. And. aJDce forihe 



two other co-ordinates corresponding equations may he tbrmed, we have for die 
internal virial - iXiXx+Yij + Zi)^ -Hr<p{r). 

Let the volume be iaoren&ed, the Rjslem remaining similar to itself. Every r ia 
now increaaul bo that Jr = pr, where p in an infinitely small quantity. If IT be the 
work of the internal tepul-ions, we have illl' = ^{r)fir. If r be the volume of the 
body. dr=3^r. Hence - 2Jr* (!•)=- JF -rp . This aupplies another expression 
for the internal virial, if we uDdfrBtnud W to represent the mfim work. 

Aa to the external forces, in the case most frequently to be considered the 
body U acted on by a uniform presBure normal to the BorfHoe. If p be this pres- 
sure, da an element of the anrface, / the coiine of the angle the normal makes with 
the axis of 2, -^2.Vi = | Cxplda^^ ffalt/dz. If K be the volume of the body 

this ia g^pV, and therefore the whole external virial is'^ jil'. I 

Let as suppose that a gas in oorapoeed of particles (such an thaae here described) 
Gftoh in motion, but not acting on each other, and equally distributed throughout 
the containing vexsel. II follows from this proposition that ^£1111'' = ipF. 
the resulting continuous pressun; p produced by their impacts 1 
Burfaoe, when referred to a unit of area, is equal t( 
partiolee which occupy any unit of volume. 

The reader who ia interested in these matters in referred to Applieatiotit of 
dynamtM 1ophij%i(ii and cktmittry by Prof. J. J. Thomson, 188B. 

Ex. 1. Show that the virial of a syfltem of forces is independent of the origin 
and the directions of the axes, supposed rcctangalar. 

The first result is clear, since in slationary motion 2.V=0, die. Tlie second 
follows from the equality ,Vx + Yy + Zt = Up, where R is the resultant of A', I', Z. and 
p is the projection of the radius vector on the direction of P. 

Ex. 2. For a free system of particles moving under the influence of their mutual 
attractions only, where the force (undion t? is a homogeneous function of degree n, 
prove the equation 

iP 

5-j (ZiiiB") = a (n -I- 2) (7-i- constant, 

where ill, R,, '-' are the distances of the particles in,, ni,, ... from the common centre 

of gnvity. If the law of attraction be the inverse cube of the distnnce, prove that 

r«i«' = J 4-7ii + C('. [June Exam.] 



1 the containing 
e-third of the vis viva of the 




Gen-eral Theorems on Impulses. 

377. Oenerol equation of virtual work. Let (a;, y, 2) 

be the co-oi-diuatea of any particle m, and {X, F. Z) the resolved 
parts in the direcbions oi' the axes of the impulHea which act oa 
that particle. Let (m, u, w), (u\ v', vi') be the resolved parts of 
the velocity of the particle in the same directions just before and 
just after the impulse. 

The momenta m (w' — u), m (1/ - v), m (w' — w) being reversed 
for every particle, will be in equilibrium with the impulsive forcea 
Hence by the principle of virtual work we have 
Sm Km' - ") Sw + [v - r) 8y + («/ - v)) Sz] = S (X&r + YSy + ZBz), 
where &c, Sy, Ss are any small arbitrary displacements of the 
particle m consistent with the geometrical conditions of the 
system. 

This is the general equation of virtual work, and it will be 
Been further on that the subsequent motion of the system may 
be deduced from it. At present we are only concerned with sucn 
general properties of the motion as may he deduced from this 
eijuation by a proper choice of the arbitrary displaeement. 

378. Camot'i flrit theorem. Let us fii-st suppose that 
the only impulsive forces are those produced by the actions and 
reactions of the bodies forming the system. (For example, two 
bodies may impinge on each other, or two points may be suddeoly 
connected together by an inelastic string.) Then these mutual 
actions and reactions are in e<{uilibrium, and the sum of their 
virtual works is zero for all displacements which do not 
alter the distance apart of the particles acting on each other. 
Suppose the bodies impinging to be inelnstic, then jiist ajier the 
impact the points of the two bodies which impinge nave no 
velocity of separation normal to the common surface of the bodies. 
If therefore we take as our arbitrary displacement the actual 
displacement of the system during the time dt just after the 
impact, the sum of the virtual works of the impulses will be 
zero. Hence, writing Bx=u'St, 8^ = t/8(, Sz = w'&t, we have 

Sfli |(h' - (() »' + (1/ - wW + («)' - w) w'l = 0. 
This gives us 

Sm (w'' + 11'' + «/') = %m (uu' + m' + imu') 
which may be put into the form 

S«i (m'' + v'' + «/') - Sm {u» + «= + W) 

= - im !(«' - w)' + {v' -vy + (v/- wy\. 

Therefore in the impact of inelastic bodies via viva is atwni/s In 
This in the first pai-t of Carnot's general Theorem, 



if. 

i 



■379. aeneraUzation of Camot's theorem. It should 
noticed that Oarnot'a demon at rati rni applies not exclusively 
collisions but to all impulses which do not appear in the equation 
of virtual work as applied to the subsequent displacement. Let 
a system be moving in any way, and let us suddenly introduce 
some new restraints by which some of the particles are compeU) 
to take new courses. The impulses which produce this cnai 
of motion are of the nature of reactions, and are such that in 
subsequent motion their virtual works are zero. It therefo 
follows that vis viva is lost and that the amount of vis viva 
is equal to the vis viva of the relative motion. This is someti 
called Bertrand's Theorem. 

380. Camot'i second theorem. Let us next suppose that 
an explosion takes place in any body of the system, Tnen, jvst 
before tJie impulse, any two particles about to sepaiate are moving 
so that the virtual works of their mutual actions aae equal ana 
opposite, but just after the explosion this may not be the case, 
Hence we now put &c = y&t, &y = vht, hz = w6( and we have from 
the equation of virtual moments 

"Zm [(«' — ii) u + (f' — ti) w + (u/ ~ tv) w] = 
This may be put into the form 

2m (m'' + v'' + w'') - Swi (M' + «" + w') 

= Sm [(«' - u)' + (*■' - vY + {w' - wf]. 
Therefore in cases of earplosiou vis viva is always gained. Thia 
the second part of Camot's Theorem. 

381. Thirdly, let the bodies of the system be perfectly 
If two elastic bodies unpinge, the whole action consists of two parte, 
a force of compression as if the bodies were inelastic, and a force 
of restitution of the nature of an explosion. The circumstances 
of these two forces are equal and opposite to each othei'. Hence 
the vis viva lost in compression is exactly balanced by the via 
viva gained in the restitution. This is the last part of Caruot'e 
Theorem. 

382. Three forms of the equation of virtual work. 

Let us now resume the general equation of virtual work foi- a 
system in motion acted on by any impulses. We have already 
seen that there are two displacements, either of which we may 
with advantage choose as our ai'bitrary displacement. One of 
these coincides with the motion just before, and the other with 
the motion just after, the action of the impulses. These equatiw 
may be written 

t7n{(u'-u)u +(v'-v)v +(,w'-w)vi] = t{Xu +7v+Z 
Sm [(,/ _„)»' + («'- V) I'' + (w' - w) w-\ = S {X>,- + )V + Z 
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But besides theac there ia a great variety of motions which 
arc geomctripaily possible. Let {ii", v", w") be the ccunpuneiita 
of the velocity of the typical pai-ticlc vi for any oni' of those 
possible motions. Then wo may write S-c = ii"^t, Bi/ = v"Bt, 5c = >u"Sl, 
and we obtain 

tm {(,>' - II) "" -+{u-v) o" + (w' ~ w) w"[ = 2 (A'"" + Vir + Zw"). 
This t;i|uatioii of cour.'if includes the tw'i former as special catiea. 

This possible motion might have been produced from the initial 
state by the application of proper impulses. Let these be repre- 
sented by X'. Y\ Z'. Then with these fuiws the state ( 'i'\ !•". w") 
becomes the actual subsei]niiil ruelieii, nnd mii- Cinn^T snbsei|iicnt 
motion becomes a mere vaiiutinn from thi>. Thus we may wntc 
down three more cpiaticius, obtained from these by interchanging 
(((', i>: »•') with (»■', ('■', m") and (A', Y, Z) with (Z', 1", Z'). 

By comparing these eijuatioiiB we may deduce se\'eral gcnei'al 
thcoi-ems. In order to avoid a great deal of anidytical reasoning 
we shall adopt a .simple notation. 

3S3. Vis Viva of the Relative Motion. Let iT be the 
initial vis viva of the sy-l' m !.■ r -7" '>■ I'l. ■. i-. viva ailer the 
application of a set of im|ii;! ■ ■ ■■■ ■ ;_:iiate as the set 

J, and lei (he resulting iJi"' ■■iiii.4. Let 27'" 

be the vis viva of any ijii>-iIj!'- \.lii,lli-u .■: ilu.- motion which 
we shall call the motion H, and let tiie loieea which pi-oJuce it 
be called the forces B. We shall want to use also the vis viva of 
the relative motion of any two of these. Thus, taking the two fii-st 
and e.'(pivssing the vis vivaof the relative motion by 2fl„|, we have 

•2R., 



:-i>i [w - 


uf -^ {V - vf + Uo' - ii-?\ 


2T' + 2T- 


- 2SHi(im'+cu'+my'), 


ill' + t<i)' + 


im')^T+T~li..,. 


Ihe vires 


viva- of the other relative niotiuiis R,,, 


("'/'■ -V i-v" 


+ iiw" ) = T + r-- R.„, 


iii'ii" +v'v' 


■+,eV') = r + r'-fi„. 


wis of the 


7"s nn the right-hand side find the 


:;i iiTespond 


in all thiee eipiations to the accents 



Thus the act 
suffixes of the R' 
on the left-hand sids 

The three eipiations deduced from the principle of virtual work 
in Art. 382 may therefore be written 

T' - T — R^,, = vir. wk. of forces A in initial motion, 

T' - T+ R.„ = vir. wk. of forces A in motion A, 

T -T - R,, + Ii,., = vir. wk. of forces A in motion B, 



where the divisor dt oo the right-haiid aide has been dropped f^M 
the sake oF brevlt}'. Or we may any that the right-haiia ^(^H 
express the rates at which the forces A are doing work in tEM 
respective motiona Or acain. the right-hand sides express t^H 
sums of the products obtained by niiiltiplying each force by tli^| 
velocity of its point of application resolved in the direction of tfa^f 
force, for the particulai" motion concerned. ^| 

384. Change of tIh viva due to Impuliei, If we add tllfl 

first two equations together we see that /{,„ disappears, and thus 1N^| 
are led to the theorem ; If any impulses act on a system in motUl^M 
the change in the semi ms mva is equal to the svm of tlie produe^M 
obtained by multiplying each impulse by the mean of the velocit^M 
of its point of application just bejvre and just after t3ie impvl^g^ 
both velocities being resolved in the dhtction of the impulse. ■ 

This theorem and the next may be simply proved by respet^^ 
tively adding and subtracting the nrst two eijiiations of Ai-t. 38lB 
This differs from the proof just given only in not using so maiqfl 
symbols. A different proof for the case of a single body has be^fl 
given in Art. 346. 'fl 

385. Vii Viva of the Relative Motion. If we subtmal 

one equation from the other we are led to the theorem ; If owjjB 
impulses act on a system in motion, the semi vis viva of Uie reUiiiifm 
motion is equal to the sum of the products obtained by midtiplyi^U 
each impulse by half the excess of the resolved velocity of its pou^l 
of application just after, over that jvst before, tlie impulse, Ixi^H 
velocities being resolved in the direction of the impuise. S 

386. Lot us now consider the third equation in Art. 38Sfl 
and let us choose the hypothetical motion B so that the virtual 
work of the forces A may in it be the same as in the actutfl 
motion. Then we have ^B 

R„=R„ + R,,. m 

Therefore, if any impulsive forces act on a sijsteiu in iiiotion, fAfl 
vis viva of the relative motion is less than if the particles took aitjfl 
otiier motion fur which tite viHual work of tliese impulses n-as tMn 
same. Of couree this hypothetical motion must be consistentj 
with the geometrical conditions of the HyBtcm. j| 

387. Sir W. Thomson's Theorem. If the system starfl 
from rest we have T = 0, H, - '/", «„, = 7"', and thus we obtaiM 
T" =T' + K„. This gives us Sir W. Thomson's theorem. guppoM 
a system to he at rest and to be set in Motion by jej-ks or impula^M 
at given points so that tlie motions of these points are prescribe^M 
then tlie vis viva of the subsequent motvm is less than that of aq^| 
otiier hypothetical motion the system can take i" inhich these potH^J 
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liiire the preso'ihed inotiu)). By prpscviliiMf:; the itiotioti of the 
puiiita (jf appliratioii of ihi' impulses (I'.e. the fui-ces called A in 
the fiinda mental erniations iif Art, 3S3) wi; secure the foot that 
their virtual work is the samo for ail hypothetical displace iiiei its 
of the system. Natiind P/it7osq/)/(y, by Thomson and Tait, Art. 312. 
By the iise of this pi-opositii>n the actual niotiou may be 
I'liund bv the application ^f the ordinary pi'occsses for maxima 
and minim:!. 

:iSS. Bertrand's Theorem. We may write down tlie ei|iia- 
tioiis for the motion B eorrespi mding to those given in Art. 38;} 
for the motion A. Tiiey are 

'f' — T— B,a = vir. ivk. of forces B in initial motion, 
'/"' — 7'-f li.,., - vir. wk. uf forces B in motion B, 
'}'" — T— Bi.+ W,„ = vir. wk. of foi'ces B in motion A, 
where the divisor dl has been "initted as before. 

(."ompiirinf; the second of these with the last of the three given 
iii Art. '-iH'-i we see that, if we ehoo.'ie the hypothetical motion B 
so thai Ihe ri^dU-hanil sides of the two equatiims are the .same, 
we have 

Ill order that the right-hand .'-ides may be eipial we may suppose 
the motion B to diffi r rrum the mntifii .1 nu\y l>_v ihe introdnetion 
of -some couatriiint.-., %■■ that the forces /( diHii from the forces A 
oidy by some reactions Mlmsr virtual wmks are zero in the 
motion B. 

We thus arrive at a theorem uf Lagiange geuoi-alized Krst by 
Delaunay (Liouviile'.s Juhi-ikiI. \'A. v.) and afterwaids by Bertraiid 
in his notes to the Meaiuhjiie Aiialyti'jue. Snppme a s_'/.4C)n in 
iiLtiti'iii to be acted i/n bi/ nnij iiiijwlsen. then the vis rim uf the 
Si'f/s&j'ieiit motion is rfrenler than if the system ".'ere ■•<"hjectcd to 
anij coHstrniids uud acted on b;/ the snnie imji'dses. See Art. 37JI. 

Comparing Sii' VV. Thomson's and Bertrand's theoi'eins we 

peiieiw that, when the tnntlons i.f the ^Joints of application of 

\\i- i.ii|iiiSi - .II. 'j/r- ' :i iIm -iilKii|nent motion may be found by 
111 ' I' .: ■ i I'lit, when the impulses are given, 

il , ■ ■ :i.i I. I" i.'innl by introducing some con- 

i{S9. Imparfoctly alaatlc and rough bodlsa. When two 1)ciliea at an 
itnperCectlf I'Lkstii: atid toukIi t<yuttm im(imKe un each other, mv iiin.y deduce from 
the ecjuBticins uf Art. 3tl'2 Home extensions of Cnrnat'ti theorems. 

Let {iiiir) {a'r'ic')in"v"ir") be tin.' rusolveil velocilien of a purtiple Jii just before 
the impact beeinii, at the moiaeat of greatest compression, «ud juat after the con- 



oloaion of the impact. Let the yia viva of the eyatem at any one ot these epochs b6 
repreieiited by one of the aymbolB 2T, 27", 2'r. Let the via viva ot the relatiTs 
motion at any two of these epochs be represented by tt^i. S„. Ii„. 

I/the bodici impinging are perfictUj imooth we Lave by the eiune reasoning ftR il 
Alt. 879 and 380 

2m I(u'-m) "■ + &:.] =0 (1), 

Zm|(a"-u)u'+fto.!=0 (8). 

Sinee the whole impulse between the two budies bears to the impolae up to tb 
moment of greatest compression the ratio 1 + r : 1 we may dcdace from Art. SS3 thv I 
two following equations 

2in((ir-u)K + *o.l = (l + e)2;'nl(«' -«)"+*<!.! (8), - 

2m!(u"-ii)«" + Ao.i = (l + f)2mi(u'-H)ii"-H4c.; (l). 

The left-hand side of either of these eqnations, after maltiplicatjan by iff, is cqoal 
to the virtual work of the whole impulse, and the sDmiDation on the right-hand 
side, after multiplication by dt, is equal to the virtual work of the impolM 
of compression. These are taken for the same displacement and are therefore a. 
the ratio I+r;!- lu the first equation the displaoement chosen is the Mtual 
diapIaeemeDt just befori.' impact. In the second eqaatiou the displaoement chosen 
is that just after impact. These are both consistent with the geometrical 
conditions. 

Tlie above four equations may be conveniently expressed in the forma 

(5). 



T-T= 



T'-T^Ra (6), 

r'-r<l+«)+er=JZ„-(l-l.e)B„ (7), 

r'-r(l + e) + er=rB„,-(l+«)K„ (8). 

If we eliminate the S'b from these eqnations, we find 

T'- r= -e'{r-r) (9), 

thus the gain of vii riva doe to reilitulioa or eiplvaion ji e' into tht kxi nf eit vie* I 
due to compreitioH. 

If we eUmiaatu the Tb. we find 

fio.=CiTo» = 5' <**>■ 

If we eliminate T, S„„ Jf,.j, we find 

T"-2 = -\^E„ (U). ■ 

whioh may be regarded as an extension of Caniot'a third theorem in Art. 881. 

Siippoit next that the bodiei impingiiiii tiTe roiigli, and slide on each other during I 
the whole impact, the friction actinR always in the same direction. The &iotion ^ 
now bears a constant ratio to the normal pressure throughout the impact. The 1 
cqaations (3) and (4) hold as before. The separatv equations (1) and (2) no longer | 
hold, but instead we may form the single equation 

Sm{(u"-u)u'-)-4o.l = (l-K)Sn !(«'-«) »'+*o-) i^^' 

by the same reasoning as in eqnations (3) and (4). The equation (13) nuf W'J 
expressed in the form 

r'-r{l + e) + tT=R.,3 + eRn (18). 
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""'-(1+0= e'" Ml + O 

We may deduce From these equatiotia the foUowini; theorem, men nnc boili/ nf 
a mjitem impintics on tiiiotln-r, ihe. thri-e ntndia of malion [viz. that jiat be/on, that 
jtt»t iiflir, and thai nl the ninmeiit of urealct eompreuiim) are no reUiled that tlie 
v!x vim of the relalire mnti,<n of uiiij Jicn benrx (o the ciV vira of the relntive violiou 
nf amj otlifr Iipo a ratio uilih-h depettdt only oii the coegicUnt nf elasticity. 

Let us suppoae a aystpm to be acted on hy an impnlBive foree whose direction 
in spitei^ remains nnchnngeil daring its time of action. A theorem similar to timt 
jiiHtennllciBited applies to any three epochs in the time of action of this impulse, 
provided tliese cpochii iire such that the whole impnlae exerted in the interval fran) 
the fiist epoch to the Eieoond bears n known ratio (saj 1 : c) to the whole impulse 
exerted in the interval from the second to the third. 

KopreHenting the viics rine of the system at the three epocha by 2T, IT, 27" oa 
before. a,nd the vires vir;e of the relative motions by SJig,, 3^^1:1 ^^^''1^1 »'f notice 
(hat the eqiialiona (3), (I) and (12J apply to the motions of the system at the three 
epochs. The eiiuation (li) will therefoie ^yiv the same relatione as before between 
the sis quantities T, T\ T", /?„,, Jv, I',... 

We me.y obtain an easy proof of this theorem by combining l.he reslilta of Arts. 
HS:>. -iM ivith Ai-t. 313. Let X be an impuUc, and let Die axis of j be taken 
parallel to itii direction. By Art. .^tHo the via viva of the relative motion before and 
after the impulse is proportional to A* (11' - u). Bui, by Art. 31U, n' - 11 is a linear 
function of .V. and vnnishes with .V. It is therefore proponiuntil to .V. The vis 
riva of the relative motion is therefore proportional to A'-'. It imniBiiiately loUoivs 
that Jf„,.«,H.i.',; are iiroportional to 1, (1 + !■)%«'■ 

The lemaininy part of the theorem follows (loni Art 381!. Lcliinj; .V now 
rcprcfient the impulse from the first to the second epoch, we have 

T'-r=iA-K+H). r'-r=§XeK+iO- 

II easily Ialla^s'K that 

r"-7"-e(T'-T) = lA\'(»"-i.). 

Since the tight-han-i side of thia ei|uatioti is J;,yr-/(1 fc), by Art. 3H.5, the 
remaining part of eiitiation (14) has been proved. 

When two elastic aystema impinge on each other, the theorems contained in 
equation (14} are true for the impulse on each system. They therefore follow by 
simple addition for the two impinging Bystems ragirded as one. 

Examples. Tu nndei'sland thest two principles properly we should examine 
their apiilicatiou to some simple tases of motion. 

Ei. 1. .( body at real hiifiafi uiir }ioinl U jiii'd is struck by a girai impuitt, 
jiiul Ihe reaitUiag motion. See Art. SOS and Art. .110. 

Let L, .1/, .V be the given componenta of the impulse about the principal axes 
at O. Theu, il the body beKi" 'o t"'" "bout iin nNisiij-fi! in tpiicf whose direction 
cosines are ((, in. n). the angular velocit.v u is found by Art. Hit from 



To find the axis abont whioh the body begini 
Lagrange's Theorem raake the vis ti 

We have also the Eondition f + ni' + n'^ I. 
Treating these three equations in the nsiial mannc 
oalonlufl, we find 7 ~ *j ~ v ' 

s determine the direction ooaines ol l 



' indicated iji the differcntUl J 



B aboat which the bodf J 



in tpace. Suddenly a ttraiffH-m 

jtitiwn manner, find the sMtiM J 



These eqnatioi 
bi^Ds to tarn. 

Ex. 3. A body i> ol rrol 
line OC Jixfd in the 6odj/ begii 
of the body. See Art. 393. 

Tnlie the iDstantaneoos position ot OC ne the axis of z, and let O be the origin- 
Let the motion of OC bo given by the augnlar Tclooitiee S, * about the axes Or, Oj, 
and let w bo the required angular Telooitj of the body about Ot. Then, bj 
Sir W. Thomaon'i theorem, we make the via viva of the body a mininiam. Wa- 
have therefore 

A0'+ n^' + Cur - aO*u - aCflui - aFfl# = min., 
where A, B, &a. are the roomeots nnd products of inertia at 0. DiflereDttaUng Wt' 

Tbna w has been found. Thia last eqaatinn oipresBes the fact that the angalv J 
momentum about the axis ot t is unaltered by the blow. 

t Bx. 3. A rod .iU at rest is ncted on by an impulse F perpendicular to its length 1 
at the extremity A. and that eitn^mity be|[iiiH to move with a velocity/. Find the 
poiul O in Ali about which the rod will beRin.to turn (1) when F n given and 
(3) when / is given. II AO-x, nhow tlint both Sir W. Thomson's theorem and 
Lagmnge'B or Bertrand's theorem miuire tlie same function of .r to be made a 



J Ex. 4. A tiyatem ia moving in any manner. A blow is given at any point per- 
pendioular to the direction of motion of that point. Ptdtg that tlie vis vira ia 
increased. 

This follows from the first ol the cquationn in Art. Sn3 ; for the virtual work of 
this force (there called A) vatiiKhes in the initial motion. Hence 7" = '''-t-J1^i> 

Ex. 5. A system at rest, if acted on by two different sets of impulses called 1 
J and a, will tahe two different niotions. Prove that the sum of the virtnat ) 
works of the forces A for displacements represented by the velocities ix 
motion IS is equal to the sum of vittnal works of the forces B for displacemento I 
represented by the velocities in the motion A. 

Bince 'i'=>i, T=Jl^i, and 7"'- /{„, the result follows by comparing ttaetbiid.] 
eiiuations in Art. 'AWA and Art. 388. 

SW>. Oanaa' maaanra of tha "MiMtr>lDt." The expression, called A inl 
the previous aitiules, which represents the vis viva of the relative motion. 
been interpreted by Oaoss in another manner. Let the particles hi,, Wj, ic of 1 
a system just before the action of any impulses occupy position)^ which we shall 1^ 
call Pfi'i. *c. Let ua Buppose that the particles if frte would under the a 
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of these impulaeB and their previona mamenta aciiDiiE unch velocities thnt in the 
time dt subsequent to the impulEea they wonlii deHcribe the small spaces Pif,. p^t, 
Ac. Bat i[ the particles were conitraincd i*n niij/ manner oanBistent with tha J 
eeometrical oonditionB which hold jnat bcrore the action of the impulses, 1«t ni i 
suppose that they would under the same impalses and their previous momenta ' 
deiieribe in the time iff subse^nent to the impnlses the small spaces p|r,, p,r;, &o. 
Theu tbe epacea <;,i'j, ij^r,^, A.c. may be called the deviatians from free motion due 
to the conatrainta. The sum Zm iqr)^ ia called the " constraint," 

S91. Wo may also measure the constraint by the ratio of this sum to (dl)'. 
We then take p,q,, &«. p,r„ dm. to represent, not the displacements in the time dt, 
but the velocitjea of the particles jast after the action of the forces in the two casea 
in which the particles are tree or constrained. Keferring to D'Alembert's principle 
in Art. 67, we see thnt jiij represents the resultant of the previous velocity and of 
the velocity generated by the imprcsaed force on the typical particle m, while qr 
representa the velocity generated by the molecular forces*. 

If we suppose that the lengths jig, <jr, Aa. represent velocities and not diaplace- 
ments, let (u, t>, m) be the components of pq in itny motion, and (it', v', a') (he 
Lb of pr in any other motion ; then 

£« (,r)'= 2m {(«' - «)' + (t." - v)' + (»■■ - «-)'; 
the "constraint" from one motion to the other. This is preciaely whai 
we have represented b; the symbol 2R, with suffiies to define the two motioaB 

392. aaiua' prlnelpla of Uaat eotwtraint. Suppose n eystem of partioles in 
motion and constrained in any given nuuiDet to be acted on by any given set of 
impulses. Let 2T' he the vis viva of tlic subsequent motion. This is the actual 
motion taken by the system. Let us now suppose that the particles were forced 
to take some hypothetical motion couaiatent with the geometrical conditions by 
introducing some further oonstnuntB. Let 2T" be the eabsequent vis viva lo this 
hypothetical motion. Thirdly', let us sappose that all ooDstrainta were removed so 
that the particles were acted on solely by the given set of impulses, Let 2T'" ba 
the subsequent via viva in this free motion. Let iT be the initial via 



* Qausa' proof of the principle is nearly ae roUows. By D'Alembert's principle i 
the porticlea hi,, m„ *e. , if placed in the poaitiona r,, r.^ Ac, would bo in equilibrium 
nnder the action of these molecular forces alone. Let ns apply the principle of t 
virtual work, and displace the aystem bo that the typical particle m describes ( 
n space rji, making an angle with the direction iij of the molecular forve on W. I 
Then since the product in {rq) measures the moteoulor force on m, we have 
2«(ri)(r,.co8*)=0. 
qi^=qr' + rp'-iqr. rpcoaf. 
Uence we easily find Zmiqp)''-Zin(qr)^ + Sm{rp)'. 

In the actual motion the particles move from (>,, Aa. to r,. itc. and the "oon- , 
jaint" ia Zih (^r)'. If the particles had been forced ti< take any other hypothetioai 4 
juraea, by which they were brought iolu the positionG p,, Ac, the "constraint" 
would be Sni (j/i)'. Qansa' Principle asserts that the former is always leaa tl 
the latter. 



reH vivtB of the relative motiona | 
w denoted by the eiifflxes. 



Also, since each of these is more constrained than tho (roe motion, 

Heaoe we have R^- ll,,+ R,j. 

Therefore E„ is alwajs grealci than Ri,. It toUowa that the motion which tbe 
Bysteni actnally tftkas when Bnbjeot to any impulses is sucli that the "oonttraint" 
from the free motion is lesa than if the Bystem took any other motion eoDsist«nt 
with the geometrical oonditioDH. This result is true whiohever way tbe "oonstrMnt" 
ia measured. 

393. If we suppose the system to be acted on by a series of indefinitely small 
impolses, these impulses may bo retarded aa finite forces. We therefore infer the 
following theorem, which is naually calicd Ooiiit' principle of Iraat coittlrainl. 

Tilt titolion a/ a ij/tteii of maUrial pointi connicUd by any geomttrical TtUUi<m» 
U alicayi at nearly at potiible in aeeordance leith fret (notion; i.t, if tltt eotutmliU 
during any timt dt if tneaiured by tbt mm of Ita productt of llir matt of taek 
piittitlt into Ok tjuor* 0/ iU diitance at thr end 0/ that lime from (ft* pou'lion I'l 
tPOfiW have taken if it had been free, then the aetaat nuttion during the time dt it 
■iich thai the eanttraint it lett than if the parlicUt had taken any other poiiliofi. 

GsuBs remarks that the free motioaH of the particles when they are incom- 
patible with the geometrical oonditiona of the system are modified in exactly the 
same way as geometers modify renitlta which have been obtained by observation, 
i.e. by ttppljing tht motliod ot Ltast &iuareB bo as to rendtT them compatible with 
tbe geometrical eoaditions of the queatiou. 

304, Ex. Any namher of parliclet m,, m,, fto. are acted on by any forett 
whole eoiiipotunlt are m,X,, m,Y,, m,Z,. Sso. Their ea-tM-dinalee i,. y,, t^•, 
Kj. Ja. »i; &0. are connected together by toiite relation luch at ip (xt, iSc.) = 0. {For 
inttance the partieUt may be beadt flung oti n ttriug of given length ichoie extrrmf- 
tiet are tied together.) It ii required to form the eqnationi of jmtion. 

Let U, V, W ho the resolved velocities of the typical particle ni at the time I j 
u, V, IP its resolved velocities just after the action of tho impnlso whose resolved 
parts are mXdl, mYdt, mZdl, on the aupposition that tbe particle is perfectly free. 
But as the typical particle is not perfectly free, let »', v', k' be its actual resolved 
velocities at the same instant. Then to find u'. v', ir' we moke 

i!„ = 2-«[(u'-.,)' + («'^.)"-Kir'-iP)'] = minimmn. 
where the £ implies snmmation for all the partioles. This quantity is to be ■ 
minimum tor all variations of ii\ v', a' subject to the condition 

£(*z"' + *»"' + *,'«') = 0. 
where tbe £ here also implies summation for all suffixes. 

I0 make R,, a minimum we take the totnt differential of each of these qoantitieB 
with regard to all the soocnted letters, multiply tbe second by some indeterminate ■ 



ARTT! 



EXUIPLBS. 



multiplier X, anil B(Id the resnlt!! together. EqaiitiiiR to zero the fioefHcicnts of 
•In', Ac. we obtain the three typical equations 

Pntdng Baffixea we Lave eqaationi iniBdent to find X and the (ti', v', w") of emy | 
particle. 

We ma; write these equations io another fonu. Since V and u' ore two ancoea- 
BJve valneH at an iutarval ilt of the eame quantit; in the continuous motion wbinh 

WB are oonsiderinB, we write h' - 7' = -; - di. Since u is the resolved velocity after 
we liave u- U = X<lt. The equationK Ihore- 



where fidt has been written for X. 

The equation)! in this form might have bepn derived directlj' from the principle 
o( rirtual work. Bj that principle we have 



i.[(f-A:),.**,.].o 



I 



with the oonditioD S[4>^x + Ac.'] = 0, 

Multiplying the aecond by an indeterminate miiltipliei 
together, and equatini; to zero the eoefflcieuts of lU, <tc. wt 



1, A. screw of Arohimedes ia capable of turning freely about its axis, which la 
filed in a vertical position : a heavy particle is placed at the top of the tube and 
runs down through it; determine (he whole angular velocity i:ciminunioated to the 

Reiult. Let ii be tlie ratio of the mans of tlie screw to that of the particle, 
a the angle which the tangent to the screw makes with the horixon, h the hei|;ht 
descended by the particle. If u be the anguSar velocity generated, prove that 
uA<Mn+l)(" + sin^c.) = 23/'cos'<.. 

2. A Sne circular tube, carrying within it a heavy particle, is set revolving 
/ about a vertical diameter. Show that the difference of the squares of the abaolnte 

velocities of the particle at any two given points of the tube equidistant from the 
axis is the same for all initial velocities of the particle and tube. 

a. A oircolar wire ring, carrying a small bead, lies on a smooth horizontal 
table; an trlastic thread, the natural length of which is lens than the diameter of 
the ring, has one end attached to the bead and the other to a point in the wire ; the 
bead is placed initially so that tlie thread coincides very nearly with a diameter of 
the ring ; Gad the vis viva of the system when the string has contracted to 
original length. 



* These eiamplea, except the laat two, are taken from the Examination Papers 

which have been net in the University and in the Colleges. 



J 





VIS VIVA 

A Rtni^t tube of sirea length is capable of trnning beely ii 

immit;, two eqnal pattidcs arc placed ai different point* 
irithm it at rest; ao angDlar leloeity being ^'ven to the system, delennine the 
velocitj of each particle on leaving the Cabe. 

6. A smooth circnlar tube of masB M has placed « ithin it tvo equal panicles 
of mai8 m, which are oonnected by an elastic string nhose natural length it j of 
the drcnmference. The string is stretched until tbe particles are in contact, when 
the tobe ii plM«d flat nn a Bmooth horiiontal table ind left to itself. Show that, 
when the string BrTives at it« nalorat length, the actaal energ? of tbe two particlM 
il to the work done in stretching the string ae 2 (Jf + .U» + *>*)- (.U + 2m) |21f + n\ , 

6. An BndleKs flexible and inextensible chain, in which the ii 
length is )t Ihroagh one continnoDa half, and fi' through the other half, is st 
OTer two M|ual perfectly rou|;h nnifarm circular dXK» (radius a. mass U) wliioh Ol 
tarn freely aboat their oentres at a (lixtance b in the same vertical line. Prove that-l 
the time of a small osoillation of the chain under the action of gravity is 

7. Two particles of masBes m, m arc connected by on inelastic string of length «. 
The former ia placed in a amootb straight K^oove, and the latter la projected in a 
direction perpendiculni to the groove with a velocity )'- Prove that the particle n 
will oscillate through a space -, , and that, if »i be Urge compared with in', the 

time of oscillation is nearly -57 ■ ( ^ - i ) 

S. A rough plane rotates with uniform angular velocity n al)out a boriEonlal 
axis which is parallel to it but not in it. A heavy spbere of radius a. being placed 
on the plane when in a horizontal position, rolls down it under the action of 
gravity. If tbe centre of the sphere be originally in the plane oontaining the 
moving axis and perpendicular to the moving plane, and if jr be its dintancc from 
tMs plane at a subseqaent time i, before the sphere leaves tbe plane, then 

c being the distance from the axis to the plane measured upwards. 

9. The extremities of a uniform heavy beam of length 2(i slide on a smooth 
wire in the form of the curve whose equation is r=a (I -cos 9), the prime radina 
being vertical anU the vertex of the curve downwards. Prove that, if the bean 
be placed in a vertical position and displaced with a velocity just sufficient ti 

bring it into a horizontal positiou, taoS=- -je Vt' „^" ^'i;'l, where U is the angle 
tbroogh whiuli the rod has turned dur 

10. Il rigid body, whose radiun of gyration about G the centre of gravity is ft, ia . 
attoehed to a Qied point C by a string fastened to a point A on its surfaoe. CM ( = b) i 
and ^0 (-11) are initially in one line, and to U is given a velocity Tat right angles \ 
to that line. No impressed forces are supposed to act, and the string is attached 1 
fo as always to remain in one right line. If $ be the anele betwoon AH and AC 1 
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try fimull, llic pcrioi 



^ 2j„i, "^ r^/» (»+'.) 

111. A tine weightless striiiH Iihtjuk n pattiole al one pxtremily is imitmlly 
ceiled round a hoop, wliicli in placed iin a smootli horizoiitnl plane, and is capiible 
of motioD n)>oiit a IJxed verticnl aiin through itK cculre. U ilit hoop lie initially at 
f rest and tlio pBrticlo b* projected in a direclion iierjiendieular to tlic lenelh of tlie 

Rtring, ADd if J be the portion of the string nnwound at any time I. tlieu 

where ft is the initial value of », in and fi llie mansea of ihe honp and paiticle. n tlir 
radiua of the hoop and V the velocity of projection. 

12. A Biiuare, formed of fonr Himilnr unirumi roiin jointed freely at theii' ex- 
tremities, h laid upon a smooth horizontal taUle. one of it-i angular pointn being 
fixed: it angular velocitiea ui, u' in the plaue of the table be communiealt'd to the 

I two eiiles eontaining this angle, xhow tliac t)ie greatent value of the nnf:U' (2a! 

between them is given by the ei| nation coa3a= -^ ^— ;„ . 
13. Two particles of masses i;i, ;«' lyJUE on a smooth hnri/onfal table are con- 
nected by an iuelastic string extended to its full leniitli and pasxing through a Huiall 
ring on the table. The particles are at distances n, a' from the ring and are pro- 
. jeoted with velDeitieai', v' at riHlit angles to the BlrinR. Prove that, \l iiir-ii^=iii'r"ii'-, 

f their second apsidal diatances from the ring will be a', a respectively. 

14. If a uniform thin rod ]'<J move, in consequence of a pnmitive impulse, 
t belweeii tn-o Bmooth cnivea in the same plane, prove that the squaiv of the angnlar 

velocity varieti inversely as the difference between tlie sum of the sqnni'eB of the 
norraala UP, uy to the curves at the estreraitiea of the rods and ,\ of the aiiuare 
of the whole length of the rod. 

15. AaaHininB that the muBcnlar power or moving force of an animal varies as 
I the sectional area of its limbD, and that its weight varien as its volume, prove that 

two animals of similar furms, but of different dimensions, can make junjp.sof exactly 
the Hume bei({lit, the height being measured by the vertical distance desciibed by the 
centre of gravity after the animal has left the ground. 

16. The eitremitiea of a uniform beam of length 2«, slide on two slender tods 
' without inertia, the plane of the tod^ being vertical, their iioint of intersection 
1 Uxed, and th? rods inclined at angles and - 7 to the horizon. The system is set 
1 rotating about the vertical line thiuiigh the point of intersection of the rods with 
1 an auyular velijoity u, prove that if fl be the inclination of the beam to the vertical 
I at the time I and a the initial value of 9 



\di} acos-e-i-Biu-'e * 



'a) «' + ;;! (aina-HinS). 



17. A perfectly rough sphere of radios is placL-d close to 
the highest generating lines of two lixed eifual horizontal cyhnders of radios c, the 
axes beioi! inclined at an angle Ss tn each other, and is alloved to roll down be- 



(weeD Ihetn. Provs tliat the vertioul velocity ot its ceutie in ui; po«i(ion will be I 
t^"-°-^| *. where « ia Ihe inclination to the horiion of ths ] 



^ \ 7-6ct 
radius to either point of a 



(Pi dT . 



18. Let a complete integral of the equation -^ = , , in which 7* is a rnnctioa i 

of T, be x=X, X being a known function of a and b. two arbitrary constants, and UM 

Then the solntion of -r-; = -^ + -7- , A being a function of k, may also be repi«-fl 
dp Oj: lie ■ t f H 

lented by jr = X provided that a and b are variable qnantiCies detenninect by UiaI 

equations .- = k-^ , -r~- li -^^ , nhere it ib a function ol a and li which dOM net I 

dt lUi at da ■ 

dont^ the time explioitly. 

10, A aatclUte, considered as a particle, revolvea abont its primary with ao 
angular velocity 1), and tlie primary rotates about an axis which is perpendicnlar lo 
the plane of the satellite's orbit uith an angular velocity >i. Show that the angoUr 
momentoin A of the ayHtem about ita centre of gravity and the energy E are | 

by A=Cn+I>n*"'. 2£; = Cn'-Dn', 

where C ia the moment of inertia of the primary about the aiis ot rotation and 

a qoantity depending on the maaaea of the bodiea. 

Trace the eurves whoee oriIinat«e are li and E and absciBaa ia z = I>n~'. Show j 
that the latter curve belongn to one or other of two species according ai k 1 
maximnm and a minimom ontinate do or do not eiiet, I.e., aoeording lu th* 4 
biquadratic 

has two real roots or none, tihovi also that the real roots correspond to the a 
in which the primary always Iturns the same face to the satellite. 

20. AsBUming the resnlts of the last example, determine the effect on the 
motion of a continual loss of energy (doe to tidal friction or any other oanae), the 
angular momentum A being constant. Show that, when the circumstances of the* 
system are suoli that the energy cur\'e is of the second speoicB. the satellite muit 
ultimately fall into the plnntit. If thu energy curve is of the Brst species, show 
that, aocording to the initial value of 1), the eatelliCe will either fall into the planet 
or will approach the planet until it reaches a certain distance, when the two will 
revolve aa a rigid body. 

To obtain these resnltn imagine two points to be plaocd with the same absoisn, 
one on the momentam line and the other on the energy ourve, and suppose the one 
on the energy curve to guide that on the momentum line. Since the energy 
decreases, it is clear that, however the two points are set initially, the point on the 
energy cnivc must always alidc down a slope, carrying witli it the other point. The 
Bnal positions of the pointa will thus depend on the eiiatenco or absence of a mini- 
mum ordinate in the energy cnrve. See a paper bj Q. H. Darwin on the gecuUw 
efleols of tidal friction in Hie Procetdingi 0/ Ihe Rvijal Soeiety, June 1879, or J 
Thomson and Tail's Treatise on tfaliirul Philotophy. Vol. i, Part 11. App. Gb. 



SOo. Two advantages of Lagrange's equations. Oin 

of a dynaiiiira! s\xh.|ii U-rrd Iruiii ii)l'''tli,' uiiknnwii ivarlions an<] 
expitsweil, Ml far as in pussiljli', in tciiiis of any kind nf iii-nrdiii.ilf" 
which limy bi> cuuvi-iiii'iit in the pmblfm luulor coTisidnuduit. 

In iniWr to I'liminati.' the n'.icf.ions wo shull nsL' tlu' luiufiitli' 
of virtual woik. This prini-ii)!-' has already hfi'n aiiplicti tc 
obtain the ei|iiati(pii of vis viva, hv giving the systrm that paf- 
tiuiilar dLsphicemLnt, wlu,>h it vvnnlti have taken if it had been left 
t.) ilwlf. tint since .■vrty dyii;i.niieal problem can, by D'AIetnbert's 

prinriph', be rediir.'d in - in slalicK, it is clear that, by giving 

the system propiT [!i-.[il,icr m-,, we must be able to deduce, as in 

Art. :iu7, not the vis \iva .-iiMilioTi only, but all the ei|iiations of 
motion. 

3!)C. Lrt the co-oiilinates uf any particle m of ihe system 
referred to any tixed reetangnlar axes be {a; y, :). These are not 
independent fif eaeh other, being connected by the geometrical 
relations of the system. But they may be expressed in terms 
of a certain number of iudejiendeut vaiiables whose values will 
determhie the jjfisition of the system at any time. Extending the 
definition given in Art, 73, we shall call these the co-oi'dinates 
of the system. Let them be called 6, <j>, i^, &o. Then x, y, z, &c. 
are functions of 0, <fi, &c. Let 

.r=/{t,e,4,..W:) (1), 

with similar ci|nations for // and j. It sh^nld be luiticed that 
these cipiatiuns are nut to contain ,- , -j- , i&c. Tlie iudejieiideiit 

viiriiihles in teriim i if which the iiiutiou is to he found miii/ be uny 
ire pieiise, with this restriction, that the co-ordinates ofererij particle 
of the Inid'j am. If reijuired, be expressed in terms of them by 
niciiiis of eijiiiitioiis n'hich do not contain any dijfereiititd coejficients 
with regard to the time. 

The nmnbei- of independent co-ordinates to which the position 
of a sy-li'iJi is reduced by its geometrical relations is sometimes 
It, n. 21 



LAGBANflE'S EQUATIONS, 

Spoken of as the nuvtber of degrees of freedom of thai system. 
Sometimee it is referred to as being the nnmher of independent 
•motions of which the system adinita 

In this chapter total differential coefficients with regard to < I 
will in general be denoted by accents. Occasionally dots will be | 
used as before, and sometimes the differential coefficients will be 1 



rfC 



will in general be written 1 



written at length. Thus -^ t 
a^ and ar". 

If Sr be the v-ia viva of the system, we have 

27' = Sm(y + j^ + i'') (2); 

we also have, since the geometrical equations do not coutainl 

&, 4>', &c., 

, da; , dx „ , dx ,, , . ,_, 

"4+i»'^+#*+*"=' '"• 

with similar equations for y' and V. In these the differentiall 
coefficients j- , -y^, &c. are all partial. Subs 
expressions for 2T, we find 

^T=F{t,0,<t,&c.e'.if,',&c.). 

When the system of bodies is given, the form of f is known. 
It will appear presently that it is only through the form of i 
F that the eiifective forces depend on the nature of the bodies 
considered ; so that two dynamical systems which have the same 
F are dynamically equivalent. 

/( shovld be noticed that no powers of 8', <^', &c. above tlie second 
entei- into this function, and that, when the geometncal equations do 
not contain tlte tiine explicitly, it is a homogeneous function of &, 0', 
&c. of the sectnid order. 

397. Virtual work of the emctlve forces. To find the 
virtvjil moment of the momenta of a system, and also that of the 
effective forces, corresponding to n displacement produced by varying 
one co-ordinate only. 

Let this co-ordinate be 0, and let iis follow the notation already 
explained. Let all differential coefficients be partial, unless it J 
be otherwise stated, excepting those denoted by accents, SineeJ 
37", y', z are the components of the velocity, the \Trt\ial moment ofl 
the momenta is Sm (ii'&c + ySy + /Ss), where &r. Si/, hz are thea 
aniall changes produced in the co-ordinates of the pai'ticle m by | 
a variation 55 of 5. This is the same as 



^-['%^^%^''t>- 



;^^.(,'%.s..). 



AltT. ^>0S.] VIRTr-AT, WORK. 

U-2Thv th,' vis viva ,?iv,-.i, by (2) of the- last articic 

dd'~ 

But, liifForeiitiating (3) ]iartiiLliy with regard to 0', we Nce 
that jff^ja- Hoiicc the virtual momfnt of the momoiita is 



irkofthc(.-m-cli\ 



Omittiug the factor ^$ for the moment, this may bo writtoi 
in the form 

<n -' V do ^ ^''■j -'" V <ii d8 ^ ) ' 



to (. We have already proi'cd that the first of these terms ia 
jT jfu- It i-emaiiis to express the second term also as a differ- 
ential eoeffieietit of T. Differentiating the expressiuii fi>r 27" 
]«rtially witli regard to 0, 

dT ^ I .dx- , . \ 

But, differentiating the expression fur n' with rcgani to 0, 
dx d-(c , d'x d-.i- ,, , 

d0'^de~dt + d8-'^-^ded^'f'+^'- 

and thi^ is the same as -j- -^^ . Hence the second term may he 

j'P (it (10 

wTitteu ,- , and the virtual wurk of thi.' effective forces is 

,, „ fd dT dT\.„ 

The followinp; Explanation nill make the nrgumont clearer. The virtual 
worli of Die effective torcen in clcurijr the latio to dl of the diHercnee botweeii 
the virtual iiiorat'iilB of tlie momenta of the particles of the BjHtcro at Ilie limes 
l + ill and I, the dinplacementu being the aame at each time. The virtual moment 

of the momenta at the time ( k 6T3t shown to be --, S6. Heuct ( -r-r + , -r-. ''' ) iO 
lie \iig lUda j 



B the virtual moment of tlie momenta at the time t-\-iU correBponding ti 
placement i9 cnnsisteut uitli the positions of the particlen nt that time. To make 
the liisplacementB the name, we must BuLlratt from this live x\\\m^\ ™nwitnv q\. -Qv.*. 




Lagrange's equations. 



KS)'' 



diapUcemeut which is the diSerence betveea the two dinplaoeiDetl 
nnd l+dt. Since ix—^M. this differecc* (or the variable » 



at the 

] dt 18. We thererore subtract 
this is shown 



°rffl"' 



390. Lagrange'fl equation! for finite forcei. To dedw 

the general eqiiationx of mutioii referred to ani/ co-ordinates. 

Let U be the foi-ce-fiinctioii, then U is & function of 0, ^, S 
and (. The virtual work of the impressed forces correepoudiB 

to a displacement produced by varying 6 only is ^ ? 

D'AJembert's principle this must be the same as the ^ 
woi-k of the effective forces. Hence 

d^ dT^dr_du 
dt dff de de ■ 



U$. Butt 



dT 



Ac. = &c. 



It may be reniaiked that if V be the potential energy ' 
must write — V for U. We then liave 



5 = 0, 



d^d^_dT dV_ 

dt dff de^ de' 

■with similar equations for ^, ■^, &c. 

In using these equations, it should be remembered that all t 
differential coefficients are partial except that with regard to t 

Let us write L = T -^ U, so that L is the diffei-ence of 1 
kinetic and potential enerjfies. Then, since U is not a functioi 
of &, <f>', &;c., the Lagrangiau ecjuations of motion may be writt* 
in the tj'pical form 

d dL dL 



Thus it appears that, when the one function /. is kno 

the differential equations of motion may be deduced by simp] 

partial differentiations. The function L is called the Lagrangtat 

function. 

Theee are called Ls)^ango'a general ciiuBtione of motion. Lagrange oat 
con^-ideia the case in which the geometrical equationa de not cootuu 
eiplicitly, but it haa been abown b; Tieille, in Liouville't Journal, 1S19, that i 
eqiiatioas are still true when this restriction is removed. In the proof given a 
wo have included Vieille's extenaion, and adopted in part Sir W. Hamilton's i 
of proof, Phil. Tram., 183i. It differs from Lagrange's in two respeflta; fi 
maiea the arbilraty diaplaoement such that only one co-ordinate varies ai 
and Eecondl.y, he operatea directly on T iuatead of Xmi"'. 



ART. 4 



raDETBRHINATE HULTIPL1EB8. 



Ei. 1. If wo change tho oo-ordin«tea io Lftgranga'a equation from *, ^, ifio. 
lu any others z, y, wMch are ooaneclM witb 9, ^, ifio. by ei|ualious whieh do not 
contain differential oodCcicuts with regard to the time, siiow by an aaalylieal 
IrujuforBintion that the form of Lagriuige's equations ia not altered, i.e. that the 
tranarormed equations are the same as the original ones with x, </, itc. written 
for S, ^, itc. This is of course evidtnt by dynamics. 

Ex. a. If two sides 6, c and the included angle A of any triangle ho taken an the 
oo-ordiuates 3, ifi, ^, prove that the Lagrangian equations are satisfied by L-D'. 

This easily follows from the last example by a change of co-ordinates. 

400. Indeterminate Multlpllen. In order to use these 
eijuatioiiB it is necessary to express the Lagrangian function L in. , 
terais of the independent co-ordinates of the system. If the geo 
metrical conditions are somewhat complex it may he very trouble- J 
some to do this. It is sometimes convenient to express i^ as a J 
function of more than the necessary number of co-ordmates and to I 
have geometrical relations connecting them. Suppose that we have 
L expressed as a function of the co-ordinates 8, ^, ^, &c., ^, <j)', y^', 
&c., and that there are two geometrical equations connecting these 
co-ordinates, viz. 

/{8,<p,kc.) = 0, J'(^, 0. &c) = (1). 

To simplify the explanation, we suppose that there are only two 
such geometrical equations, but it will be seen that the process 
is quite general and will apply to any number of conditions. 



By the principle of virtual work we have 



\dt dff d0) ^ \dt 



I dL 




t d>p' 


•i-f-,, 


^''f. 
+ #' 


dfl'' 


(ff - 


rff 


55'" 


+r*' 



f &c. = (2). 

f&c. = (3), 



and ^ S0 -I- ^ 80 + &c. = (4). 

Since the co-ordinates 6, 0, &c. arc connected by two geometrical i 
equations, two of them ai-e dependent variables ; let these be | 
6, 0. Following the argument explained in the differential 
calculus, we multiply (3) and (4) by two arbitrary quantities 
\ and /i, and add the products to (^jk We now choose X and ft 
so that the coefficients of hS, S<f> may be zero. The remaining 
co-ordinates ^, &e., being independent, the coefficients of B^^, &c., 
must also vanish. We thus have 



d dL 
dt dff' 
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LAGRASOraBQUATlONS. 

There are here as many equations aa co-urdinatcs. Joining ihess] 
to the oqiiatioDij (1) we have sufficient equations to find all the^ 
co-ordinates and the two multipliers X and /i. 

These equations may be put into a simpler foi-m. We noticei| 
that the geometrical functions / and F do not contain 0", tf/, i 
(see also Art. 396). Let us then write 

L, = L + \f+^F... 



and treat L, as it' it were the Lagi'angiau function. If we substitute' 1 
this value of L, in the typical equation 



d dl, 
dt dff' 



■■(7), 



where 6 stands for any one of the co-ordinates, and simplify the A 
results by remembering that /= 0, F= 0, we obtain in turn all the 1 
equations (5). The same process will also supply the geometrical 1 
equations (1), if we include \ and fj. among the co-ordinatea I 
Thus, since L, contains no X', we have dLijdX' = ; hence, writii^ \ 
\ for 8, the e(]uation (7) gives /= 0. ' 

401. La^ange'B equation! for impulsive forces. To J 

deduce the general eqtiations uf motion for impulsive forces. 

Let SUi be the virtual moment of the impulsive forcefi pro- 1 
duced by a general displacement of the system. Then from the J 
geometry of the system, we can express St/i in the form 

The vijtual moment of the momenta inipaited to the particleal 
of the system is 

tvi [(t,' - wj) Sx + (y/ - y/) Sy + {z,' - z:) Sz], 

where (iCo'. ,'/«'. ^n'). (fi'> y/. z,') are the values of (a/, y', if) jui 
before and just after the action of the impulsive forces. 

Let 0a, 0o', &C., 6,', <fy,', &c. be the values of d', <f>', Sec. juabl 
before and just after the impulses, and let T,, Ti be the values rfj 
T when these are substituted for 6", A'. &c. Then, as in Art's 

(dr, dT.s 

Lagraugian equations of impulses may therefore be written 



397, the viitual moment of the momenta is ( 
Ises mi 

~de:'' 

with similar equations for i^, ^, &c. 



d2\ 
dtf,'" 
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402. Those e(|«atioiis arc suinctiuu'S written in thi' coiivi'Diciil 



/d-ry „ idT 
WW, 



©:=«•*- 



whL-ro the brackets eticlasiiie any (juaiitity iiiiitly that that quaiititj 
is tu be taken betwocii thi;liinits mentioned. Soiiietinics when nc 
mistake can arise as lo the pai-ticular limits meant, thetse are 
omitted, and only the bi-iickcts, with perhaps some distinguishing 
marks, retained. 

When the nuantity in brackets (as in oiii- case) is a liueat 
huietiou uf the variables ff, 0', &;c. of the first oixler, another 
meaning ean be given to the expressions. The brackets may then 
be s;iid tu indieate that 6{ — 0„', 0i' — 0„', &c. arc to be written foi 
ff, <p', &c. after all other opemtions indicated within the biai:ket.> 
have been performed. 

1403. If we ijiterpret oiu' equations by the general principlet 
of Ai't. 2S:>, viz., that the momenta of the particles just afti.T an 
impulse compunudcd with the reversed momenta just before are 
equivalent to the impulse, wc sec that it will be convenient te 
call jry the generalized component of the momenta with regard 

to 8, a name siiggested in Thomson and Tail's^ Natural Pliilosaiilii/ 
More briefly we may say that the ^-component of the momentum 

is -7^ . In the same way we may define the fl-eomponent of the 

I ff .- f , , d (It dT 

I effective forces to be ^-^g,-^. 



Suppose for example that a variation 8fl of any co-ordinate 
has the effect of turning the aystcni as a whole about some 

straight line through an angle hO, then -j^ is eipial to the angulai 

momentum about that stniight line. But, if the variation 56 
move the system as a whole parallel to some straight line through 



rfO' ' 



linear momentum parallel to thai 
Btmight line. See Arts. 306, 308. 

These rcHuUii also follow immediately from tlie general eipres.iioa 

■is- \ lie- ■' /IS' ds'J 

iven ill Art. ,t!l7. Let tlie given straiglit line be the axU ut :. In (lie first cast 
■= -1)1)'. y' = j-tf', ;' = 0, bence the espresaion reduces to 2m( - jr'y + .;'j-), nliieli ir 



LAGBANOES EQUATIONS, 

*(M. Tbo eqUfttionB for impalsive toroee were ool gi»en by LagranRe. 
n lo lisve been lint diiluced by Frof. Niven Crom Ihe La^angitui equation 
d dT dT dU 




We ma; regard an impulse m tbc limit of b very 
■hort lime. Let (,, r^ be the times at nhinli the force 
us iittegraUi tliis eqaatioo between ibe limits f = t„ and I 



bich U the diSerenoe betwet 



, and 1 = 1,. Tlie integral of the first 
the initial and final raluos of 



iH finite during the time 
integral ie less than . 



equation becomes -^-^ ' 



a [unction of B, ^. Ao., 9^, ^', A 
It ^ be iUi gceata 
, vhich Dltimsteljr 
^. Bee a paper 



The iDtegral of the second term 

which, though variable, r 

value during this time, 

vanisheB. Hence the Lagrangi 

in the Malhemaliciil Mrtitnstr tor May, 1867. 

105. Examples of Ifagran^e's equatloni. Before pro-] 
ceediug to discuss the properties of Lagrjiiige's eqiiatious, we iu&7>V 
illustrate their use by the followiug problctua 

A body, two of Hifuitt printipal moment! at the centre of gravity are equal, t 
imder Ike action of gravity about a fixed point 0, titualtd in the aiii of uwgii 
mumeii'. To determine the conditioiit that there may be a timple 

Def. If a body be auapended from a fixed point C> under the action of gravi^ 
and if the angular motion of the ntraigbt line joining O to the centre of gravity it 
tbc same as that of a string of length I to the extremity of which a heavy partidli 
is attached, then I is called the iengib of the simple eqiiiralenl pendulum. Thia U 
an extension of the deSnition in Art, 92. 

Let OC be the axis of unequal moment, A, A, C the principal momentu at U 
fixed point, and let the rest of the notation be the game as in Art. 36o. Ex, 1. 
2r = J (fl" + Bin' e-i.-^ + C (0' + f COB fl)*. 
[7 = if j; A COB + constant, 
where h ia tbo distance of the centre of gravity from tlio fixed point, and grart 
u supposed to act in the positive direction of the axis ol t. Lagrange's eijuatiol 
will be found to become 



1 
I 



^(^fl-XsinSoosSv^'' 
^{C{*'+f oo«a)!=0, 



-cv'(*'+f coBe)Bi 



-JUpAsi 



^!C(*' + f ooB9)ooBfl + JBin»9f 1=0. 
Integrating the second of Lagrange's diaationB, we have 



where n is a constant eipresBing the angular velocity about the 
moment. (See Art. 256.) Integrating the third we have 
Cnco8(J + .J Bin=e^' = a, 
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whore a U another cooatnnt eipressing the moment of the 
Tortioal thioagh 0. (Bee Ana. 264 and 3B5, rIbo Art. 403.) 

There are errors, Hometimee made in using Lagrange's ei|uatioDB, which 
ahoold here guard against. If w, be the angular velocit; ahoot OC, we know 
Euler'a equations, Art. 251, that u^ is constaut. If ii be this coniitanl, the vis viva 
of the body may be correctly written in the form 

But. if tliia value of r \iere aubstitutod in Lagrange's equationa, ws ihoiild obtaiii 
results altogether erroneous. The reason is, that, in Lagrange's eqaations, all the 
dif[erential coefficients except (hose with regard to 1 are partial. Though u^ a 
constant, and therefore its total differential coefficient with regard to I is zero, yet 
its partial differential coefficients vith regard to 0, ^, Ac. are not zero. In writing 
down the valne of T, preparatorjr to using it in Lagrange's equation, no properties 
of the motion are to be assumed which involve differential coeffioients of the co- 
ordinates. This has been already indicated in Art, 39G. But we must introdace 
into the expression any geometrical relations which exist between the eo-ordinalea 
and which therefore reduce the number of independent variables. 

Imtead of the first equation, we ma; use the equation of vis viva, which gives 
A (sin' 0f' + p^!) = ;S + 2ilgh cos 0. 

To find the arbitrary constants a and {9 we must have recourse to the initial 
values of and it. Let B„, ^oi-jT- ^° •** **" initial values of $, ^, ~ , ^; 
then the above equations become ^h 

ain5fl^4.^oose = flin'fl„-'^" + — DOBe„ ] ^| 

■""hh (S)'=-'»*'-'(t)' - (tj--?-' '"■» - -4 '"■ * 

These equations, when solved, give and ^ in terms of I, and thus determine 
the motion of the line OG. The corresponding equations (or the motion of the 
simple equivalent pendnlum OL are foand by making C = 0, A = Mt', and /i 
where I is the length of the pendulum. These changes give 



I 
I 



.'■■•(i)^0'=-«.(fy-(S)'-f<«»»--.« 

In order that the motions of the two lines OQ and OL may be the same, the tm 1 
equations (1) and (2} must be the same. This will be the case if either Cii = 0, ta J 
= 0a- In the Grst case, we must have n = 0, or C = 0. so that either the bodj Y 
must have no rotation about OO, or the body must be a rod. In the second oi 
we mast have throughout the motion B and ifr' constant, so that the body m 
be moving in steady motion making a oonstant angle with the vertical. In eithvfl 
caae, the two sets of equations are identical if Mhl = A . This is the same formalBfl 
as that obtained in Art. 92. 

IOC. Ex. 1. SkaiB how to deduce EuUr't equation*. Art, 361, /roM Lagn 
equation!. 

Taking aa axes of referenoe the principal axes at the fixed point. 




EQUATIONS. 

We cBiiiiot take (w, . u,, w,) lU the independent variables, because the co'ordiiutea of j 
every pnrliole of Uie body cauuut be eipresned in termii of them without introdainiig | 
diSerential ooelticients Juto the geometrical equations. (See Art. 396.) Lat na j 
therefore eiptesa w, , u,, u, in terms of 8, «, f. By Art. 256, ve have 



As it is only necessary to eetabliah one of EiiIgi'b equations, tlie others folloW' 
ing by aymmetry, we need only use that one of Lagrange'B eqiiatioDS which gives J 
the aimplest result. Since ^' does not enter into the expreauons for uj, u,, it u 
must convenient to use tlie eqimtion 

<i^ rfT dT _dU 

lit dp' dip ~ dip ' 



Kow 



S.c^ti, 



Cw, -jJ^Cwj, and 



dT 



+ i!i.i, 



^AuiyUi - Bw^,\ 






be Hen by diSeieatiating the expresaioiiE for u,, iii,. Also, by Art. 340, if N be 
the moment of the forces aboot the axis of C, -^=^- 

Substi toting we have -j-tCu^-l-l -fi)iii,u,~^, whieh is a typical form of Euler'a i 
equationa. 

Ex. 3. A body tarns aboQt a flied point and ila via viva is given by 

Show that, if the axes are tiled in the body, but are not necessarily principal 
axes. Ealer's equations of motion may be written in the form 
<1 dT dT dT 
dt <iu, da, duj ' ~ ' 
with two similar equations. This result is given by lAgnnge. 

407. El. Deduce the tgtiation of i-i'i vii<a from Lagrange'i eqaatiora. 
If the geometriool equations do not contain the time explicitly. T is 
geneous function of 0', ^', &a. of the second degree. Hence 2T=-tt:^' + ^-'ii' + ■■• 



d6- 



dT , 



Differentiating this totally, we have ^ 717 = *" j". ( Tsi ) + Ta;*" + '*c., 

where the Ac. implies similar expreasious for ^, ^. Im. If we now si 
the rigbt-liand side from Lagrange's equations, we have 

dt ,10 

AT dr ^ dT ^, ^ 

dt d6 



*df'" 
But, since T is a funcliou of 0, ff, i/,, p', A 

subtracting this from the last expression «e have 



fl' + 4c. 



rrip'+M. 
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408. Ex. Afl an illnstnttion ot tho applieotion of LaipwigB'a eqaationa to 
impulsive forces, let ub oonaider the example already diaaussed in Art. 176. 

Let I be the nJtitnde of tbe centre of giavit; of the rhombus at auy time, then x 
and B may be token as tho indepeudant varjablea. 

We have r=2 !j:"+(fc'+u')<i'"!. 

Let P be the impalsive action between the ibombos and the plane, then the 
virtual moment of tbe impulsive forces is 

SU-PHx-iaaoaa] = PSx + 3aP sin aSa. 

The Lagraogian equations are thatafore, by Art. 401, 

4(F + a')K'-V) = a>Painar 
Now tbe initial and final volnes of a' are lo' =- r, Xj — -iawaina; those of a' 
are ag'=0, a,' = w. Benoe eliminating P we have 
,8 F Bin a 

wbicb is tbe same result as in Art. 176. 

It we wish to avoid introducing tbe impulse into Ibe Lagrangiau dinations we 
mast choose such co-ordinates that the variation of one, while the other U constant, 
does not alter the point of application of the blow. This will be tbe case if we 
take as co-ordinates n and the ordinate i/ of tbe point A which strikes tbe plana. 
When the co-ordinates chosen ore i and a a variation of either alone altera tbe 
position of Che point of application A of the blow. Heuce the virtual momctit of 
the blow enters into each of the dynamical equations formed by varying j: and a. 
But, when tbe co-ordinates chosen are y and a. a variation of a atone docs not oiler 
the poRitioD of .4, so that tho virtual moment of any force acting at A does not enter 
into tbe equation thus formed. In the same way if tbe magnitude of tbe blow at i 
were wanted we should use an equation formed by the variation of some eo-ordinate, 
suoh aa ]/, which would alter tbe position in space ol A. 

Taking aa oo-ordinales ij and a, we find 

r=2ji/'^-4flif'a'sina + (*"-Ki'-h4a'8in'a)a'"|. 

The single equation required is now ( j— ) =0 so that it is nnnecesaary to calculate 

n. ThBlimitBoti;'arey„'=-r, r(i' = 0; those of a' are the same OS before. Tbe 
valne of u' follows without difficulty. 

Ex. Six equal uniform rods form a regular heiagon loosely joinled at the 
angular points ; a blow is given perpendicularly to one of them at its middle point, 
show tlint the opposite rod begins to movu with one-tenth of the velocity ot the rod 
struck. (Math. Tripos. 1882.] 

409. Sir W. R. Hamilton has put the geueral equationfl of i 
motion into another fijrni, which is sometimes more convenient tor > 
inveetigatiug tbe general properties of a dynamical system, Thia ' 
transform atioD may be made to depend on the lemma given in the 
following articla 

Id wbat follows wa confine ourselves to tbe elementary properties ot l 
ciprocation. The subject will be resumed ond treated more fully in the scoonAfl 
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333 laoranoe's equatcoss, [chap, viil 

*oliiBi& Sii W. UuuiltoD'a detuoDMntion of his eqaBtmna lequireB that T shonMa 
be ft homoKeuvoaa iioadtMic 6inctioD of the relodtka, md Lhu ii genenlly true ia. J 
djiuiuka. The eilfndoD to the out in irhicb the eeometrieal e<iaBtions c«iitMa J 
the tmu eipUcitl; ia due to Donluii, Fkil. Trant, 1854. 

410. The Seclprocal PancUon'. Let T, &e a /itficftoftl 
of any quantities which it will be presently fimnd convenient torn 

dT,_ dT, 
d^^"' df " 

tA«n ff, ^', itc. may be found in terms of u, v, if-c., frirni Uiese equa^M 
tions. Let 

T, = - Ti + u 

and letTtbe etrpressed in temis ofn, v, (fee., (A« qmintities ff, if>', iv.\ 
being diminated. Then will 

dT, ^ dT, 



du " 



= ^', Ac, 



/( wat/ t« that T,is a function of some other quantities, whuA 
it linll preaendy be found convenient to desiymUe by the unaccented 
letters 6, if>, ic. Then T, will also be a function of tJiese, and toe 
shall have - 

'^J' - _ ^T' *!^» - _ ^ fan ■ 

de d0' d<f, d0 ' I 

* Wa may deduce Erom this leiama the mrthod of lolving parlial differential 
equalUnu bi/ recii'rocalion, aamclimes called Letteodru's method and Bomctimefl 
De Uorgkn's method. Let the partial diSlereiitiol eqaatioD be ^ {x, y, i^.p, q)=0, 
where p kod g are the partial dilTcrential eoefflakiitB of :[ with regard to x and jr. 

It we write i,= -ii+px-t-gi/, «e have by the lemma r = -j^, i' = ~7^- Beooe thia 
role; sobBtitute (or x, y, i, b-om the auxiliary equations 

di, di, ih, ill, 

"Hi- » = d,' ''--'■+»5+'3' 

and treat p, g aa the independent variablei. Tbua we have a new diSerontlal 
equation which it ma; be more easy to solve tlion the Tormer. Let the eolation 
be it=/(p. q). then, by the aniiliary equations, t, ;; aait i, have all been foand in 
terms □[ two auiiliar; quantities p and g, and [uither these quantities bavs a 
goometrical meaning. This method may bo oxlonded to any number of variablee 
and orders. Also as in Art. 418 we may it we plimae modify the equation lor some 
only of Uiese variables. 

Ex. IF the diSercnlial equation be ic^-*i/q'=t-^, show that 
whcncu ^, 1/. i can bo found in terms o! the anxiliary iioantities by difforeniiation. 



I 
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Tu ]iriivf tlds k't us take the total (liffL^rciitial i.f T.., wc have 

'^^^ = ~ ?9 ''^ + ( - S + ") ''^ "^ ^''" + *"■ 

By the comlitions of the lemma tho i|ii:iiitity in brai'kots 
vaiiishew. Now if T- be oxprcssed as a fiiiiutiuii nf ^, n, t^, i^, &ic.. 
ntijy, anil not ff, *', &'■., wo have 



j^- .1(1"'"^ ,i:=^'- 

Tliiis Wf liave a rccipnical relation between the functions T, 
an.l T... \\\- linil T. fi^lTo 7', by f limiiiating B". ^\ &c. by the help 
..I' .vKain .■.|iiMi..M^ ■,. h...A M<- that we eoiild deduce ''1\ fnmi T, 
by eliiniiiatiiif; ■ \ ;lir help of similar ef|iiations. Wo 

shall tliei'ffoiv , ' / ', . i.,:::il f"iirtk.,i of T, with regard to 
the iieeonti-d l-'i^ i- (', .;. , >v<', 

■ill, 1 1 shouhl be noticed that, if 7, bi'ahomogeiieinisiiiuniratic 
fiiLirtioii of thi- accented letters ff. <p'. &.c , then iid' + >'>i> + •tc. = 27",, 
and therefore T., = l\, but is differei-ll;/ er/jms-wrf. Thus T, is a 
funetiun of 0", tf)\ &c. and not of >i. v, &c„ while T.; is a fimetion 
of M, V, &c, and nut of 6', <}>', &c. We notiee that in this case T, 
is a homogeneous i|iiadratic function of c, v, &c. 

412. If T, be the semi vis viva of a dynamical system this 
pritfess is really equivalent to changing froni the use of component 
veioeitii's to the use of the corn.'sponding component momenta 
Either may be used to determine the motion of the system, some- 
times the one set being the more conveuient and sometimes the 
other. 

4l:j, Examplas on the S«clprocal Fnnctloii. Ex. 1. "Che ])asition in )>iineB 
iif a Loilv of in:i-;-i M ia ^iiLii l>.v )■, ;/, ;, i!ip ri!ctitnRUliir cii-drriiiidfps lit its centre of 
Ifrnvity, and S, ifi, if, the HDgiilar co-orili Dates of itu principal axes at the ccnlie of 
gravity, aa used in Chftp. v. Ail. 256. II two of the principal momeiit« of iaertiB 
are eqiml, and if f, ij, f. h, v, ir. he tlie cninpnneiLts ot nioiiimtuni corrcBpomliiiK 
rospi-etiTck In .r, ;/, ;, 0, «, ^, tlie vis viva 27^ is (rfveji in Atl, 3(!r., Ex. 1. Sliow 
tlmt tiie iitiiiracal function i« 



■2T..-- 



f- + r + f\'(^'i-' («■-!■ co«fl|^ 
.1/ ■'' .^ "*" C ''" .1 sin" d ■ 

2r, be wiven by the KPnerol ejpieHS 
■iT,^.\„'>~- + 2.l,.,ll'ri,' K.. 



oijirocal function of 7*, may be writwn in the form 
T,= -i- " " " - 

t. ^1, Aa ... 



vbere A is the disorimiiiant of T,. Thai the ooefBotenti of u<, v*, 3uv, Ae. In 
•re the minora after division bf 2A of the oorrespondiiig terma in T,. Bee •! 
Chap. I. Art. 28, Ei. 3. 

Ei. 3. If {. 7), Sia. be partial differential aoefBeients of a function P of i, y, die, 
with renard to those Tarinblefl reBpectivelf, prove thai r. g, Ac. are also partial 
differential coefficients of n funetiDn Q of (, if, &c. with reganl to these TariaUes 
roapectiiely. If i* be honiogeaeoneiuid of ndiraendons prove also that Q = (r-1)P. 
For Inxtanoe P mt,j be the potential fanotioD in Attraotions, or the velocity potential 
in Hydrodynamics. 

Bx. 4. Begarding 7, u a funotion of e", ip', Ac, let A be Ibe Heasian of 
i.e. the Jaoobian of its first differential coefficients with regard to #', ^', Ac. 
will -J-/. -J—,' • *=■ •* equal to thfi mioore of the corresponding congtitoenta 
the determinant A, each minor having its proper sign and being divided by A. 

To prove thii, we take the total differential of the two lel* of equations, 
«= jgi-^"-' *'= J '■ *'^ From the firit set we find <M', d#', &e. in terma of 
Hu, dr, &e. Substitnting in the second set the tboorem follows at onoe. 

414. The Hamlltonian Transformation. Let us put 

L = T+ U, so that L is the difference between the kinetic and the 
potential energies. Then, aa explained in Art. 399, L is called 
the Lagrangian /unction and the LagrttDgian equations may be 
written in the typical fonii 

d^dldL 
dt dO' dd • 
there being corresponding equations for all the co-ordinatea 

Lot H be the reciprocal function of L, then H la called I 
HaviUtonian function. The equations of tmnsformation are 

_dL _d/r 

" ~ d^ dff- 

with similar equations for all the co-ordinates. Wo have by tho J 
reciprocal propeixy & = -j- \ and by Lagrange's equation we harej 
^i-' = Tn — ~ 'la • *^*'' similar equations for all the Go-ordi&ate&-J 

Thus the single typical Lagrangian equation written down abov^ 
ia tran-sformeu into the two Hamiltonian equations 

du' ^ d0 - 

There are of courMO similar equations for all the co-oniinates. 
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When the geometncal equations do not contain the time ex- 
plicitly, 5^ is a homogeneous (|uadratic function of (0\ <\>\ e^c), and 
therefore iid' + ?;</>' + &c. = 2?. Hence 

Thus H is the sum of the kinetic and potential energies, and 
is therefore the whole energy of the system. 

415, To express the Lag ran gi an equations of impulses in the 
Ha m ilton ian fo rm. 

Referring to Art. 402, we see that the Lagrangian equatioi^s of 
motion may be written in the typical form 

'dry ^ 

Let II be the reci])rocaI function of T, and let us rejjliice ii, v, 
&c. by P, Q, &c. Then these e([uatioii.s take the typical form 

' ~ " " dr ■ 

41 G. Examples on the Hazniltonlan Equations. Ex. 1. To deduce the 
equation of Vis Viva from the Hamiltonian equations. 

Since // is a function of (d, «/>, ttc), (m, ?•, &c.) we have, if accents denote total 
differential cocflkionts with rejjjard to the time, 

„, (III dll ^ <UJ , , dll 

11'=-, + ,^ ^-f — -7<' + (.l'C. = - , 

(It (10 (hi (It 

so that the tottil dilTerential coeflicient of If with regard to t is alwa^'S equal to the 
pfirtidl dilTerential coeflieient. If the geometrical ecpiations do not contain the 
time explicitly, this latter vanishes and therefore we have Il—h, where Ii is a con- 
stant. 

Ex. 2. To deduce Euler's equations of motion from the Hamiltonian equations. 

Taking the same notation as in the corresponding proposition for Lagrange's 
e(] nations, Art. 40(>, we have 

IT 1 '/' 

H — - - — Jo), sin -H 7)w., cos 0, ?• = --== C'w.,, 

(W 1 T^ . -r ^y^/ jT 

7r — , = ( - /f Wj cos + /ico._, sin 0) sin + Cw^ cos 0. 

l>(,>fore we can use the Hamiltonian equations we must by Art. 411 express T in 

terms of (?/, /•, <r). To do this we solve tliese equations to find w, , w.j, w., in tenns 

cos (6 
of //. ?\ IV. We find Jw, = n sin + (/' cos - \c\ , 

' sin 8 

/ ^ V '''hi 

/)u>.. = u cos - (r cos - u) . . 
^ ^ sin 

Also by Art. 414 I[=h (.Iw," + /.'a;,- + CV;-) - T. 

As we onlv rc'iuire one of Euler s equatiDUs, let us use = -r , — — 

(l(ff (Ir 






tAOBANOE's EQUATIOITS, [CHAF. 

The formeiotlheBa giveg Ju.^ + Bu,-^- j- = -C^, 
d^ d^ at at 

vti tbi« leads at once to the tliird Buler'e equation in Art. 361. The latter of the 
two Hamiltonian equationii leads to one of the geometrical equations of Art. 956. . 
Thus the six HamiltonisD equations are equtvaleot to ail the three djnamioal ft 
the three goometricat Enlerian eqitatiocs, 

Ex. 3. A sphere rolls down a roDgh incliDed plane as described in Art. 144. 1 
Weha*s 7 = A ma's'' and U=mya6mia. Is it correct to equate /f to the diSereiDa» I 
o( these fanetioDsT Teritj the answer b; obtaining the equations of motioa g 
in Alt. 144, 

Ex. A. A system beinsf referred to co-ordinates B, ^, &c.. and thecorrespondiil(1 
momenta u. r, &o., in the Httmiltonian manner, it is desired to change the eo-j 
ordinates to x, y, >tc.. where 6, #, SiB. are givi^n functioua of i. y, ilc. Show thaiJ 
if f, T), 4c. be the corresponding momi^nla. then 

( = u0,-f-fip^+ .... i7 = i(fl, + i'^,4-.,., itc. = *e. 

where the sufliies as usual denote partial differentiations. Show also by a^ 
purely analytical transformation that the Hamiltonian equations with t, u, fto. 
ohange into the corresponding ones with x, (. Ac. 

Ex, 6. The Lagranginn function is a function of $, #, Ac. and C, #', Ao. In 
what precedei we have taken the reciprocal fimction with regard to 9', ip', Ac, bnt 
we might also have taken the reciprocal fanotion with regard to S, ^, ia. The 
following example will illustrate this. 

Let 7*,. or L, be the Lagrangian function, and in order to keep the notation as 
nearly the name as possible, lut U= -^, V= > , Ac. Then if T, be the reciprocal 
fonetion of T, . (he traosformation corresponding to Sir W. Hamilton's leads to the 

..... „ dT, ,, d dr. 

typical equafons 0=^^'. ir=-^;-^^. 



To show this, it is sufficient to notice that T^- - 
rfTj _ _ d r, 



Then by the lemma in Art. 410 we have 
follow at once by Lagrange's equations. 

417, Tb* onaloBT to ndprocatioo In avometrr. The Hamiltonian 
formation of Lagrange's equations bears a remarkable analogy to the transformation 
by reciprocation in (ieometrj. Thus suppose the syirteni to have three oo-ordinate» 
$, t, ^, and let the semi vis viva T, be a homogeueous quadratic function of the 
velocities 0', ip', ^. We may regard 0', t\ ^' as Uie Cartesian co-ordinates of a 
representative point P, the position and path of which will exhibit to the eye the 
instantaneous motion of the system. Theie co-ordinates of /' may be found from 
Lagrange's eqnatioQs. In the same way we may regard the Hamiltonian variables 
u, t', w as the Carteuian co-ordinates of another point Q whose position and path 
will also exhibit the instantaneoua motioa of the system. 

Taking any instantaneous values of 0', ^'. ^' the point P will lie somewhere 
the qundrio T, = I' where U is the insliintn.ni'oUR vnlne of the force function. Tba^] 



i 

IB- ^" 



-UiT. -tUl.J THK .MIIIIlFJri) I.ArJHANdlAN FrXL'T 
dT, ,ri\ ilT, 



' ilf ' ii't'' ' 



tLat (/ will nlKo lit :m a <]Uitilric. whii'h ix 



llie polai' reciprocal of the qnndria T^ witb rctraid to a spheic wliosc cpntri; in nt 

the orii;iu, ntid whoae todius is iiiiml to .,''2 r'. 

Let thin reciprocal qiinilric he V'j= L'. Then, eiuce Ihcwo ([imJiicHiiosstSHieciptti- 

dT„ dT dT 

cnl properties, ivc Bee that fl'= -T- , ^'=-771 <!''=,-■ 

Ex. I. If the coefficients of the two quadrica T, and T., l)e fiinelious of iiny 
iiuantity ft, show •/••nmeirifiillj/ thiit -j^' = - -^jp . Theooe deciuce the remaiiiinH 

three of the Bamiltonittn equationii, vin. - "' = -3^1 - '''— 7~ ■ - w'^ -7— , whert 
H = T.i- U. See the author 'h essay on •■ Stability of Motion," p. {'.2. 

Ei. 2. Shi»T that the form of 7", a^ used in Cieompti-y is the Eiimf aa tliat 
liivt-n in Art. 11.4, E\, 2. 

41 S, The Modified Lagranglan Function. KirW K:nni!t<>ii 
traiisfonns ,1?/ thu iicouiiWil IhU-is ^■, 0',.^c. intn i|i. ..it. -i...i,.lii,- 
k-ttci-s II, i: ykc. But. WL- may als.. ;i|p|>ly !)„■ 1/ 1, ■ .. ■■ I . ■■ ■ 

some (mhj nf the Lagraiiyiaii L'li-inLlLiiiiti^ inl'i iL ' ■ _■, 

Hiiiniltfii'iiau oo-otiiijiatrs, lu,-iviiij( t)u' ollurs m,. I. .,!,;■. .| W.. 
may thus use a inixliiiv nt' the two kinds of i'(|uatiuii.'i. With 
one and the saint.' t'liuctinn we can ii.sl' Lagniiige's eiiiiatioiis for 
those co-oriIinate,s fur whifh they are he.'^t adapted, and the 
Hainiltoiiian ci|natiiins witli the iviiiaining en-unUualfs, if we 
think their forms piffenibh'. 

The HubatimcQ of thi.'t theory, as Riven in Arts. 4m to l^'i, is taken rriiiu the 
aiitlior's essay on " Stability of Motion," 117(1. 

4iy. To exjjlaiu this mure clearl)' let 11a consitier a system 
depending mi foiu" eo-oidi nates, 6. ^, f, i}. Li}t L, be the Laj^rangian 
ftnietiim. T,r-t US ni>w siipivwi" that wi- m«h t.o use Lagnuige's 
i.<iu:ili<iiis I'll' iIk' i'i.'i.if|iii.'iii>s ^, I! and tin' llnmiltuniaci eijuattous 
t;.r liiT' r.i-.ii'diiiati- 0. 4>. '\'u >h> tins wv M>e tlie Iwii Ibnniilfe of 

\Veh;nL 
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LAOBANOE a EQUATIONS. 



[CHAP. vni. 



with two similar ec|uatiotis for ij. Thus the two Lagrangian 
equations for f, i; are still true if we replace Lj by L,; so that 
we have the two sets of I^grangiaD etjuatioiis, 

ddL,^ dL, d dL, ^ dL, 

dt df ' df ' dt dt)' dj) ' 

420. The function i, might be called the modified functumtl 
but it is more convenient to give this name to the function with 
its sign changed. The definition may be repeated thus :- 

If the Lagrangian function Z be a function of 0, ff, 0, i^'. tSc. 
then the function modified for (say) the two co-ordinates B, A 
will be 

L' = L — uff — v(f 

, dL dL , 

where m = _,^ , v = , , , , and we suppose 

function L'. Thus Z is a function of 6. </i. ff, (p' and all the oth« 
letters, i' is a function of 0, (f>, u, v and all the other letters. 

These two ftmctions L. L' possess the property (by Art. 410) 
that their partial differential coefficients are the same with respect 
to all letters except d', <ft', v, v. As regards those four we have 



A' eliminated from 



1 

thisH 



dL_ 

dff 



dL^ 



, and 



dJJ^ 

da '' 



dL' 
dv^ 



We may form the dynamical equations, for the co-ordinates with 
regard to which the function has been mo<lified by the Hamiltonian 
rule, as if Z, = — i' were the Hamiltonian function, and for the 
remaining co-ordinatos by the Lagrangian rule, as if either L,. or 
L' were the Lagrangian fiinction. 

The function L, may be also called the reciprocal function of 
the Lagrangian fimction i, with regard to the co-oi-dinates 0, ^, &c., 
because it is obtained from L, just as T.^ is obtained from T, in 
Art. 410, except that we operate only on such of the co-ordinates 
as we please. It is however convenient to use the two words 
in slightly different senses. We shall use the word Reeiprocatioi 
when we change alt the co-ordinates, and Modification when i 
change only some. 

431. To find a gtntral expmtioa for tht modifieit Lagrangian /unetion aJU 
the mcttiary eHminalimu have been perfonatd. 

Let the vis viva 2T be girei) b; the homoe^ueouB qukdratie eipreasion 



BO that the LBgrangian fonation !a L — T+U, where V in a, fanaticia ef the • 
ordinatea e, f. J, *o. We futend to modify L with regard to 8, ^ to., leavii 
(, ij, Ac, to W operated on by IiaKran(!e'B rule. We tlieretore have according tH 




irt; MiiiiiKKT) i..\r![[ANi:i.vv rr-s-(;Tni.v. 3Sfl 

ate r. <,>■. Av. l.v lirl]. nf tlif eqiialuin" 

Vflse' + raj*' i ... = " - ■/■»£(' - rtf,^' - 



}■ 



Fnv the sake tif bre\il,v li I ns call the ri(;ht-hBinl nipmbora of tlii^^e c'ljii.ilioi 
" - -V. (■ - 1', ic. Kioca T ia n IminngenenuH fuiiction, we bavp 

'■='*'?+ w+... ) ,„, 

Tiiil1.y(lt'ri.iil[.m llio m™l:H,.,l fnnttioil ;.'=-7.M« 

= ^'«^;+i'i^V-K-. + r ) j.^| 

SulviiiB p^iinaiuna (1) wu Hn-i «'. 0'. ftc. in lernw of ('. i'. iW'. I>y tlir 1ii1|. < 
ilctHniiiiiants- SiibBlimtins i\w\t vnlm^a in Itr expivBsioo (3), wp lii..! 

i- - v. Tei. Tu. - , 

wheru A ia lli.> aiMCriniiiiniil ..r Hit Icinis in T which coutiiin only ^'i •!''■ •^'-'- ^ 
inuy niso Uo ■IcriVLil trnm Lliif ili'i.'nninatit just wriUen ilowu Ijy uiiiiltini; ilf I"' 
row nml the licst colniun. 

We may csimnd this .Ictemiiimnt, and write tlic iimilifioJ function in Hip f"rin 



, Tee. 7-iw,. ... 
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1'. /■«.!,, :iw. 


1,0. -v. y 

"a! „, Tfo. Te^ 


^rKfi'+'/v,-)'!- 
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m Hint X )', Ac. niTiy }«■ (.l.tiiiii. .1 (ram ii. r. ke. by i>milllng lilt tpfm« wliicli 
cuntninC, ^', Ai',,i.p. ibi' c^>-i.i Jiniilts to wliii-Jj «e inlciia t^Kijijily llii; Haniiltonimi 
equutioQH. 

ft Bbipiili i ■ n ■;;. ■ I :]i I- i! . I I ■ ..f ibi' tlii'ec dctemiiiinnts in (lip espreBSion 

for Z.' c ,1. I .■■■ . ami tbi' eo-ordinnlcs. Tbu stcond does 

not L-oniiii ■ 1. . 1 ■ .: !■ " iiuiution of i\ n', Ac. TLe lliinl oi>ntiiin« 

ttiiniBofiti. i.i-i i. ■■■ ,'■ \. . iiLiiUipliuilby tiicmiimenta u, r, ie. 

422. Case of absent co-ordinates. In muiiy ca.ii.'.'i of 
sriKilI ,K,nlklin.i., iil„,i,i .L >.tut.r .pI- sl,-mlv liii.riuii, :iwi in some 

i.tlt.T ]ilnbl,ii,s, till. ].^u.-;l1igiaTl ill(i<.-l.i<.(i L (1..US lli.t (VUltJVill 

SMi, f 111,. ,-u.u|,ti,i;il,'s !i^ e.<t>. &i:. Ih.nigh it is !i function 

■ >i' tlirii' .liHiTriiliiil I iH.-iciits ^, d', .^L-.; «t tlv saww v™« '-vV- 



i 



equations for 0, ^, &c. become ^ 
dL 



[CBAF. vm, 

nay contain the other co-ordinates f, ij. Sax, ae well as their dif- 
ferential coefficients f , V, &c. When this ucciits, the Lagrajigian , 

!* T- -1^ = 0, &f. Integrating, we hav( 

where u, v. kc are absolute constants whoee values are koowi 
from the initial conditions. By the help of these equations i 
mav find 0", <fi', &£. in terms of f , i;', &c., so that the problem i 
really reduced to that of findiug f, 17, &c 

The names kinosthenic and speed co-ordiruiies have both I 
suggested by ProC J. J. Thomson for co-ordinates which enl«r 11 
the Lagrasgian function only through their difierential coefficient 
{Phil. Traiin. 1885, and Applications of dynamics to physics t 
chemistry, 1888). 

We may now simplify the process of finding these rem _ 
co-ordinates f, rj, &c. by modifying the Lagrangian fiinction so t 
to eliminate the variables ff, <)>', &e., and introducing in their pla 
the constant quantities », v, &c. We write 
£/ = L — uff — vtft' .... 
and eliminate ff, <f)', i~c. by help of tfie integrals just found. 
equatimiK to find ^, ti, d'c. may be deduced bi/ treating ± U 1 
wtf Lagranffian function. 

423. When the system starts from rest the modified fun 
takes a simple form. Suppose the Lagrangian fimction i to 1 
a homogeneous quadratic function of 0", <f>', &c. Then, referring I 
the first integrals found above, and remembering that the iuitx' 
values of 0", ^', &c. are all zero, we have 

M = 0, v = 0, &c. = 0. 

Thus the vwdifi^ fimction h' is equal to the original fwtcHon, h 
is differently eamessed. The function i is a function of ^ 
the function L is the value of L after we have eliminated tl^ 
differential coefficients 0', <f>', &c. by help of the iirst integrals. 






We ma; dednoe this eipreBiion from the Lagrangian fmictiou L by t n 
rule, via., oniil all Ihi lervit Khich contain Ihc difertntial raefficientt 8', ^', rfe. I 
rliminiili'il. nnil (ir(il the drlerminiiiiln! frrm irriltcii lUnen ahore. 



ART. 421] THK .MDDiKIKI) I.A(ii<AXri[A-N FI'NfJTIOX. '.Hi 

424. BxiUDiJlf of ihF Sol.ir Br*teiii. Ar an example let uh coDsiditr t)ie case 
elf thiet jrairii ;. .m »(,, hIj, i»^ iiiutlmlly atlTOCtiug each otber 

:icui>rilin{£ 1" ''!■ int iiiuvinj! iu anj uittimerin one plane. Heferring 

iIk'sq to aay i. it n i.: .i i . -, i !.■ ii- vin viva and force- fo notion will be [unctions of 
till' Mix Cui'tvsiriii iL'r].(ii'(liiuit<'H .iLid their diCtvienlial coHltlcientH. But we mny move 
llii' uni.'in liiid turn the axen round tlit iiri|{in without nlterinu Ilia via viva or the 
rijiL-o-fiiiiilion. It fuUowH that uaoli nf Diu^i: functions is indcpcudtnt of thcve 
of tilt cii-urdiiiates, thouBli it nmy df|K-iid iin their differentia! eoefGei-.ntM with 
ri'^iLrd tu the time. We may therpfore Miuitijj/ the LaRranginu fnntCion uiid make 
it ileiwnd oul; on tht^ three other co-tiidi nates. 

Till' vis viva of the «y»lem is e'lual to [lie vi« viva (if the whole mass collected 
]it the ceutrii of gravity tu^^'ether with the vis viva relative tu the centre of gravitj'. 
The furiner is ['aRilywritten dnwu aud ix in our cane a constant; let us turn our 
attention to l!ic latter. 

Let (} 1* the centre of ariivity, draw Ga. G^, (17 to I'cpresent in direction and 
niiiKniloJo the ^'el^H^ilieB of the tliree particles, 1,1'. let a, ^, y trace out their 
1>iiil<i!jrfit>hs. Xhuii tile KideBof the ttinnKle u, p.y represent the rflaltt'e velocities of 
llic poitieiiis, ami the vis viva nEthi' nysteni hrei^ivsenteUby m,Ga.- + >ii.^<J^ + iii/}y'. 
Siiioe the molneutHni of Hit system relaliie to itx centce nf gravity reeolved in any 
direetiiin is /.em, it follows that ti in the centre of gravity ol three particlen 
III, , itL,, wi, pluecd at a, p, y, iSy a wiilMiiKiwn property of the ceulre of Hiavity we 

Mhoiv ,. i- till' Mini or the iimasei.. It iuiiiK'iliuu.ly fulli.w* that the 

vis liva of any system relative to its centre of gravity = ^^--i, "—- , 

where c,. lu the relative velocity of the particles m,, ni.. Tliis formula for the 
ri'lalive via viva ia cvideutly true for any number of particlee. It was obtained 
by Sir 11. Hall hy an analjtii'a) denionsttution in the Astronomical Noticcii for 
March, 1877. 

Lot It. h, r, A, II, I' lie, aa usual, the sides and angles of the triancle formed by 
joining the partieles. Let B lie the angle niailc by tbc side r with any KtrHlnht line 
fixed in H]>ace. Let accenw as usual denote differential cotflicicnlB with regard to 
the lime. Then we have 

Tliu.^^, if ay be Ihe vis viva relative to the c<!ntre of Kravity, we have 

wheie t, <J, R aie funeliona only ol the triangle, and not of H. We have 

/in = w(,«iac'- + Hl,«i., ((.'=■ -I- W-) + m.jii.^ (■>-■ + '(-ft"-'), 
llow we aliall express these must depend on the co-ordinates we wifih to UKe. Thus 
we may choose any three ijarta of the triangle, eicept the three angles, aa co- 
ordinates. 

Ex. Supposing it to be couveoicut to choose the diatanccE b and r. of two of the 
liartitles fnim the third, and the anyie A aubteoded by those two at that tliird 
particle, as the cu oiilinattB of the trinntile, shew that F, y, R may he ei.^ieisi«i\iv 
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Unna wklj «I i,e, A uhI thtit SMenatUl eocAcicBta hj the bdp of the (oUowiim 

Theae •dmit ot eacj geometrical demonatntiona. 

425. We ma; tlso moiilj the Li^nngian faDctioD witb regard to 6. To A 

tbii we pnt u = — = Pe' + Q. We notice thai, Bince tbe force- function V ia Dot" 

B fonction of 0, h U Irf Art. 1X9 an abratate constant. We now fbnn tbe modified 



L' = I,-kS' 



abnotate c 
_PB-Q' 



OttQ- 



2P 



'+V. 



This (noetion maj no* be Dsed ai if it were the La^fraogian function to find ■ 
ebangea in tbo triangle joining the tluee particlea. 

We ma; ilao notice that the angnhtr relodt; in spaoe of the side of the ti 
jcnning m,, m, ia given by the eqoation 

P»' + e = u, 
wheie f is the angular volooit; required and u is ■ constant. 

Ex. 1. Sliow Uiat P ii equal to the moment of inertia of the three p 
about the centre of gravitf . 

Ei, 2. Show thai >i'(PJt-Q') maybe written in the Ejmmetrical form 
lm,Bv' + m,m,l>'-)-in,m,a'| {m,m^-' + mjn^'' + , 

Ex. 3. Show tliat tbe qDantit; a is equal to the angular n 
sjKtem about the centre of gravity. 8ee Arts. 307 and 403. 

El. 4. Show that we may take lot /iQ cither of tlie forms m, {m^B'- 
or m,{in^'C ~ ii'tf'^'). the eflt'Ct of the ohniige being to add 
(unotion L' a r|Daulity «|Uftl to W or C" respectively. See Art, 4 

421). Hon-OonaerratlTa Foroaa. Tu explain how Lugrangc'i equatioi 
be uird ahtn iiiim of the forcei are noH-ioiuervativt . 

Lagrange's equations in the form given in Art. 399 can be used only when t) 
forces which act on tlie aystem faaTe a force-fii action. It however Pi6 be i 
virtual work of the inipreeaed forces obtained by varying 8 only, Q3t the vj 
lual work obtained by vailing ^ only, and »o on, it ia clear that Lag 

equations may be written in tbe typical form j- -ri - ts = P 
lit Off au 

437. It LB often convenient to separate the foroes which act on the syBtstu 
into two seta. Firitly those which are coUfiervative. The parts of P, Q, An. dne to 
tbeae forces may be found by differentiating tbe force- function with rcgHrd to 6, 0, 
An. Stcondly those which are non-consorvative. such as friction, Eome kinda id i 
resistances, &c. The parts of P. Q, ka. due to these must be found by the a 
methods given in statics for writing down virtual work. 

Though the non-con aervative forces do not admit of a foroc-fuDCtiaD, 
sometimea their virtual works may be represented by o diOercntiDl cocflieieni o 
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ati(itlit.'r kin.L Tliu» t<iij>|iiihi' hciuic of tlit (oTces iLt^tin;; no a (inrticla of a body to 
lie Buvli that thi'ir reMilvcil piirts ptnillel tn three rectuiiuular axeit lixcd iii cimce are 
l>ni|ioitionul to the vitlouiliea of the puctioly in thusu direolions. The virtual 
ncrh of these tureen is 

wln're ii,,/i,^,iij Aro three euiixtantA wlik-h nrc ne;>ative if the forces arc reaitttaiicee. 
for example, if the jiarticlBH be moving in a medium whose lesiatnuce is equul to 
tlic vulocilj' multi plied by a. cnii^taiit k, theu >t|. /l,, >l, are each equal to - k. Put 
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Lagraji|;e 


's i-r|ua(iunB maj Ijo written 





r(( ./fl' l/O ~ c/'J t/(J' "'' ' 

nitli (.iuiihir pi|uatioLiB fui p. ^, fte. 

We luny notice tliiit, if tlie geometrical ciguations ilo not contnin the time 
o\'plii:itly, tho fanelioD I'* is a ijuaJnitlc homogeneous fimution of 0', ^', lea. 

If the forces wlioec effects are iucluileil in >' he risiBdiin-.'*, tliPQ >i, , >i,, it^, *c. 
nro all iip|;utivc. lu this ciine F in ciifentially a positivu function of the velocities, 
mid iu this respect it reHenible-t the function T reprcscnlinit lialf Ihe vis viva. 

If ne treat tliu eijuationa written down above exEictly ns Lagran);o's cqnationfi 
ure Lreateil in Art, '107 to oblain the principle ot via viva we lind 

but in tliis cate /■' also is a hnniofc'eueous fonction of C, iSrc. Hence we Huii 

^^(r-(T=s'e + Ac.-.yj'-. 

We therefore conclude lliiil, if llie yeumetriciil eiiuntioiis do nM enntain lh(i time 
ei]ilieitlj, and if there be no furcea present but those uhich may be iiiclliiled iu the 
potential fouetion [' anil in Ihe function F, then F repieeents liall the rate at 
which enerity is leaviug the system, i.r. ia dissipated. 

The USB of this function was supuosled by Lord liayleiyh in the Prnr'riiUiiif nf 
thi' r.'indoi, iLithemalic'il Socifnj, .Tunc, 1S7:1. The fiiiictio!i /■' hnn been callcil by 
bim the liisHiiiation function. 



LAUHANUES EQUATIONS. 

426, Ex. 1. If an; two puTtielef of a dj-namicat Byatem aat and react on Ptwh 
ctbei with n furce wboa« reBolred part£ in thiw fixed dirccliana at right angliiB are 
proportional to the relative velocities of the porticlea in those directions, show th&t 
these ma; be included in the disuipatioD fiinclioa F. If 1'^,, V,, V, be the com- 
pooents o( the vdocitieB, »i|''^. ii^V^, ft^V^ the componenis of the force of repnlBiau, 



L^jF,'). This example is takan 



the part ot F due to these is - r - (^i yj- 
from the paper just referred to. J 

Ex. 3. A solid body mavea in a medium which atils on erery element of tha ' 
surface with reaiating foroea partly frictiooal and partly miroial to the surtooe. 
Each of these when referred to a cnit of area is equal to the velocity reaotved in ita 
own direction multiplied by the same eouatant t. Show that these rsEiatanees may 
be included in a dissipation function F, where 



!{<r(B> + D' + B>)+^«,'+fi«,'+C«, 



-2Du, 



-2Ea,Wg-2Fuj^,i, 



where a a the area, A, B, &b. the momenta and products of inertia of the turfatt 
of the body, and (u, ii. tr) Che resolved vclocititia of the centre of gravity of a. 

429. Indeterminate Multiplien, dec. To explain i 
Laffrange's equations cun be used- in some cases when the rjemMtncai. 
equations contain differential coeffi.cieuta in'th regai-d to the tinie. 

It has been pointed out in Art. 396. that the independent 
variables 0, 0, &c. used in Lagrange's equations must be so chosen 
that all the co-ordinates of the bodies in the system can be ex* 
pressed in terms of them without introducing &", ^', &c. Baft 
when we have to discuss a motion like that of a body rolling on 
a perfectly rough surface, the conditiou that the relative velocity 
of the points in contact is zero may sometimes be expressed 1^ 
an eijuation which, like that given in Art. 137, necessarily in* 
volves differential coefficients of the co-ordinates. In some a 
the equation expressing this condition is integrable. For example :. 
when a sphere rolls on a rough plane, as in Art. 144, the condititm. 
is of — aff = 0, which by integration beci>mes x — a9 = h, where h 
ia some constant. In such cases we may use the condition as one 
of the geometrical relations of the motion, thus reducing by ono. 
the number of independent variables. 

But when the conditions cannot easily be cleared of ditTerentiat 
coefficients, it is often convenient to introduce the reactions and 
frictions into the equations among the n on -conservative forces in 
the manner explained in Art. 427. Each reaction has an accom- 
pauying equation of condition, and thus we always have sufficiai^ 
equations to eliminate the reactions and determine the co-ordinato* 
of the system. 

The elimination of the reactions may generally be most easily 
effected by recurring to the general equation of virtual work and 
giving only such displacements to the system as Tuake the virtual 
work of these forces disappear. Suppose, to fix our ideas, that 
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a bofly is rolling on ;i purt'ectly n'Ugh sui-taci-. Let 0, ^, &v. be 
the six C"-nr(Iiiialon of tlic Ittxiy. IIk'ii hy Art. 137, there will 
bu thit'c equiitimis of the form 

L, = A,ff + B,<t>' + ... = (I), 

llii' iilliiT twn being ik'iivfil frtiin this by writiuf^ 2 riiid 3 lor the 
siiltis. Th.'-sr threi' i>.|ii;ilioiis e\|iivss tliu fact thiit the resolved 
vi'lorilirs ill thivi.' direi'lloiis uf rlic |ini[ii. nf contact iiro zero. The 
r.iiiatini, ,,f virhijil w.iik lauv b,; MtilLri, {Art. 398) 

ag-a-^--:;f--- <^). 

wlnTr t/' ia the force-fimctiuti of the impref-sed fort-es. Since the 
virtual work of the reactions at the \vi]]\' -f .■■.iit, .t hnvr been 
oinitted, thiM eiiuation is not true for nil i ■ ■■ - f, 0. &c., 

but only for such lis make the body T"!I Ji surface. 

But the geometrical eijuations L,. L. I. ■ w ■ -- li" tlict that 
the bi"lv rolls ill s.mie maimer, hence SO, S41' S;,: a.v eMimeeted 
1)V rhlve.'.IUatiullsnnlie f"nil 



U \\<- ii.-i' the method of indeterminate midtiplier.- 
+1)0), ihe i'.|uati.in;^ uf virtiKil work are transformed in 



dt ,lff (18 dd + ^ (W ^ '^ d&- ■* 



with .similar ei]iiations for the other eo-oi'dinates <f>. i|f, ki-. Tiiese 
joined to the three ei|UUtions L,, L... L,, are sufficient \<i determine 
the co-ordinates of the body and X, /i, v. 

This proces.s will be very much simplified, if we picparc the 
geoinetrieai ciinations L,, L... L^ by elimination, so that one dif- 
fi'MUtial eoffficidnt, a,s & . is absent fi'imi all but the tirat etpiation, 
:iii..ther, ii.-. (/)', absent from all but the second, and .so on. When 
this liMs biTii dune, the eipiation for 6 becomes 

A dT d'r_dU dL, 

dt dff dff'dd ^'^dO ^^'■ 

Thus \ is found at onee. The values of fi and c may be found 
from the corresponding ci|uations for 0, i/r. We may then sub- 
stitute their values in the remaining equations. 

430. The method of indoterniinate multipliers is really an 
introdiictioTi of the unknown reactions into Lagrange's eijuations. 
Thus let M,. a,. R, be the resolved parts of the reaction at the 
point of contact in the directions of the three straight linos 



used in forming the equationa i,, L,, £,, Then L,, Z,, £, are! 
proportionftl to the resolved relative velocities of tha points of J 
contact. Let these velocities be k,L,, ie.Jj,, k,L,. Then if onljrV 
be varied the virtual work of Ri is KiA^hS, which may befl 

written «, -j-2 19. Similai'ly the virtual works of il, and ^1 



dL, t/i , dL, ., 
.to ,,^^58 and «.jySf 

equations are of the form 

d dT _dT_dU 

dt dff de de 



Hence, by Art. 426, Lagrange's 






7 + >cji..j + >cji. 



dL, 



Comparing this with the equations obl-aiued by the method ' 
indeterminate multipliers we see that \, fi, v are proportional ( __ 
the resi.>!ved parts of the reactions. The advantage of using th^ 
method nf indeterminate multipliers is that the reactions are'^ 
introduced with the least amount of algebraic calculation, and in ] 
just that manner which is most convenient for the solution of the ] 
problem. 



481, Ex. form ty Lagrange't mitlmd the equation* of i\ 
emu tphfre Tolling an an inclined plane nnder the 'intion o/j/ri 



■ily. 



Let the %xia ot x he takun doxrti (lie pl&ne nlony [he liue of ifreateHt slope, l 
let the oils of ^ be horiEont&l and Lhitt of z narmal to the plane. Lot {t, ^, <i) be 1 

to-ordinatcs of the centre i>( gravity of the sphere. 9. ip, \ff tlie aagatar co-ordi- 
Dal«B of three dinnjeteiB itt right angleB fixed in the sjihere in tho manner oxplained J 
n Art. 25G. Then, if the mus be taken as unitj', the vie viva is by Art. saS, Ex. 1, 
2r=j''' + i,'' + J:={(0' + V'eo«#)" + fl^ + Bin'flf_']. 
Tho resolved velocities parallel to the axes of x and ij of the point uf the spbere J 
n oontaot with the plane are to he zeio. These ^ve the coiiditions x' -aa,—fi, i 
r' + (i(ii2=0. By Alt. 257 these coDdltioos will he fuand to lead to tlie eqoatioiu 



t, = 1/' - (Hf sin V + "*' siu e COB ^ = 0. 




Alau, if y ho the resolved part of (jravit; along the plnne, and (' any oonHtant, 
WW have V^gx + C. 


Tlie general equation of motion is 


d dT dT dU _./l, JL, 

.Udf-di-dq^''W^''^i'- 


where q stands lor any one of the five ciuautities t, ,j. B. #. ^t, TakinB these in 


tum,wehave «" = fl + X. y"-n. 
*'(<■■ + *>' «« *)=-'"' cos ^-;»i Bin 1/., 




*'^{0' + f 00*9)=- \«sitifl Bill V + M"ei>i«eos^, 




t'|j(*'cose + f) = 0, 


, 




^^^^H 
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Thu biRt fiiuntiun shiiwH that ^'cosO + t^' is coiiBtunt. Frum this we iiiFur, hy 
Art. 257, lliat tlie nuauliir vplncity w, nf thu Eiiliero «boiit a norinal to the piano ia 
coiiHtant lliroufc'iiout tbu motiuii. Elimioatiinj ;i from tho two preceding equations, 
and Kiibetifutini; for ^" from llic Inst vm find 

- ~ =B" COS <p + i),"si!\Hiiin^ + ^':p- find can ^l.-S'^l'' ain \^ + 0>'coB»sin ^. 

But tliis ia '^ . In the Home way we lind - rj = — ■ Substituting theue valuee of 
\ ami fi In the Hcst Uvo of Lagrani^e's cgtiatious »'<> Lave 

Tlic^i^ lire tbp eqiiatiiiiiH oC motion of n partivli> aelod on by a constant forre pnmllol 
to tiie axis of -r. The centre of gi'ivity of tiii] sphere therefore describca a parabola, 
as it it were imder a constant acceleration, equal tu ig, lending along llic lino 
of greatest slope. 

This solution is rathur com plica teit, hut the problem has bt-cn stlccteil to 
Khow how wo may use LugFaui;c-'H ei]uations as E]iecially illuBtratiU); tlie reuiarkK 
nimle in Art. 439. fio far as thin particular problem ia concerned It very simple and 
fhort solution ma; be obtiiiiicd by the ordinary processes of revolving and taking 
lunnieiita. I'or thin we refer the render to Art. SO!) and also to the chaptct on tlu' 
utiiliuii iif It budij iiii'h'T iinyj'iircft in the second part of this work. 



EXAMrLES ■. 

1. Two weinbta i)I masses m and a«i respectively arc connccti'd by a strinji 
which |>a!wes over a smooth piLlley of lua^u iii. TliiB pulley in susjienilcd by a 
string parfsing over a -siuooth li:ied pulley, ami carrying a mass iiii ut the other cud. 
ProTc that the niaaa 4jii muveii with au acceleration which is one twenty-third part 
of gravity. 

2. A uniform rod nf mas= 'liin and iensib 2/ bus its middle point fined, and a 
vertical axis throngb its* Centre, with ;m iinHuInc vtlocily ciioal to 



/; 



show tliat till' hLin; md of the rud will fall till the incMoation of tiie 

.■ vtrtieal is ciis i(^/|i-+l -«), and will then rise ajiain. 

a. A rod ol length '21 ia CDUslraiueil to move on the surfatu of a h,i'pfrboloid of 
levolntion of one Hlii>Gt with iU aiis of Kvmmetry vertical, no that the rod alvraya 
lieh bIoub a Kcnerator. If the rod start from rest, show that 

r''-2,»'a'EiuB + u"d'- + «in''B(i^ + ir-)fl'=-l-2;(eoBa(r-r„)-0, 

where r is tbf dishinoe mciiBured alotii; a generator from tho centre of Kravily to 
the principa! circular seetiou. S is the exeentric angle of the point in which the 
geuurator meets tliia circular section, ii is the ratlins of the oircglar section, and a 
JB the inclination of the rod to llic vertical. 

• These esamplpB are taken from the b:\aiiiimilion Tuivr^ wiiieb liiive bwu set 
in the University and in the CoUegen. 



1. A ring of DMM ■> Mid rBdiiu b rolU iniiib ■ foUdij roagh tn^ of mam X 
ADd i^iOB a, whieb U tuoroble sbout lU ceuire in a mtiaU plane. If tf. ^ be tbe 
•aglta tnnied thioiiKb bf the ring* from Ibeir po«ition of eqailibrinm, ptore that 

«« + t# = (a-i)^. JfuP" = «t#-', |2M + «Ka-6)f"= - (Jtf + «| .^ iin*. 



6. If I, "I. n be the dirMtioD-cocines with respect hj fliej mxa of a 







in an]' huhimit ia (pace, and if K be tbe potential energy, proTe that 

rf|lll df-\_ 1 /,lfTI dV 

dr» "^ dm 
when / is tbe moment of inertia of the nol about bo ksu throogh 
pCFodicDUr to itH length. See Art. WO. 

S. A particle of nuui n moves in otie plane, and its motion is referred to uc&l 
co-ordinates x, y. i. If 31 be the vis vita, and I' the potential enetgy eipreeaed ^ 
a homogeneon* fanoUon of the areal so-ordinateti, prove that 



«(5^'/' + .V)-2a--'»(';V' + 



0-3^.«.„V + 6.0-2 



df 



7. A bcavj' rod. whose length is '2n. ilipa down witi 
with a smooth borizontal door and a smouth vertiosi wall ; tlw rod not being 
initially in a piano perpeDdicnlar to the wall. If be tbe inolination of tbe rod to 
the vertical, anil ^ tbe inclination of the horizontal projection of tlie rod lo the 
□ of the planes, prove that 

-^ 



^)- 



ig{rin9Bin^) = tan;.^(dnfloo.^|. 

8. A particle moves under the autinn of two centres of repulsive foroe F and O 
tending from two fiied points, at a distance 2c from each other. Show that the 
Lagrangian equations of motion may be written iu tbe form 

d dT_dT 'i^ _^ F r 

dl d\- dx" * ' dt dii' d^~ ■ 

where \ and fi are the elliptic co-ordinates of the particle referred to the fixed 

, . . ar v fT' 

P<nute aa (ooi, and )TI.~~i ~ x^" - " "*" ~'~ * ' 

g. If r, 9 be iha polar co-oriliaateH ot a particle of mass in whiah describe)) an 
orbit under the action of a central foroo F tending to the pole, and «, v be tbe o 
reKpondingmomenlii.provethattbeHarailtouian function iHfl = g- + =— j + /Ft 
Thence deduce the Bamiltonian equalioas of motion u = mr', « = m>^ 
).ir>(H' + f ) = !,''. "' = 0- 



.Small Oscillations. 

Oxcilltition'f with One Degree of Freedom. 

4;12. Whkn ii sy.sti^m of bociies ailmits of only one iiidepenik'iit 
niuliou and is iimkiiijf siiuilt oscilltitiiitis abuiit .some mean positiim, 
in- some mean state of motion, it is in geiieni! uiir oliject In ii-dnce 
the ftjuatioii (if niotion U^ the form 

wh.Ti' .!■ is som.> small i|uantitv whieh tlftormini-s tlu' jjEisition of 
ihi' svst.'iii at the tiriLe (. This rerliictinn is .■tleulicl hy negleetiug 
Ihr s;|ii;in' of Ihe small .jnantity .'■. 

lvi;L KeanlnK of tba Terms. We oiippnse llip pijiinlion to K- nbtiiiood by 
wriliuK down tbe <-nuiiti(m« i.C !i .1 ii.n .r J' (!■■ ilm (■■ '■ ■. .[ipi il ■ n ■ liiiiinntiiiR 

the read ions. Let us c(iu~i'l' i ■ ■ ■ • ■ .i.i,. ■■ ■...■■■il from a 

jioBiliuli (it Biiuililirimu. Uv i- i ■ ■ ■ .1 ■ . , . ■. -,.uie Ittltr 

.1- Knoll tliat, J- beiiit! known, \h- i-.n i. !■ ■■[ . ■. . ■. |i.(i r; n n. !■ :lii r,l rniin the 

gtonietrital eouditiims iif LIil> sy.-ttiii. Tlif Ji-iiiluci-iiii'nt ; of :my jmitli'lB ill ia 
ILerefoti' some fuDctimi of j-, and since tlie Riinara of j is to be nwIectiHl in a 
Riiittll OHoillatioii wc lmv,< hy MaclaiiHn's llieoreni (-U+IIj; ivlicru G iind H are 
some cuiietniitB de|ir'iitUng on tlie ]io>:iliD]i of tbe p&ilicle in thu syitPm. The 
eHeotive forces on 111 aie (1) IIiiu nlonit the Innaeut to its arc of oBCillatioii, and 
I'i) a centrifilwal fOfti.' wbicli has m.r' lU the uiimfrator, ftnd iu*y tlierefoiu be 
ne^'k'tti'd. Tbe tfffOtive forces tlierefore contribute terms of tlie fonii i fo tlie 
diUeienilal I'qualLon. 

lii-Mth't ns toiiwiiifi tbe iiii]ircss('d forces on tbe Byslem. Tbetie uio of ibvee 
kinds. 

(1) Tbe tyHteui beint' dieplnued tlie forces of the system ttiid to bring il back 
to its poiiition of eqnilibriuui. if thi< ponition be stable. Theae forces are all 
fnnctions of jr, and t^iiice the aiiiiaie of j- is DeFtlected, tbcy contribute ternia of the 
furm I'-ii.r to the e<iiiation. Tbe terms e-b,r tLerefore repreaent tbe H'lliirnl 

(aj There mny be mme /iirrrt <•/ rr/itl'im:- acting at special poinls of the 
sytilein whicli depend en the velocities of (lie particli'H. Tbe veUjcvVj tA «»-< v^i^y^ 
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pBTticle m will be tome funotion of {, which, u before, ra&y be taken ecgntil I 
Tbeue reaiaUiiMa will therefore couttibote terms of the (orm aj to Ujh aquation. 

(3) We ma; have some small rxteriuU forcet whioh are functiotifl of the Umoj 
We may, wb«o they eiist, represent them b; a term /((] on the right hand side a 
the eqaatiou. 

We Bee that the Effective Toraea and the three kinds of impressed forces ci 
tribale ditTerent kinds ol terms to the eiiuation, and, since tbe prodaots or tbesil I 
terms are to be Deflected, each term comes eiclnsiTel; from the source mentioned, i 

We propose in tbe Srat instance to omit the external forces, aud to coDHider tha -I 
modoD of a system acted on only by the forces of restitation and the forces of ] 
resistance. Tbe oscillation prodnced liy these two together is called tlie natnraX ' 
OT fret vibralion. The oscillations produced by the eilernal forces are sonietiin«a \ 
iMbA forctd fibrationi, and will be considered under that heading. 

434, Solution of the EquaUoQ. It generally happene I 
that a. b, c aro all constants, and iu tliiu case we can completely J 

detennine the oscillation. By putting !r=j + ^tr", when h is not | 

zero, we reduce the equation to the well-known f-mn 

ll+<'-«')f=»- 

When 6-«' ia positive, let us, fur the sake of brevity, pub 1 



We then have 



'sia{nt + B), 



where A and B are two undetermined constants which depend c 
the initiiil conditions of the motion. The physical iuterpretatioa. * 
of this eiiuation is not difficult* It represents an oscillatoiy \ 
motion. The central position about which the system oscillatea f 

is determined by x = j. The system passes through this central i 

position whenever nt+B \s & multiple of -n-. We therefore infer J 

that the time of a complete oscillation is - . To find the tiraea I 

at which the syatein conies momcntaiily to rest we put -n ~ ^- '''his J 

gives tan(K( + S)=-. The extent of the oscillations on each i 

side of the central position may be found by substituting the j 

values of t given by this equation in the expression for jc — j . | 

Since these must occur at a constant interval equal to — , we 

that the extent of the oscillation continually decreases, and that i 
the successive arcs on each side of the poHition of equilibrium 

form a geometrical progression whose common i-atio k e 
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Th.- iiiuiiilitv /( is oalb.d llu' frcji.em.'!/ "f \.\u- .isrillation. Thi^ 
vf-ry n-^^-M "l-nii ti;i^ li-n iniro.liKv.l' hv Lnnl Ravk'i^^li in his 
neon, o/ S'"n„i 

When l>~tr' is ii.-;iliM', w |>iil I, - u^ ^ - r\ In ihi.s c^us,. 
Uio si'iie ill thL' soliili.iii miisl !>.■ n']>Lini| hy its i.'X|iHiiviiliat valiu>. 
iiud thi.' intff(iti! bcpomi's, 



uli.'P' (' I J> iirr iw.i iiiifl>l(.-Tiiiiiii'il viiiistuiits. Thi- iiiutiiin is 

iimw ho l.\,}i.r ii-i'illiituiy. If II 1111(1 ti arc bmli jfiisitive. c is 
liss lii^iii (J, iLii'l ill lliis (.'iise. tt'hiiU'Vtr the initiul wit id i I ions 

may be, .r nltiiuafcly bL*coiui-.s tijiial to j, aitd the syatt'in con- 

Liutiiilly npprt'^ohiis tlnj ijositioii diitwniinL-d by this vahic of j.: 
Till- siiiiiL' tiling (iwiirs if c be greater than ii. jirovidud that tht- 
initial coiiditionH -mv such that the ci leffioicnt of thf (.■xpom-nl.ial 
whic'li has a jtiwitivo in{.l(.'.'( is zitu. 

if i-„= = 0. thp int.';r,'al takes a diHeivnt fnnii. and w,- liavi- 
.'■-)■ -4 {Kt + F )<■-'", 

wliriv A'.'Uid Faiv Us., luid.ti mnnr.1 i..mstaiiis. If u he positive, 

th.' .ysteui .-nonunally iip,,i- 'hcs th.- p..siliu„ d.'t.nni.ied by 

hr=r. 

+:i.V \Vh,'ii ihi- v.dui. nf ,, :is j,'iv,.n by th,-;i. ,-<piai.i„n-, h.cnnn-s 
large, tlif icniis dcpi.'niiinjf <in .<- which" hiivo hwu neglected in 
fonniiig thf oipiation may al.-m become gi'Ciit. It i,s powsibto that 
theso lernis inav aht-i- tin- whole charact^jr of thf motion. In 
MK-h cases the ■e,|iiiHl>rium, nr the iiniiistiirbed niulinn of tiiu 
svKteni a- the ea.-e niav I"', is called unstable, and ih.>>e eipifttioiis 
win repres.'iil eiily the' naiiue ,,f tlie nmiioii ^^ilh uliieh the sj-stem 
beiiiiLS tn iiiuve I'roiii its undisturbed state. 



flii.l Dit' iiJtliniile 
Ex. 1. Sliuu- 



■'('-D- 



- %in'")[ + i j V-"-''>^[Q » 1/ - nf{'-)'ii: 

il i wlieii (=0. {Math. Tn|ins, iHTli.) 

mild advantageous to tmce the motion 
Iji't equal iiicremeHts of tW v-ijw^sija. 



BlUIX OaCILLATION& 

of a point P represent on any scale equa] increments of the tini.. 
and let the ordinate represent the deviation uf the co-ordinate a 
from its mean value. Then the curve traced out by the repre 
sentative point P will exhibit to the eye the whole motion of tl 
8yst«m. In the case in which a and o — a' are both poaitive tl 
curve takes the form here represented. 




The dotted lines correspond to the ordinate + Atr^. The-1 
representative puint P oscillates between these, and its path f 
alternately touches each of them, In just the same way we a 
trace the representative curve for other values of a and b. 

The most important case in dynamics is that in which a = (X ] 
The motion is then given by 



The representative curve is then the cun^e of sines. In this 
case the oscillation is usually called hariitonic. 



--p^sr^l' 



measured by x. tr a-g 

■ystem will nerer defiftte bom its mean position by w 

if i be gCMter tban a*. 

Ex. 2. A Bjetem oacillatea about & poaition of eqailibritini. It is reqaiied ti 
find by obBervations on ita motion the numerio&I values of a, b, c. 

Anj three determinationg of the oo-ordinate z at thrpe different limeH wil 
general); iopply Buffiuit>nt equntiaDB to Hud a. b, c, bat some meaauremenla cmi 
be made more easily than others. For example, the values of x when the systani' 1 
comes momentarily to rest can be oonveniently observed, because the system i 
then moving slowly, and a measurement al a time slightly wrong will cause u 

only of the second order, while llie values of t at sueh times cannot fas 4 

itly observed, because, owing to the elowness of the motion, it is difHcidtf 

determiue the precise moment at which i vanishts. 

If three suecessive Talaes of x thus found be j,, *,, x,, the ratio of the two J 
known function of a and b, aud one equation ] 




ART. 430,] MIIMKXTS Allnl'T TIIK ISSTAXTANKOrS rESTESE. 3")3 

can ihiia be formed to (ind llie CQ 
unknown, «e luny form b second ■ 

■"i " 7 1 ■'■j ~ / 1 ■''i ~ r *''"' form i* K'^<i"iPt''i'^il prnuniBsioD. In this way w 
wliiub is tliB raliic of x corre9|K>iidin)! to the position of e'luilibritim. 

Tbc poattjon of eigtuUbrimn lioini; knowD, llie ij]ti>i-val between t 
{lassa^ca u( the nydteiu thn>u|jh it in atra a known tunction of u and b, and tixna 
II third c(|aHtion mny be rumit>d. 

Ex, S. A body iMTfonns voctllinear vihralirin!i in a medium whose resistance ia 
piiiportionni lo Che velaGity, uudtr the action u( an attractive furce tending tonnrdH 
a fixiHl centre and proportion ill to the distunee therefrom. If tlie observed period 
of vibiiilion in T, auil the ca-ordiuiit«H of tlie extremitien of three connecntiTe aemi- 
vilimtioua are p. j, r, prove that t)ie co-ordiunto of the position of eijnilibrium, nnd 
tile tiuln ii[ vibration if there were no rexisLiLnce are respectively 

_^_f r.nd r |i + i.,(ict,^:'')'["*. [Mivtb. Tripo., mno 

Fii-st Method of foniiinrf the Eijuaiiom ff Motin>i. 

430. When the system undor con siil cr.it itm is a single body 
thei-o is a simple method of funniiij; the et|uation of nintion which 
is sometimes of greati use. 

Let the motien be in two dimensions. 

It has been shown in Avt. 20.5, that if wo neglect the sijiiares 
of small t]iiftntitieB we may take momentH abont the instantaneous 
centre its a fixed ceuti-e. Usually the unknown reactions will be 
such that tbeir lines of action will jtass through this point, their 
moments will then be zi-ni. and thii,'; we shall have an enuatiou 
containing only known i|u;uii itirs. 

Since the body is .sii}i["ir-rd |.> !"■ turninir about the instan- 
taneous centre as a point tixfil r.'i :'m' iiM'ii' ii- ill- ilii-rction of 

motion of any point oC thi' lioily ■ :. : | ■ ■ ':■ straight 

line joining it to the cenliv. i ■. . ■ I i ■■■lions of 

motion of two iioinlK of the b"i.lv .']■ Iwi-.-ri, lin i.i-irn.n of the 
iustantaiieons centre can bo found, i'oi it we draw pLipeniliciilars 
at these jMiiiits to their directions of motion, the perpendiculare 
must meet iu the iuatantaneons centre of i*otation. 

The ei^natioii may, in general, be reduced to the form 

,,,. d'8 _ /moment of impressed force,? abonfN 

dp ~ \ the instantaneous centre / ' 

where 6 is the anf;le some sti-aight line Rxcd in the body makes 

with a fixed line in space. In this formula ML-' is the moment 

of inertia of the body about the iu.stantancous centre, arul since 

the left-hand side of the e^juation contains the small factor ^^ 
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we mav here suppose the instantaneous centre to have its met 
or undisturbed position. On the rig'ht-haQd eide there is no emtil 
factor, and we must therefore be careful either to take the moment 
of the forces about the instantaneous centre in its disturhed position, 
or to include the moment of any unknown reaction which passes 
through the instantaneous centre. 

Bi. If a bod; with onl; oiia indppeudeut motion can be in eqnilibrii 
the some position nsder two diffcrflnt ajatema of foroee, and if L^, L^ a 
lengths of the aimpls c^quivalent pendiUoUB for these sfstems acting Mpant^rifl 
then the length L of the equivslcnt pendulam when thoy oot together is given hj 



/..' 



410, Ei. 1. A bomogenemii htmiiplierc perjormt imall oi 
rumjh horitontal plant : find the moli'on. 

Iiet C be the centre, Q the centre of grsri^ of the hemiapbi 
oontdet with the rough pUne. Let the radius = a, CQ^e, B= i.NCO. 



!llation» on a ptrftettg . 
S tbe point or I 




Here tfae point W u the oentre of instantaneona rotation, beoanie, (he jiaat 1 
being perfectly toagb, anCGoient friotion is called into play to keep ^ff at r 
Hence taking moments about N 

{k' + GN')&=~gc.sang. 

Since we can pnt ON = a-c in the amull terms, thia reduoes to 



Therefore tbe time of a amall oscillaticm 



It ia olear that k' 



V fs 



+ e' = aq. of rad. of gyration about C==o', and that e 
If tbe plane had been smooth, JIf would have been on the inatautaneo 
OJlf being the perpendicular on CN. For the motion of N is in a boridontfcl | 
direction, because the sphere remaina in contact with the plane, and the motion I 
of a is vartiottl by Art, 79. Hence tbe two perpendiculars GM, NM a 
instantanMUs axis. By reasoning similar to the above the time ia found to | 
be 2t, 



V eg 



Ei. 9. Two ciroalar rings, each of radios a, are firmly jointed together at oa« 
point ao that their planes make an angle Sa with one another, and are ptaoed oi 
perfectly rouch horizonlal plane. Shew that the length of the aimple equivalent 
pendnliiii] is Jn (1 + 3 cob> a) cos a oosec' a. [Math. Tripoa.l 
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++1. Oscillations of CylinderB. A aiJhiiirkal. xnrftice of 
till'/ fhnir rc.sY.s' in filchle eqiiiUbiiuiii under grivihf on another 
perfect!'/ rmujli ci/lindrical unr/iice, the aa-es of the ct/linders beiiifj 
horizontal awl parallel. A small disturhniice being fjiven to the 
upper sin-face, find Me time of a svtall osi.-illu.tion. 

Let BAP. B'A'l' be the sections of the cyliiiHera perpendicular 
fii ihrir .ixrs. Lut. OA, C'A' be tionnals iit those jjnirits A, A' 




which before disturbance were in contact, and let a be the angle 
made by AO with the vertinil. Let OFC be the common normal 
at the time (. Let G be the centre of gravity of the moving bo<Iy, 
then before disturbance A'G wa.s vertical. Ijet A'G = r. 

Now we have only to determine the time of oscillation when 
the motion decreases without limit. Hence the arcs AP, A'P will 
be ultimately zero, and therefore C and may be taken as the 
centres of curvature of AP, A'P. Let p = OA, p' = CA', and let 
the angles A OP, A'CP be denoted by )f>. ^' respectively. 

Let be the angle turned round by the body in moving from 
tlie position of erpiilibrium into the position B A'P. Then, since 
before disturbance A'C and AO were in the same atniight line, 
we have = /: CBE = <f> + if)' , where CA' meets UAE in D. Also, 
since onebody i-ollaon the other, the arc AP = arc A'P, .■.p<j>=p'<})', 



P + P 
Again, in order to take moments about P, wo reijuire the 
horizontal distance of G from P ; tliis may be t'oiind by projecting 
the broken line PA' + A'G on the horinontal. The projection of 
PA'= PA'cm(tx + 0) = p^<ima when we \ift^\e*A VV« ■**\f\K«vi?^ ■^''^ 
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small quantities. The projection of A'G is rd. Thus the hoi 

zontal distance required is [ ■ -. cos a 
^ yp + P 

If t be the radius of gyration about the centre of gravity. th« 
e(|natioii of motion is 

If L be the length of the simple equivalent penduhii 



442. Circle of Stability. Along the common normal at I 
the point of contact A of the two cylindrical surfaces measure ] 

a leneth AS = s, where - = - + -;, and describe a circle on AS u 1 

^ P P 
diameter. Let AG, produced if necessary, cut this circle in ]f. ' 




k 



Then ON = s cos a — r, the positive direction being from N towards , j 
A, The length L of the smiple equivalent pendulum is given by J 
the formula 

L , GN = sq. of rad. of gyration about A. 
It is clear from this formula, that if G' lie without the ciicle.| 
* Iiet it be the ndias of ourvatnre of the path traced oat b;r (? bb the ona 
oylinder rolls on the other, then we know that R = - ^tj^ . so that all pouila with.- 
oat the cinle deBorlbed on AS ob diameter are descnbrng carvea whose conoavity I 
is turned towards A, while thoao within the circle are deaoribing curves whow I 
ooDveiit; ia tntned towards A. It is then clear that the equilibrium is stable, I 
unstable, or neutral, according as the centre of gravity ties within, without, or n 
the oiroumferenM ol the circle. 
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ami above the tjjrigiiiit at A, L is negative anil the einiilibrium 
is unstable, if withm, L is positive and the ciiiiilibrium is stable. 
This circle is called the cirrlc of slcliiliti/. 

This rule will be fnuirl ■>.'i\ ■■..r,...'i,vi,i i.. .|. ■■■ihiii,,' not only 
the condition of stabiliiv ■■! ■.■ i ■ iinlihrium 

on one side of a roii^'h n ■ I ■ ■' ■ i . - , ■, ■ ^nine the 
time of oscillation whtu lii.- L.juii.lj; iidii i- ili.-Lvn bi J. An cx- 
tunsiou of the rnle to Ciiaes of rough cones and ulhur sinfivces will 
be given further on, 

443, ]' III IV ti.' iiiit.iced ihat the |irt-ceding result is per- 
fectly -. I, , ' . ! I i\ W' u.'ied in all Ciuses in which the locus of 
the iiJ^i I - i> known. 'I'hu,s p' is the radius of curva- 
ture '■( 1 1 ■ '■ 'ii-- III I lu' body, p that of the locus in space, and a 
the incliuaLiiJU of ity tangent to the horizon. 

If (/,(■ be the horizontal displacement of the instantaneous 
centre pi-oduced by a rotation dS of the body, the C([uatioTi to 
Hnd the length of the simple ci|uivalent pendiilinn of a body 
oscillating under gravity nmy be written 

7/ ~d6 ''' 
This follows at once fr()m the reasoning in Ait. 441. It may 
also be easily seen that the diameter of the circle of stability is 
equal to the ratio of the velocity in spjice of the instantaneous axis 
to the angular velocity of the body. 

En. 1. A bomngeDooni sphere iiiakeB aniitU oscillatiotis inaido a, fixed sphere so 
that its centre moves in a vertical plane. If the rouglineHa be suJliGieiit to prevent 
all sliding, prove that the lenKth of the equivalent pendulum is seven-fifths of the 
difference of the radii. If the ^pherea were i;moath the length of the equivalent 
pendulum would be equat ti> the diffeicuce of the radii. 

Ex, 2. A homogeucoun liemisphera beine placed on a rnugh died plane, which 
is inclined to the hori/.ou at an anyle sin-'in/a, makes Email osciUationH in a 
vertical plane. Show that, if « i< the radius of the hemisphere, the leuyth of the 

equivalent pendulum is 1 ^i- - ^: - J a. 

114. If Iho body be acted on by any fnrce which jMisaes through the centre of 
[gravity, the rexuila mnst be EU|;hlly modified. Just us before, the furcc in eijui- 
librium must aot aloiiy the straight line joiQUiR the centre of ttavity U to the 
inatantantouB centre A. When the body is displaced, the force cuts its former 
line of action in some point P, which we shnll assume to be known. Let AF^f, 
taking / positive when G and F ore on opiKlsile sides o( the locus of the iiistan- 
loueous centri'. Then it nmy be shown by siniilur reaaonini,-, that the length L of 
the simple eiiuivalent pendldani under this force, suppoaed constant and equal 

to Emvity, is given by '^' ^ f" , con a - -^- , where a is the anfle the 

direction of the force makeH wilh the uonua! to the path of the in.stantaueous 



« along the line AG a length AQ' bo that —^, ^ -— -<■ -- , then the 
eipressioD for I. takes the form = G'.V, The equilibrium is therefore Bt&lde„ 

OT nnatable according aa G' \ie» within or without the circle of atabilit?. 

415. OaclUfttiviw at & body rostlnK on two enrrra. Tico painl* A, B of^ 
a body are eonitraiBtd to dtteribe given curvci, nnd lltt bodi) it in rquilibiium iaid» 
tht action of gravity. A imall diiturbance being given,find the time of an otcitlatio*. 

Let C, D be the centres of onrvatttrB of the given ourvaa at the two pointa A, B. 
Let AC, BD meet in O. Let O be the centre of gravity of the body. GE a perpen- 
dicular ou AB. Then in the poaitioa of equilibrium OG ia vertioal. Let i,j be 
the angles wbiol) CA. BD make with the vertical, and let a be the angle AOB. 
Let A', B', a', E' denote the positions into whiob A, B, 0, E aia moved when the 
bod; ia turned through an angle 6. and tet 0' be the point of Inteisection ol the 
nonnala at A', B', Lot ACA' = <^, BDB' = ^'. Since the body may be brought 
from the position AB into the position A'B' by turning it about O through 



1 



an angle B, we have 



-Q-^ = —Qjf- - S. Also GQ' is ultimately peipendionlu 
to 00, and we have OQ'-OG.a. Also let a. y be the projections of 00' o 
horizontal and vertical through O. Then by projectiona 

2 coB/+y sin J = distance of Cf from OU — OD . ^', 




= difltanoeot 0' from OC = OC.p: 
>D ■ an i ■ »' + QC . sin j . » 



, tolling momenta about O' as the oantr 

(t'+OG"}^=-ff.(GG'+i) 



= -g0tOa 
where k ia the radius of gyration about the centre of gravity. 



OP. OB BJni OC.OA ainj \ 
~BS~ eino"*" CA aina^' 



ItT- U(}.] 



Hviicr;, if L he tbe lengtli of tlie sUiipIa equivalent peDdulum. we have 
k'^+QG" OD.OB eini OC.O.i sinj 

If the Riren curves, on whic)i tlie points A, fl are eonstraiaeii to move, be 
straiBbt lines, the centrea of curvature C and I> ace at infinity. In this case, we 

may put -777:= - 1, 77;— ~ ^1 ^""^ "'" tiptesmou Uecomos 

If <>J aiid OU he at rijjtit angles, this takes the simple form 

where F is the projidctiou on OG of tbe iniilJle point of AB. 

Ei. 1. A liciivy lad ACU rests in equilibrium in a horizontal position within a 

Eurffloe of revolution wlioso axia h \'eriieal. Let 2n be the lontjth of the rod, 

p tbe radius of curvature of the generating curve at either extremity of the rod, i 

tbe JDclination of this radius of curvature to tbe verticaL I'rove that, if the rod be 

sligUtly disturbed, so that it mokes small osciilationa in a vertical plane, tbe lengtli 

, „ . , . ;, , . ap aiii-" i cos i (1 + 3 cot" i) 
of the equivalent pendulum in -^ —. .—^■- — — -' . 

Ex. 2. The extremities of n uniform heavy rod of length 3<' )<lide on a smooth 
wire in tbe form of a parabola, wboHe axis is vertical, and wliiint latus rectum is 
equal to ill. If the rod be slightly displaced from its position of stable eqnilibrimn, 

prove that Iho length of the equivalent pendulum is ,t- — g-r , or — -p-g — j , 
oosorJing as Iho length of tbe rod is greater or less than tbe latus rectum of the 
parabola. 

In the first cane the rod in its stable position of equilibrium passes through the 
focus and is inclined to the horison. In the secoud case tbe rod is horizontal. 
When tile length of the rod is equal to the lutus rectum the ciHcillatlun is not tauto- 
cbronous, seo Ait. 4u0. If tlie rod btart from rest at a small inclination a to the 

borixon. it will become horizontal after a time {^j I (I -^*)~^il^. The first case 
of this question was hcI in a Caiua Coll. paper. 

Ex. S. The extremitiei> of a rod of length 2a slide upon tno smooth nires, 
which form the upper side.i of a square whose diagonal is vertical, prove that 
the length of the equivftlent pendulum is Jii. [Math. Tripos.] 

14''. OaclUatlon wben patb ol eantra of sniTlty !■ known. .4 bodi/ oicillntei 

oftkepnth oJtl'C centu of grurity iKing knoKH,fiM the Unit of 'in oicillation. 

Ltit A be the position of the centre of gravity of tbe body when it ia in its 
position of equilibrium, f: the position of tbe centre of gravity at the tiraa t. Then 
since iu equilibrium the altitude of the centre of gravity is a maximum or inini- 
mnni, the tangent at j4 to the curve AG is horizontal. Let the normal GC to the 
curve at O meet the normal at A in C. Then, when the oscillation becomes indcH- 



Let be tbe angle tonted roand b; the bod? in moving from the podtioii 
eqnilibiinm into the poBition ia which the centre of gravit; is at O; then ~ is I 
angolar velooitj' ot the bod;. Siom O in moving along the tangent at O, i 
H rotation lies in the normal GC, at ench a point O tl 



Let JUft* be the moment of ii 
taking moments about O, we hav 



a of the body about it 



-jf.OOaln^. 
indefinitely small J = t 



Now ultimately when the angle 6 ! 
equation of motion becomes 

Hence if L be the length of the simple equivalent pendulum we 1 

447. OacUlaUoiu foond by Vte Viva. When the djetem of bodies ia motion 1 
admits of only one independent motion, tbe time of a small osoillatioa nuy J 
frequently be dcduoed from the eqaation of via viva. This c<iuatio] 
second order of small quantities, and in formbg the equation it is tliUH neoeMaz; I 
to take into accoaat small quantities ot that order. This sometimes involru J 
rather troublesome oonsidetations. On the other hand, the equation is free botu. '1 
all the unknown reactions, and we thus froejunntly sbvc muoh elimination. 

The method of proceeding will be made clear by the following example, by 4 
which a ooniparison may be made with the method of the U^t article. 

The motion of a body in tpace of two rfimeruiow ii given by fhe ca-ordinatii "> J 1 
of iU cmlre of gravity, and the iinffU 9 ahieh any Jixtd line in thr. body vutket V)' ' 
a lintjixrd in ipaee. The lody being in equilibHum under the action of gravity, ti 
nguir^d to find the tint of a tmall oicillatian. 

Since the body ia capable of only one independent motion, we may express {x,g) J 
u fnnctions of 0, thus 

z = F(fl), y=f{e). 
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Let Mk- be the moment of inertia of the body about an nsis through its centre of 
Rrnvitj, then the ©lufttion of via vim becomes P + y= + jt-()' = C-2fla, where C is 
AQ arbitrary eonstant. 

Let a be the value of 8 when the body ia in the position of eqailibriuni, and 
4u;ipoHU tlint, at the lime I, l>—a + iji. Then, by MncluuriD'e theorem, 

"here ij,.'. >/„■' are the values of ''" , '^'' wlnu fl = a. But in the position of equili- 
Lriuiu 1/ is a maiimum or minimum; .■. ^,,' = 0. Ilcnee the equation of via viva 
becomes {•r,)"' + /:-)^-=C-3)/„"^-, where j-„' is the valuii of when tl~a; dif- 
ferentiating we get ('■j''+'>"-)^= -Mo"*- 

If Z. be the lengtli of the simple equivalent pendithim, we hn\c 

where for ff we are to write its value a after tlm dillercntiutiaus have been ejected. 
It ia not dilhcult to see that the geometrical meaning of tliia result is the saxae aa 
that given in the laet article. 

This analytical rci^ult was given by Mr lloldil^h, in the eighth volume of the 
Camliriilgi: Transact ioiu. Il ia a csnveniejit fommla to uae when the motion of 
the oscillating body is known with reference to ita centre of gravity. 

Ex. 1, The lon'er extremity of a heavy uniform beam of length n sliden on 
a weinUtlesH inestensible string of length 2n, whoac extremities are attached to two 
fi:ieil iioints in the same horizontal line, and the upper extremity alldea on a vertical 
rod which bisects the line Joining the two Gxcd pointa. Prove that the only position 
of equilibrium is vertical, and that the time of n small oscillution about this position 
'* Tin — ,\ I where 2^/(ii^ - '<-) is the distance between the two fixed points. 

[Math. Tripoa.] 

The lower extremity of the rod may be rejiarded aa moving in a circle of radius 
n'//i. EiprcsB the ca-ovdinateB (j-, y) of the middle point in terms of the antjle ff 
which the rod makea with the vertical. The result follows by the principle ot 

Ex. 2. The extremiliea of a rod alide on the circumference of a three-cuspcd 
hypocycloid whose plnne is vertical. The radius of the circumacribing circle is Sa, 
and one of the cuaps is at the highest point of the circle. Prove that the length of 
the equivalent pendulum ia Jii. [Math. T. 1672.] 

First prove that in thia hyjiocyctoid the rod as it slides with its two enda on tha 
aide hrnncliea lUC, I)K iiiwnya lonchea the lowest branch I'D. Ita middle point R 
dcjicribea a circle with centre l>, and radius -i. If IIOJl- <l<, the antrle which the rod 
makes with the tangent at the cusp B ia Jfi. The re.^ult then follows by using the 
principle of vis viva. 

448. Moments about the Instantaneous Axis. When a 

body Diovfs in -jiiio' uiiL mic iiLi|L.|ir]iiiiiii miilinn thiTe is nut in 
gt-nunil an !iir.l;i]il;iiii.'oiis ,■^,\i.-i. It Ikis, Hlavi/vlt, bfeii proved in 



382 SHALL OSCILLATIONS, 

Art. 225 that the mometit may always he reduced to a rutatioi 
about Bome central axis and a translation along that axia. 

Let / be the moment of inertia of the body about the iostaa.-^ 
taneouB central axia, il the angular velocity about it, Fthe velo<»Q 
of translation along it, M the mass of the body, then by the pri: 

ciple of vis viva ^/fl' + s Jlfy"'=(7"+ C, where U is the fore 
function, and C some constant. Differentiating we get 

dt ^2 dt'^ n dt ildf 
Let L be the moment of the impressed forces about the in- | 
stantaneoua central axis, then L = j^j- by Art. 340. 

Let p be the pitch of the screw-motion of the body, theuJ 
y = pQ. The equation of motion therefore becomes 

If the body be performing small oscillations about a position a 
equilibrium, we may reject the second and third terms, and t' 
equation becomes 

If there be an instantaneous axis, p = 0, and we see that i 
may take moments about the instantaneous axis exactly ik if i 
were fixed in space and in the body. 



Second Method of forming the Equations of Motion. 

449. Let the genei'al equations of motion of all the bodies \ 
formed. If the position about which the system oscillates 
known, some of the quantities involved will be small. The squai 
and higher powers of these may bo neglected, and a!! the equation 
will become lineai*. If the unknown reactions be then eliminate ' 
the resulting equations may be easily solved. 

If the position about which the system oscillates be unknown, I 
it ia not necessari/ to solve the statical problem first. We may by.l 
one process determine the positions of rest, ascertain whether the^ 1 
are stable or not, and find the time of oscillation. The method (a j 
proceeding will be best explained by an example. 

450. Ex. The ends of a uniform heavy rod AB of length 8ll 
are constrained to move, the one along a horizontal line Ox, and tk^a 
other along a vertical line Oy. If the whole system turti round Ojl 
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with a utiifunii iiiiijithii- reluciii/ to, it Vi required to find the posi- 
tions of eijidlibriuvi uiid the tivie of a. smcUl osciHiition. 

Let w. y he the co-ordinates of G the miildle puiiit of the 
I'ud, tht! jiiiglf OAH which the rod makes with Ox. Let R. R' 
be the reactions at A and B resolved in the plane xOy. Let the 
mass of a iiuit of length be taken an the unit of mass. 




The accelerations of any element dr of the rod whose co- 
ordinates are (f, tj) are jrf — w^f pai-allel to Oj;, g -7-(^°a)) perpen- 
dicular to the plane xOy, and _, - parallel to Oy. 

As it will not he necessary to take moments about Ox, Oy, or 
to resolve perpendicular to the plane xOy, the second acceleration 
will not be i-eniiired. The resultants of the effective forces fdc 
and ijdr, taken throughout the body, aro 2lx and 2ii/ acting 
lit G, anil a couple 2(k''B tending to turn the bodyiwind G. The 
resultants of the effective foiues to'^^dr taken throughout the body 

r+i 
arc a single force acting at (? = I a)-{x-\-r cos 6) dr = ai\t . 21, and a 

couple* round G = r'w'-'Oi' + ;■ cosfl) I- sin ^rfr = 0,^ 2/ . ^^ sin e cos #, 
the distance /■ being loca-sured from G towaids A. 

Then we have, by resolving along Oj,; Oy, and by taking 
moments about G, the dynamical equations 

* If a body in one plane be turning about an bus in its onti plane with an 
angular yelocit; u, a ^cneiut eiprcafiiou can be (uund for the rtiEultants of the 
ctntrifuiial forces on all the elements of the b'jdy. Take the cenlre of yravity G as 
un(jm aai tht axis of y parallel to tliu Qieil axis. Let c be the JiataoQe of U from 
the axis uf rotittiou. Then all the centrifugnl forces are equivalent to a single 
rcBultant force at G 

^jiJ>(e + x)dm = ij'.Mi^. since i=0, 
and a sinj;le ^B^lUltant couple 



/J •> '• ■ 

2a-=0 = Rx-R'y-a>'.2l.^ sin ^ cos fl j 

We have also the geometi-ical equations 

x = Icob6, y=^ 1 61110 (2X 1 

Eliminating R, R', from the equations (1), we get 

a^ ~ yit -^ k'6 = gx — <o*xy — m'-^aiiBcaad (3). I 

To find the position of rest. We observe that if the rod i 
placed at rest m that position it would always remain there, t 
that therefore x = 0, y = 0, 6 = 0. These give 

■ /(:!■. J,, e) = j^-«'^y-^'g sin fl cos fl = (4). I 

Joining this with equations (2), we get = ^- ,or sin = '^ -M 

and thus the positions of equilibriura are found. Let any one i 
these positions be represented hy = a, ii:= a, y = b. 

To find the motion of oscillation. Let x = a + x', y = b+y', 
= a + 0', where x', y", a are all small quantities, then we must 
substitute these values in equation (3). On the left-hand side, 
since x, y, &, are all small, we have simply to write a, h, a, for 
X, y, 0. On the right-hand side the substitution should be made 
by Taylor's Theorem, thus 

/(<.+.',6+/,. + ^ = |«' + fj,- + |«'. 

We know that the first term f(a, h, a) will be zero, becatU 
this is the very equation (4) from which a, b, a were foui 
Wo therefore get 

ay — bib' ■+ jffl' = {g- «°6) x' - u'ay' - w' s^cos 2a . 0". 

But, by putting = a + d' in equations (2), we get by Tayloi 
Theorem x= — lsina.0', y" = 1 cos a . 0". 

Hence the equation to determine the motion is 

Jiff A 

(^ + kf)^ + {gl em a + ^toH' COS 2a) 0' = O. 

4 

Now, if gl sin a + ^ o)'P cos 2a = n be positive when either of ti 

two values of a is substituted, the corresponding position of cqaj 
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libriiim is stable, and the time of a small oscillation is 



^v^'-- 



If n be negative the e([nilibnum is unstdhle, and there can be 
no oscillation. 

If ft)- > '.^, there arc two positions of equilibrium of the rod. It 

will be found by substitution that the position in which the lod is 
inclined to the vertical is stabh?, and the other position unstable. 

If ft)'- < ~ the only position in which the rod can rest is vei'tical, 

and this position is stable. 

If n = {), the body is in a position of neutral equilibrium. To 
determine the small oscillations we must retain terms of an order 
higher than the first. By a known transformation we have 

d 
ay -yx = j^ {M). 

Hence the left-hand side of equation (3) becomes (^' + ^•■■)^. 
The right-hand side becomes by Taylor's Theorem 

j^^ [gl cos a - - ft)-;^ sin 2a j j-^ -f &c. 

When n = 0, we have ^ = ^ and f*>~ = jf- Making the neces- 
sary substitutions the equation of motion becomes 

(i^ + k^) *^ = - "2 ^"- 

Since the lowest power of 0' on the right-hand side is odd, 
and its coefficient negative, the e^piilibiium is stable for a displace- 
ment on eithei' side of the pf)sition of e<|uilibrium. Let a be the 
initial value of 6\ then the time T of reaching the position of 
e(|uilibrium is 



T = 
put 6' = a</), then 

T = 




^iz-^ + A-) r dd' 



Hl' + l^') r d4> 1 

V gl 'Jo!yr^"a' 

Hence the time of reaching the position of e([uilibrium varies 
inversely as the arc. When the initial displacement is indefi- 
nitely small, the time becomes infinite. 



This d^nite iiitegriij niEij be otherwise eipressed in term'* oF 
fnnctioQ. It may be eaBilv ahown that / ~r^= ~ ■ ,— ■ 

451. This problem mighb have been easily solved by t 
first method. For, if the two perpendiculars to Ox, Oy t,t A A 
B meet in JV, ^ ie the instantaneous axis. Taking momei 
about N, we have the equation 

(P + 11^)9 = gl cose- I w' (l + ryBm0coB0-^ 

Alt 

^ffUoae-j- w' sin e COS 0. 

If we represent the right-hand side of thia equation hj/{ffl 
the position of equilibrium can be found frona the equation y(a) =fl 
and the time of oscillation from the equation 

452, Ex. 1. It tbe mass of the rod AB is M, show that the maitnitnde of U 
conplo which constrainB the Byatom to turn round Oy with tmifonn angular teloo 



Would the magnitude of this ooaple be altered if 0« or 0^ had anj m 
Ex. 3. The apper extremity or a anitorm beam of length 31 ia oonatrained loj 
slide on a smooth haiixontat rod without inertia, and the lower along a a 
vertical rod, through the upper eitremity of which the horizontal rod passes; I 
BjBtem rotates freulj about the Tertical rod, prove that if a be the inclination of Ul 
beam to the vertical when in a poeition of relative equilibriua, the angular 1 
of the syatem will be f jT^ ] i Bnd, if the beam be aligbtty displaced from tUa ^ 
poaition, ahow that it will make a umall oscillation in the time 

,j,„ *" V I ■ [CoU. Eiam.J# 

In the example in the text the systEm ia oonetrained to turn round the veitie^.fl 
with oniform angular velocity, but in thia example the system rotates fieelj. Tht|ff 
angular velocity about the vertical is therefore not coontant, and its small varia^nl 
must be found by the principle of angular momentum. 

Lagrange's Method of formimj the Squatimia of Motion. 

453. Advantage! of the Method. We now propose ■- 

state Lagrange's method of forming the equations of motion. Th 
method naa several advantages. It gives us the equations i, 
motion free from all reactions, and is therefore specially uaefo 
when we have to eousider the motions of several bodies conuecte 
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together. It also gives US n 1 -i :■ r ■ li..'.- ■ ■'' i|i,;iiit;';. - ulii.-li we may 
tnke as (.■o-oi-dijiates. A'j. ■' ■■'iinviithe 

Lagmiigian function ^\■•■ n ■ ! ■ ,■ . ■■ .1 i ■■ i ..ti iill the 

equations of motion, 'iu~^' :i'l nl '|i (i\iiiL; 'I'li ii";ii :i -is-'jiarate 
principle. On the other h;uii.l, thi;^ fuiiutluii must be cdeiihited so 
as to inchide the squares of the small quantities. Now in small 
oseillations we genemlly retain only the fiist powers of the small 
quantities, so that, whew only a few eciuations arc wanted, it ia 
often more convenient to obtain these by resolving and taking 
raomonts. 

It will bo seen, therefore, that the tiic1Ii'"1 i- ln-i :nI;iptod to 
oscillations which have more than one iIl'i''' "I ir.i'liiin. For 
this rejison wc shall here only state the <,'iim ),iI hmmIi' nf forming 
the erpiations of motion, so that we ni;i_> in: abk to apply 
the method to the sohition of pitiblenis. But we siiuli jxistpone 
the general discussion of Lagi'ange's determinant to the second 
part of this work. 

454. The object of Lagrange's method is to determine the 
osciilations nf a si/steni about 11 positiuii of eqmlihriiim. It does 
not apply to oscillations about a state of steady motion. For 
example, if a heavy particle were suspended by a string from a 
fixed point, the string is vertical when the system is in equi- 
librium, and the oscillations about this position could be found 
by Lagrange's method. If however the particle were made to 
describe a hoi-iKontal circle, as in the conical pendnlnm, the 
oscillations about the circular steady motion could not, be found 
by this method. In the same way when a hoop rolls on the 
ground in a vertical plane, it may make small oscillations fi-om 
one side to the other of the plane. These oscillations cannot be 
found by Tjagrange's methoii. A method of investigating the 
f>scillations of a system about a state of steady motion will be 
given in the next volume. 

We shall assume, tor the pi-esent, that the forces which act on 
the system have a foi'ce fnuctiun. Wu shall also assume that the 
geometrical equations do not contain the time explicitly, and do 
not contain any diflerentiai coefficient with regard to the time. 

In Lagrange's method it is essential that the co-ordinates 
chosen should be such small quantities that we may reject ail 
powers of them except the lowest which occur. They should 
generally be so chosen that they vanish in the position of equili- 
brium. But with this restriction they may bo any whatever. Let 
ua represent them by the lettei's 6, tf>. &c. Then if the system' 
oscillate about the jjosition of equilibrium, these qwiidities will be 
sm"!' fhrwfihont the m..tim>. Li-t n be the number of these 
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As before, let accents denote differential cuefficients 
regard to the time. 

Let 2T be the via viva of the system when disturbed from i 
position of equilibrium, then as in Art, 396 wc may express T i 
a htiraogeneous quadratic function of 0', 0', &c. of the form 

2T=A„S" + 2A„ff<l>'+ A^'' + &c (I). J 

Here the coeffieienta A^ &c. are all functions of S, tf>, &c. and 1 
may suppose them expanded in a series of some powers of the 
co-ordinatea. If the oscillations are so small that we may rejef 
all powers of the small quantities except the lowest which occtj 
we may reject all except the constant terms of these series. 
shall therefore regard the coefUcients A„ &c. as constants. 

Let U be the force function of the systeui when disturbed E 
the position of equilibrium. Then we may also expand JJ in I 
series of powers of ff, ift, &c. 

Let this expansion be 

2U=2U„+2B,0+2B^<f> + &c. + B„0' + ZB,^<p + &c....(i). , 
Here U^ ia a constant, which is evidently the value of i 
when $, A, &c. are all zero. It is necessary for the success < 
Lagrange s method that both these expansions should be pussibl^ 

In the position of equilibrium, we must have, by the printa 

pie of virtual work, -^ = 0, jj = 0- ^- = (see also Art. 340),l 

If the co-ordinates chosen are such that they vanish in the 
position of equilibrium, it immediately follows that 5, = 0, B^ — 0, 
Sec = 0. If the co-ordinates have not been so chosen they must 
yet vanish for some position of the system close to the position of 
equilibrium. The differential coefficients of U, i.e. Si, B,, &c,, ai — 
tberefoi-e necessarily smalt. The terms BiO, B,tj>, &c. are thus C 
the second order of small quantities and the quadratic terms of 
cannot be neglected in comparison with them. 

We may also notice that the eqviUbriam vatu^ of 0, A, i 
ma^ be found beforehand by equating to zei-o the sever^ 6i. 
differential coefficients of U. But this is generally unnecessary, i 
these values of 0, <}>, &c. will appear in the sequel (see ; * 
Art. 449). 

We have now to substitute the expanded values of T a 
in the n Lagrange's equations 

ddT_dT_dU . 

dtdd' de de ^ '' \ 

with similar equations for 0, ^, &c. Since the expression for i] 
does not contain 6, tf>. &c., we have 

d'B • 'd4> 




= 0, &e. 
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Tho }i o.|u;itioiiH (3) therefuie LLCiimr> 

A„e" + A,.jf>" + ...^U, + B„& + Il,<f>+ . 

A,S' + A-,^" + ... = B., + B„e + Ji,,<}>+ . 

&c. = &c. 

Tliosf art' Lagraiifje's efjiintiuns to dctorDiinr t]\v hki.iII nwillatini 

<'i :iiiy Kysti'iii al"nit a positiun of cqnilibnmii. 

4.1.'). Method of Solution. We have unw to solve these 
e(Lii;xtioiis. \Vi' iiotict.' timt they are all linear, and that therefore 
0,4>,&<^- aro properly reprt'ftiL'iited by a sciies of expoiicutiala uf the' 
fomi Me'''. But, aa we art; seeking au oscillatory notion, it is 
mdre couvuTiifiit to replace these exponcntiais by the correspond- 
ing trij^oiinniitiic'.il L'Xpi'ossioiis. Since the equations do not 
contair] any ilililreiitia! coefficients of the first order, it will be 
found ]llls^illl^■, mi making the tiial, to satisfy them by nienua of 
the follouiLig a^-suniption. 

= a + jl/, stu (p,t + e,) + jI/b sin (p.J, 4- C;) + Ac.! 
- ^ + JVi sin (/!,( + e,) + N., sin (}>.J + e.,) + Ac. I . . . (■"> ). 
&c. = &c. J 

Taking the trigonometrical terms separately, they may be written 
in the typical form 

e=M sin (pt + e), <^ = iV sin {pt + e), &c. = &c. 

If we now substitute these in equations (4) we have 

(A up- + Bu ) M + {A,,p' + 5,;) N ^ &c. = 01 

(A,,jr-^B,^M + {A,,f + n.^N + kc.^{)\ (fi). 

&e. &c. = ClJ 

Eliniinaiiiig M. iV, kc. we have the deterniinantal equation 

I .■!,ii'' + i?.i. -d„/ + fi,i. *c. 1 = (7). 

A,.,p-> + B,,. A-^p-' + B^, &c. 
I &c. &c. &c. 

This duteiniinant, it, will be observed, is symmetrical about the 
leading di.igunal. If there be n co-oi'dinate.s, it is au equatiou of 
the »("' dcgi'ce tti find j}'. It will be shown in the second part of 
this work that all the values of ^= are real. 

Takijig any i-oot positive or negative, the equations (G) 
determine the ratios of N, P, &c, to M, and we notice that these 
ratios also are all I'eal, If all the roots of the deterrainantal 
equation are positive, the equations (5) give the whole motion, 
with 2h arbitrary constants, yvn. My, M.., M,...Mn and e,, C;,...e„. 
These have to be determined by the initial values of 9, (f>. Sic, 0', 
0', iSrc. If any root of the dcterminantat equation is negative, the 
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iding sine will i-eaume its exponential form, the coefficient 
Deiog rationalized by giving the coefficient M an imaginary form. 
In this case there is no oscillation about the position of equili- 
brium. The position is then said to be unstabte. 

It may be noticed that for every positive value of p' given by 
the equation (7) there are two equal values of p with opposite 
signs. No attention however snould be here given to the 
negative values of p. To prove this, we notice that the solution 
of the linear differential equations is properly repi-eaented by a 
series of exponentials. Now each sine is the sum of two ex- 

Cnentials with indices of opposite signs. Both the values of p 
ve therefore been included in the trigonometrical expressions 
assumed for 0, 0, &c. 

The constants a, /3, &a in the trial solution (5) are evidently 
the co-ordinates of the central position about which the system 
oscillates. Substituting these values of 6, <f>, &c. in the equatii 
(4) we have 

= B, + B,fl + B^ + &c\ (8; 

= &c. ) 

These equations determine the values of a, ff, &c. Since _ 
equations of motion are satisfied by these constant values of the 
co-ordinates without any terms containing the time, it follows 
that a, 0, &c. are the co-ordinates of the equilibriitm position of 
the system. That this is ao, follows also from the rules given in 
statics to find the position of equilibrium of a system when the 
function U is known. According to these rules, we find the equili- 
brium values of the co-ordinatea 0, 4>. &c. by equating to zero the 
first diflferential coefficients of U with re^ird to 0, A, &c. But 
the equations thus obtained are evidently the same as the equations 
(8). 

456. Periods of OaclUatlon. We see from (5) that each 
of the n co-ordinatea 6, 0, &c is expressed in a aeries of as many 
sines as there arc separate values of p*. Thus, when there ore 
several independent ways in which the system can move, there 
are as many periods of oscillation. These are clearly equal to 

— , — , &c. Generally we want only these periods of oscillation 

and not the particular position occupied by the system at any 
instant. In such a case we may in any problem omit all the steps 
of the argument and write down the determinantal equation at 
once. We then use the following rule. Expajid the force fuwAiva 
U and the semi vis viva T in ascending powers of the co-ordinates 
0, 0, (fee, and their differential coefficients ff , 0', itc, all powert 
above Ute second being rejected. Then, omitting the accents or a* 
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in (Ae expr-ession for T and retainiiifj only the quadratic term in U, 
equate to zero the discriminant d/]i^T + U, The roots of Vie equa- 
tion thus formed will give the required values of p. 

The mode of using this riilu in coiijiiiictiun with the method of 
indetermiuato iiiiiIHjiHore will be given in the second part of this 
treatise. 

4.>7. Position of the system. If it be also reijuired to find 
the position of the system at any time, we must determine the 
vahios of the constants. Referring to eijuations (6) we see that the 
ratitjs of #, N. P, Ac. for any particular trigonometrical term 
in the solution (5) are the same as the ratios of the minors of the 
eonstituents of any line we please in the Lagraugian detcrmiuant 
(7). In these minoi-s we of couixe substitute the value of p^which 
belongs to the particular trigonometrical tei-m we are consider- 
ing. In this manner the coefficients of all the trigonotnetrical 
terms are found in terms of those which occur in the series for any 
one co-ordinate. As already explained, these remaining n coeffi- 
cients, and the n constants from e,, ... £„ must be found from the 
given initial values of the n co-ordinates 9, <p, &c., and their n 
initial velocities 6', ip', &c. The constants a, /3, &c. have been 
already found from ecpiations (S), Thus all the undetermined 
constants in equations (5) have been found, and these equations 
thus give the position of the system at any time (. 

Ex. Show that, when the dGterminsnt (T) is zero, the ratios of tho minors ot the 
constitueutB of any one line art oijual to the mtioa of tho minoTB ol the coustituenta 
of any other lino. 

458. Examples of Lagrange's Method. The following 
e.^iampk'H will show how we may use L;iyrange's method to find 
the small oscillations of a system. When only the periods are 
required, the process may be summed up thus: — Form the tei-ni3 
o/T and U which depend on the squares of small quantities, and 
equate, to zero the discriminant of p'T -f U. 

Ex. 1. A rod AIS, whose length is 2ii and muss is m, is suspended from a fixed 
point by a Hiring OA, the length of which is (. The rod oacillates under gravity 
in a vertical plane, find the periods of the Bmall oscillntionB. 

Let S, ip be the angles which the string and rod make with (he vertical. Pro- 
ceeding as in Act. 1:17 wo find that, when [lowcrB of B and ip higher than the 
second are neglected, 

r= 1 m I Pfl'= + ao/flV + (t» + a=) 0"' f , 
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ThiH quadratic gives two valne« of p'. It these be p,' iu\'\ 

^ ' alp I* ^' " ' a(p,' 

Writing W^a', showlhat the r&tio of the periods of the 
between 3 ±^S. 

Ei. 2. Two heavy particles, masaes JU and ni, are tied to a titring and sDEpeoded 
from a Hied point O. the lengths 031, Mm of Ihe airing being reapeotively a and 6. 
IF the partioloB mahe small tronaverBe oacillatione find the two periods of oecilla- 
tion, and show that they canoot lie equal. Bliow also that one period is double 
the other if HM + m)(a-t bf^2Mab. 

Ex. 3, A smooth thin shell of mass M and radins a rests on a smooth inclined 
plane bj mennfl of an elosCio striag, wliicb ia sttacbed to the sphere, and to a pett at 
(he same distance from the plane as the oentre of the sphere, while a partiale of moss 
m rests on the Inner surface of the shell. In the position of equilibrium the etiiiiB 
is parallel to the plane, find the times of oscillation of the system when it ia 
slightly displaced in a vertical plane, and prove that the arc traversed bj the 
particle and the diatanre traversed by the centre of the shell from their positionB of 
equilibrium can always be eijual if {M ^-m + m cos a) yl = Ea {I + coBa), where E ia 
the coefficient of elasticity of the string, I its natural length, and a the i^l^linatian 
of the plane to the horizon. Gains Coll. 

Ex. 4. A three-legged table is made by supporting a heavy triangular lamina 
on three equal legs, the paints of support being the angular points of the lamina; 
it the legs be equally compressible and their weights be neglected, then the system 
of oo-existent oscillations of the top consist of one vertical oscillation and two 
angular oscillations about two axes at right angles in its plane, and the periods 
of the latter are equal and double that of the former. St John's Coll. 

Ex. 5. A bar AB of moss ni and length 2(i is hung by two equal elastic cords 
AC, BD, which have no sensible moss, and have nnstrutohed lengths t„, C and D 
are fixed points in the some horizontal line, and CD='2a. Investigate the small 
oscillation of the bar when it is displaced from its position of equilibrium in the 
vertical plane throngh CD. and show that the periodic times of the horizontal and 
Tertioal oscillations of the centre of gravity of the bar, and of the rotational oscilla- 
tion, are those of pendulums of lengths I, I - f,„ J (Z - fj respectively, where I is the 
length of eitber cord when the system is in equilibrium. Matb. Tripos. 

Ex. G. Three equal particles mutually attracting each other according to the 
Newtonian law are constrained to move like beads along the smooth sides of an 
equilateral triangle. In equilibrium the; occupy the middle points of the sides- 
Prove that the equilibrium is nmtiible unlesH the initial diaplaooments and the initial 
velocities are equal, and in this latter case find the time of a small oscillation. 

Ex. 7. A heavy body whose centre of gravity is H is suspended from a fixed 
point O. A second body whose centre of gravity ia O is attached to the first at 
some point A situated in OH produced. The system oscillates freely in a vertioBl 
plane, prove that the quadratic giving the periods is 

{(jUA'> + ma»)p>-(Jini+ma)ff|{iV-''Jfl = 'M'6V. 
where MK^ and mi^ are the moments of inertia of the two bodies about and A 
rospectivelj. Alsn OH-h, OA = a, AG = b, What do these periods become wl 



I 



AltT. 4tjO.] LACRANOE'k METIIOP. 373 

(1) iliu upiwr body. auiil2) the lower, is reduced to a fihort poiiduluinolBliiilitmasa? 
The tirst citse occurs nlien the attachment lit a pendidum to iCti point oC snpport ia 
Dot quite rii-iil, bo thnit the pendulum may be re);ardtd as supported by a short 
string. The BecDnd case occurs wlitn a small part of the mass of a pendulum ia 
loose anil EWinga to and fro tii each oHcillaliun. 

450. Principal Co-ordinates. To ej:]>hnit what is meant 
htf the jm'iicij'til co-urdi nates "/ ti dynamical system. 

When wi' hiivo t\v<i hoinngi'in iH-- .;i'-!'Ir .tie fiuictiuiis of auy 
uumbcr of variables, one of wlii.i i . i!|\- positive for all 

values of the variiibles, it is kti-.. ■ i umI linear traiis- 

foritiatiiin of tlie variables we m^} -!■ 'i liiiili iXju'essious of the 
tonus containing the products of the \ aiiables, and aiKo make the 
coetticientH of the siiiiares in the positive function each ei|uai to 
unity. If the co-ordinates 9, tf>, &c. be changed into f, i?, &c. by 
the eijiLatiiiii.-, 

4> ^ H,^ + p.,71 + &c\ (9), 

&c. = &c. J 

we obsei've that 8', ip', &c. are changed into f , jj', &c, by the 
sanie tivinaformation. Also the vis viva is essentially positive. 
Houco wo infer that by a proper choice of new co-oi-dinates, we 
may express the vis viva and the force function in the forms 

2{U-U„) = 2b,^+2L^ + &r-.+b,,^' + h^r,'' + [■ 

These new co-oiiiinates f, i), &c. arc called principal co-ordiiiaies 
of the dynamical sy.stem. A great variety of other names haa 
been given to these co-ordinatos ; such as harmonic, siviple and 
nonmit co-onliLates. 

It is usually uiidcrstoo<l (when not otherwise stated) that prin- 
cipal co-ordiuatea are so chosun that they \'anish in the position 
of c(iuilibrium. We then have t, = 0, 6^ = 0, iV.e. = 0. 

4C0. When a dynamical sysU-'Ui is reforn-il to piinoipal co- 
oidinate.'! wliieh do not necessarily vaui.sh in the positinn of eijiii- 
librinni, Lagrange's e(|uations take the form 

f" - i,„|: = b, . r," - l,,,ji = b,, &c. = Hiv. 
sulhal |1k> «h..l.>mnli,n, is-iveii by 

^^a+ A\in{f,t + e,), i) = Ij + F ^\u { pj + e.). Ac, 
where A', F, &l:, e,, e-j, ic. are arbiLmry eoiistanls to bo deter- 
mined by the initial conditions, and j)i- = — 6ii,p/ = — (i-, ■te. and 
II, b, &e. ai\3 the values of f, ij, &c. in equilibrium. 

If we .substitute the trigonometrical values of f, r/, &c. in 
thu formuliJ.' of iraiisfornmlion given above, we obviimsly lepnidnce 



the equations (5) of Art. 455, where the geueral co-ordinates 6, ^, 
&c. are expressed as trigonometrical functions of t We may 
therefore obtain one aet of principal co-ordinates, viz. f„ i]„ S " 
which vanish in the position of equilibrium, by writing 

<f> = ^ + N,^, + N,r,, + A (10), 

&c. = &c. J 

where the values of a, yS, Ac, Mi, M,, Sec, JV[, iVj, &c. may 1 
found by the methods explained in Art, 455, All other s 
principal co-ordinates may be found from these by taking 
^ = a + ES„ 7} = b + Fi}i, &c. 

When the initial conditions ore such that throughout tbi 
motion all the principal co-ordinates are constant except one, thi 
system is said to be performing a principal or harmonic 03cill»-" 
tion. It performs a compovnd oscUlatimi when any two or more 
are variable. We may therefore say that any possible oscillation 
of the system about a position of equilibrium is analysed by 
Lagrange's method into its simple or component osciUations. J 

From this reasoning we infer the important theorem that «H 
tiie equilibrium of a gy stein is stable for the priruyipal oscillations JM 
is swile/or all osciliatums. H 

It is therefore important to determine the peculiarities oF^I 
principal oscillation by which it can be recognized apart from si9M 
mathematical symbols. ■ 

461. The physical peculiarities of a principal oscillation are: I 

1. The motion recurs at constant intervals, i.e. after one efl 
these intervals the system occupies the same position in space aiH 
before, and is moving in exactly the same way. ■ 

2. The system passes through the position of equilibrianS 
twice in each complete oscillation. For, taking ^ as the variablfl 
co-ordinate, we see that f — a vanishes twice wMle pit increases bra 

2w. m 

3. The velocity of every particle of the system becomes zerfl 
at the same instant, and this occurs twice in every completM 

oscillation. For -^ vanishes twice while p,t increases by 2Tr. ThJ 

positions of rest may be called the extreme positions of th^ 
oscillation. ■ 

4. Let the system be referred to any co-ordinates 0, <f>, ft(9 
whose equilibrium vahies are (as before) a, 0, &c. When thfl 
system is performing a principal oscillation these are all voriablflH 
but the ratios of 8 — a, ^ — 0, &c. to each other are constaofl 
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thivjughoiit the motitm*. i)'or, rclerring to thu fornmlii! ot'traiis- 
formatiou (10), we see that, when t}i, S'l.&c. arc .ili zero and only fi 
is variable. 

This thoui-fiii may be expressed by saying that every point uf the 
system is in the same phase of motion. 

The periods of oscillation may all have a leaat common multiple. 
If this be so, no matter what initial small disturbance is given to 
tlie system, the initial state will be repeated over and over again 
at intervals eejual to the least common multiple. If on the 
other hand no two of the periods of oscillation are commensurable, 
the initial state can recur uuly when the system is performing a 
principal oscillation. If tl,.' |M(i,..l-, ,,f sume uf the principal 
oscillations are coninun- ,'.i''. K- ;; .ii;il slate will ncni' when- 
ever the initinl conditi.M,- ■ ,■ h .1 is ilie ei>etti<'ieiLls E, F, &c. 
of the nrh"!- iiviiviifil ij^riiijtii.iy.- ^n LiLiier zero or so hniall that 
the em;- ]■■ I'^i I' [iKn-cments arc imperceptible. The interval 
is of I'.i. :lie least common multiple of the periods of 

Ah uu illuatniliuii uf tLe mt'thod ot finding tlie princiiial osciltutioD let 113 nifur 
to tho exaintile (I), alieod; anlvtjd in Art. 436. Tbcre ace (wa priacipal oBcillatioDB, 
which are given rc)^pectively by 

e,^M,»nU,,t + t,) ) e, = .U,9in(p,( + (,) ) 

■>;'!' ~3l . 
"W 

Thna iu each jirinoiiial uacillatiun both thu string and the rod oscillate. If wc saw 
the rod performing either of these oscillations we should recognize the fact by 
observing that both the string and thu rod become vertical at the EaQe inHtant. that 
both reach their extreme positions at the same niomeiiti sud so on. 

Remembering tliat p,', 2'^ are the root? of the i|uadratifi eiuation given in 
Art, 458, wc easily deduce that tO^e^ + aifii'fi.i — O. Tliis relation connecting the 
principal OBoillations is a case of a general theorem which will be establiKhcd in 
the second volume. Seo the Method of Multipliers. 

Ex. Tn'o equal parlidee are attached to a Hiring OAll at the points A and B, 
and suspended from a fised point O, where (1/1 ='i, AU = b. If theso make small 
trnnsveraol oscillations under gravity, find Ibe tn-o principal oseillations. If in one 
ot these tlie strings make angles flj, ^j, with the vertical and in the other make 
buhIus ffj, ^;, for the same value of (, prove that •2iiS,9., + li'p,ifi.j = 0, whatever the 
initial conditions may be. 

4iJ2, Equal Roots in Lagrange's Determinant. When 
some nf the ro(.il,s uf the .qiuUiuii j;iviiiK p- aiv ei|iia], ive know by 
the theory of linear diHeivntial e.iuati-.ns that eilhi^r ( I ) terms of 

" This property is mentioned by Lagrange, who on Bovcral occaainua uses 



-M,",j:inW^.J f,.-Mj^l^.i.,„ 



the form (At + B) sinpf enter into the values of 0, ifi, &c., or (S)*1 
there must be an indeterminatenesa in the coefficients M, J^, &a.'J 
given by Art. 455. Referring the system to principal co-ordinateSt 1 
which vanish in the position of equilibrium, we see by Art. 460, J 
that the first alternative is in general excluded. If two values of J 
p' are equal, say b,, and b„, the trigonometrical expressions for f J 
and «7 have equal periods, but terms which contain f as a factor do' I 
not make their appearance. The physical peculiarity of this caaej 
is that the system has more than one set of principal or harmonic J 
oscillations. For it is clear that, without introducing any termaJ 
containing the products of the co-ordinates into the expressiona 1 
for T or U, we may change f, j; into any other co-ordinatea f,, i/,, ] 
which make f' + ij° = f i' + ii', the other co-ordinates f, &c remain- 1 
ing unchanged. For example we may put f = f,co8a — %sinaJ 
and Tj = f, sin a + tj, cos a, where a has any value we please. These a 
new quantities f,, r)„ ^, &c., are evidently principal co-ordinatea^i 
according to the definition of Ai-t. 459. 

One important exception must however be noticed, viz., wbeitl 
one or more of the values of p are zero. If, for example, i,, =>(^fl 
we have ^ = At + B, where A and B are two undetermined con* T 
stants. The physical peculiarity of this case is that the poaition I 
of equilibriuni fioui which the system is disturbed is not solitarjr. J 
To snow this, we remark that the equations giving the poaitioiEl'J 

of equilibrium are -r? = Oi -r~ ~ Oi &c., where U has the vaZue 

2(U~U,)=K^ + b^v' + ... 
These in general require that f, -rj, &c. should all vanish, but i 
6,, = they are satisfied whatever ^ may be, provided that ij, f, & 
are zero. In any case however f must be very small, because ths^J 
cubes of f, T), &c. have been rejected. It follows therefore thafr J 
there are other positions of equilibrium in the immediate neigh- I 
bourhood of the given position. Unless the initial conditions rtF J 
disturbance arc such as to make the terms of the form At + .B'T 
zero, it may be necessary to examine the terms of higher ordeis | 
to obtain an approximation to the motion. 
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Ex. 1. A beav; partiole of masa m rei 
amooth fixed oylinder whose generating I. 
disturbed, form Lagrange's e([uationB of c 
there may be teroia of the form Al + B. 

Ei. 2. A rough thin cjlinder of masa ni and raditiB b ie free to roll inaids 1 
aQotbcr thin cylinder ol maaa M and radias a. The whole syBlcm ia pla««d in f 
ecLoiUbriiun on a smooth horizontal plane. A small diaturbanoe being given, show I 
that the three values of p" are jp'=0. p*=0 and p°= t^ -" , 
roBnlt. If K be the space rolled over, # the angle turned Chrongh bj the oatec, j 
cylinder, and B the inclination to (be vertical of Uie plane containing the uiea, til: 
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How would tho results be altered it tliu huriioutal pli 

403. Initial MotlDnB. ^\\■ mi^ i > 
lo fiud the initial rnof,ion uf anj >i - : . 
uf vest. Sec Art. 190. As l)>l^i 
(inliuiites .^ome i-[iiaiLtities whiJ.^t; lii^ln.i \ur. 
is goiiL'i'ally atiivenieut fcu chouse thciu ao 
iuitial position. Ah iu Art. 454 w-e have 

2T= And"' + ZAy.ff^' + A-^tf,'' + &c., 
whero A^, &c. are fuuctions of 8, ^, &c. Since the syateiu st-arts 
from rest, 0, ift, &c. are in the beginning of the motion all small 
qnautitifii. If we reject all powers of d, tfi, &c. except the 
lowest which occur, we may regard A„ &c. as constants whose 
values arc fount! by siihstitutiug for B, <^, &c. thfir initial values. 

We rcijuirc also the expan.sion of U given in the same 
article, viz.. 

^{U-U,) = 2B,0 + 2Bji> + &c. 
Since the initial pojiition of the aysterii is not close to a jTOsition 
of t'([uilibriiun, the Hrst dift'ercntial coefficients of V mth regard 
to 6, <j>, &c. are not small. The terms B,B, Ji.jij}, &c. are not now 
small (piantitics of the second order and hence it is unnecessary 
to retain the cjuaili'atic terms of U. Proceeding exactly as in 
Art. i'A the equations of motion an.- 

And" + A,,(p"+...=B,\ 

AuO" + A^tji"+...=Ji, I (1). 

&c. = &c.j 

From these equations wo may determine the initial values of tf", 
0", &c. 

If x; y, 3 be the Cartesian co-ordinates of any point P of the 
system, we may, by the geometry of the question, express thc-ie as 
functions of 9. if>, &c.. Art. 39t). Thus suppose that j: ^/(0, <f>. A-c), 
then we have initially, since 6', tf>' are zero, 

with Pimilar expressions for y and s. The ijuantities x", y", t" ai-c 
evidently proportional to the direction cosines of the initial direc- 
tion of motion of the point P. In this way the initial ilirection 
of motion of every ptjiut of the system may be found. 

4^)4, XnlUal BaOliu of Cnrvatnra, As explained in Ait. 200. we aometimea 
viant more than tlie initial direction uf motion of any point P of tlie Bystem. 
Huppose tliiit we n.Uii want tliu initial riidiuB of curvature of Ihu pulli of ]'. We 
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mDBt find tbo valaee ot x", x'", in., and then «ulntitut« in any of Uiu lurniulie 
given in Art. 200. If, ob bofore, x=f{», ^, &c.) -me find b7 differentiation UiM 

initMUj 

i"=/»e" +/**"+-. 
i™-/»S"' +/**'" -I-..., 

where snffixea e,e asual indiaate partial diflerential ooeffiaients witb ttiege 
6, ifi, An. U y^Fie, 0, &c.) there ore of oourae similar expreMions lor ^", Ao. 
in three dimenBiona for t", i^c. 

It the point P be bo aitnated thai for erery posBible motion o! the Byat) 
Don begin to move onlj in Home one direction, we take the axis of x perpendiculmr 
to that direction. We then have x" = lor all initial Tariationa of 8. ip, Sta. It 
followB that/j = 0,/^=0, ila. = 0. Henoo x"' = li, and the valaa of 2"" depends only . 
on 8", 0", *o., and nol on (*"", <p"", &a. It ia therefore annecesBary to 6 
tiate the djnamioal equations (1) to Gnd these higher difierential coefficients, 
axle of y being poralla! to the initial diteotion ot the motion of P, the valnt 
of y" Ib finite. Benoe. taking the formula at the end of Art. 300, we find that] 
the initial tadiaa of aurrataro p at the path of P ia giien b; 
(Fag" + fj,»"+...)' 

46G. In order to find the higher diflerential DoefScicnta of B, ^, to. when t) 
are reqnirad, it ma; be ueceBaar; to form the eqaationa of motion {1) to a 
degree of approiimation. There can of courae be no diOicuIi}' in retaining the fii 
few powers of B. ip, &a. which oconr on either side of the eqaation. After di 
tiation we put zero (or eaoh of the quantities B, ip, &c., 8\ ip', ±<s. 

Bat it ia often more oonvenieut to use Leibnitz' theorem. We have I 
Bubttitnte 

2T=A^6-' + 2Aa8'<p' + 

ID the Lagrangtan aquationa, to differentiate the results, and to put 0=0, 9^=0, Aa. i 
after the differentiations have been performed. Taking the first differential 00- M 
oESoient with regard to 1 we Gnd 8"' = 0, #'" = 0, &e. Taking the seoond differentisl fl 
coefficient o( the fl-equation wo find 
Au8"" + A^""+... 

where for the sake of brevity we have 

d?A_d^ 

"df ~ dS" 
wbiob is evidently true Initially, The other equations are formed in the ac 

4B6. Bumplaa of Initial aiotlon. Ex. 1. A amoobh plane of maas Sf is fr 
moveable about a horizontal axis lying within it and passing through its centre of.l 
gravity, the radius of (gyration of the plane about the axis being k. The plane being's 
inolitiod at an angle a to the horizon, a sphere of qibbb m is placed gently or 

lUy the centre uf the sphere be in a verlital throui^h the axis of tbc plane, ant^ 





ART. +*57,] T!IK KNEItGV TI'XI' iif ST.MIII.ITV. IlTH 

if h be its iuilial height nbovc that nxin, ehou' thnt the aneia iji which the iiiitia! 
direction of motion of th<> centre makes uith the vertieal is given hy 

(iU(-= + ntfi»Jtan,6=Jft'cota. [Math. Tripoa, 1B73.] 

Et. a. n rods of lengths <i^, a^...a„ arc jointed together in one straight tini 
ami have initial angular aeoekralion 3 ctf,,«,...iu„ in ouc plane. H one end b( 
fixed, prove that the initial radius of curvature of the path of the freo end ii 
'■~^. [St John's CoU.] 

Ei. 3. BC ia a diameter of D spbero, and rods AB, CD are jointed at Ji and f 
each equal in IcnKlh to /((,'. A lieing fised, the system is held bo that ABCD is 1 
horizontal »trai);ht line, and then let fall. If the mass of each rod he equal t( 
that of the spliere, the initial radius of cuirature of the polll of O ia it lAJI. 

[St John's Goll.l 



The Enei-'j'j te>it of Stahilitij. 

467. StabUlty of equUibrlum. The principle of the Con 
servation of Eiiergy may be coii\'ciiiently iisotl in sunie cjisca tc 
diitermiuc whether a system of bodies at rest is in stable 01 
unstable equililjriiiin. 

Lot the system be in er|uilibriiim in any position, and let Fq bt 
the potential energy of the forces in this position. Let the systeir 
be displaced into any initial position very neaj- the position o; 
equilibrium and be started with any very small initial kiuctit 
energy 2",, and let Vt be the potential energy of the forces in this 
position. At any subsequent time let T and V be the kinetic ant 
potential energies. Then by the principle of energy 

T+V='l\+ r, (1). 

Let V be an ab.^uitite minimum in the position of equilibrium 
so that Vm greater than V„ for all neighbouring positions. Th( 
initial disturbed position being inckulea amongst these, it follow: 
that Kj — I'o is a small positive quantity. Now the kinetic euergj 
T is necessarily a positive quantity, and since F is > Va, th* 
equation (1) shows that 3" is <2'i + K,-F;. Thus throughout tht 
subseiiuent motion the vis viva lies between zero and a smal 
positive quantity, and therefore the motion of the system cai 
never be great. 

Also, since T is neces-sarily positive, the system can neve 
deviate so far from the position of er[uilibrium as to make I 
greater than if, + V"i. These two results may be stated thus :— 

If a system he ill equUibriuin in a posiiimi in which the potentia 
enenjif of the forces is a minimum, or the work a maximum, for al 
displacementt, then the system ifsUgJitly displaced will never acquire 
any large amount of vis viva, and wiU never deviate far from th, 
jjositioii of equilibriam. Tliv eqtdlibrium is then said to be stable. 




S8U SMALL OSCILLATIONS. 

It will be shown that this reaaonJnt! may in certain cABes bo extended 
tennine vhctber a given ttmc of motion as well an a given state of iqiulHii 
stable. See bIho the TreatUe on the Siabitity of JUutioa, Chap, vi., 1877. 

468. If the jxitcQtial unerey be an absolute maximum in the J 
position of equilibrium, V is less than Vg for all tieighbourinyj 
positions. By the same reasoiiiug we see that T is always greater! 
than 2",+ V,— V^, and the system cannot approach so near th« f 
position of equilibrium as to make V greater than T, + 1^,. So 
far therefore as the equation of vis viva is concerned, there is 
nothing to prevent the system from departing widely from the 
position of equilibrium. To determine this point we must examine 
the other equations of motion*. 

If any principal oscillation can exist, let the system be placed 'I 
at rest in an extreme position of that oscillation, then the system j 
will describe the complete oscillation and will therefore pass J 
through the position of equilibrium. But, if Ti be zero, V can I 
never exceed F,, and can therefore never become equal to V,, J 
Hence the system cannot pass through the position of equilibrium. I 

It is unnecessary to pursue this line of reasoning further, fop 1 
the argument will be made clearer in the next article. 

469. We may also deduce the test of stability from the etpia- 1 
ftOTtfl vikich determine the small osciUatioits of a si/stem about a< ] 
position of equilibriuin. Let the system be referred to its prin- I 
cipal co-ordinates, and let these be B, if>, &c. Then we have 

iT=0" + <i>'*+ 

i(U-ff^)=Ke'+b„4^+ 

where bu, b^, &c. are constant.s, and U,, is the value of P" in thai 
position of equilibrium. Taking as a type any one of Lagrange's ] 
equations 

d_dT_dT^d(T 

dt dff d0 d& ' 
we have ff' - &,,& = 0, 

with similar ei{ualiona for 0, ^, Ac. If fc„ is positive, this ec[ua- 
tion gives in terms of i-eal exponentials, and the equilibnum 
is unstable for all disturbances which affect 9, except such aa 
make the coefficient of the term containing the positive exponent 

' This demonBtration ia twice given by Lagrange in hU Micaniqiu Analytiftu. 1 
In the form ia which it appears in the firat part of that work, V is expanded in * 
powers of the co-nrdiuaCca, which are supposed veiy email; but in Seatlon vi. of 
the second part this eipanaton is no longi>r meA, unil the proof appears almost 
exactly as it is given in this treatise up to the asterisk. The demonstration in 
the next article is simplified from that of Lagrange by the use of principal co- 
ordinates. ^ 
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vanish. If b,i b negative, is expressed by a trigonometrical I 
term, and the equilibrium is stable for all disturbances which J 
^ffect 6 oaly. In this demonstration the values of &„,6n, &c are! 
supposed not to be zero. 

If in the position of equilibrium ^ is a maximum for all I 
possible displacements of the system, we must have b„, b-s, &c, all \ 
negative. Whatever disturbance is given to the system, it will | 
oscillate about the position of equilibrium, and that position is 
then stable. If i7 is a maximum for some displacements and a 
minimum for othei-a, some of the coeiRcients b„, fiai Sic. will be 
negative and some positive. In this ease if the system be dis- 
turbed in some directions, it will oscillate about the position of , 
equilibrium ; if disturbed in other directions, it may deviate more ■ 
and moi-e from the position of equilibrium. The equilibrium ia j 
therefore stable for all disturbances in certain directions, and un- 
stable for disturbances in other diroctiona If £/" is a minimum 
in the position of equilibrium for all displacements, the coefficients 
bu, ba, &e. are all positive, and the equilibrium is then unstable 
for displacements in all directions. Briefly, we may sum up the 
resulte thus ; i 

Tlie system vjill osctUate about the position of equilibrium for I 
all di^urhances if the potential energy is a minimum for all dia- I 
placements. It will oscillate for some disturbances and not for J 
otfiers if the potential energy, though stationary, is neitlier a maxi- I 
mum nor a minimum. It unll not osdlliUe for any disturbance if I 
tJie potential energy is a maadmumfor all displacements. I 

/( appears from this theorem titat tlte stability or instability of I 
a position of equilibrium depends, not on the inertia of the system, I 
but only on the force f motion. The rule is, give the system J 
a sufficient number of small arbitrary displacements, so that all 1 
possible displacements may becompouudedof these. By examining J 
the work done by the forces in these displacements we can deter- 1 
mine whether the potential energy is a maximum or minimum 1 
or neither. I 

Ei. 1. A perfect!; tree partiole is in eqnilibriani under the sttraotion ol ftnjfl 

namber of fixed bodies. Show tliat, if the Inw of attructiou be the iovene sqnorsc I 

the equilibrium ia UDittable. [Eaniihaio'i Theorem.] I 

Let he the position of equilibrium, Ox, Oy, Oc ftnj three rectangular BiMal 

d^F d^V d^V I 

then if F be the potential of the bodies, b,, = -=-t- , b^.^ -^—^ , b~= ^^t ■ But, luDaBa 

tti" ■" djf" " di' B 

the Bnm of these ia Eero. b,;, b^. b„ cannot ilII have the game sign. fl 

Ex. 3, Hence show that, if an; numbet of particles mutoally repelling eaol) I 
other be contained in a vessel, and be in equilibrium, the equilibrium will bo ■ 
unstable nntcas they oil Ue on tho oontaioing surfaoe. [Sir W. Thomson, C'lnt. ifl 
Mnth. Journal. 1845.] 
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The Cavendish Eicperiment 

470. As an example of the mode in which the theory of small 
OBciilations may be used as a meaiis of discovery we have selected 
the Cavendish Experiment, The object of this experiment is to 
compare the inasa of the earth with that of some given body. The 
plan of effecting this by means of a torsion-rod was first suggested 
by the Rev. John Michell. As he died before he had time to 
enter on the experiments, his plan was taken up by Mr Cavendish,' 
who published the result of his labours in the Phil. Trans, ft^ 
1798. His experiments being few in number, it was tboui 
proper to have a new determination. Accordingly, in 183( 
grant of £500 was obtained from the Government to defray the 
expenses of the experiments. The theory and the analytical 
formula; were supplied by Sir G. Airy, while the arrangement of 
the plan of operation and the task of making the experiments 
were undertaken by Mr Baily. Mr Baily made upwards of two 
thousand experiments with balls of different weights and sizes, 
and suspended in a variety of ways, a full account of which is, 
given in the Memoirs of Oie Astronomical Society, Vol. xn^ 
The experiments were, in general, conducted in the following 
manner. 

♦71. Two small equal balls are attached to the estremitia 
of a fine rod called the torsion-rod, and the rod itself is sui 
pended by a string fixed to its middle point G. Two '. 
spherical masses A, B are fastened on the ends of a pla 
which can turn freely about its middle point 0. The point i 



I 




vertically under G and so placed that the four centres of gravity! 
of the four balls are in one horizontal plane. 

Firstly, suppose the plank to be placed at right angles to thoV 
torsion-rod, then the rod will take up some positiou of equilibriums 
called the neutral position, in which the string has no torsion.a 



I 



I 



Let this be represented in the figure by Co. Now let the masses 
A and B be moved round into Bome position ByA„ making a 
not very large angle with the neutral position of the torsion-rod. 
The attractions of the masses A and B on the balls will draw the 
torsion-rod out of its neutral position into a new position of equi- 
librium, in which the attraction is balanced by the torsion of the 
string. Let this be represented in the figure Sy CEi- The angle 
of deviation E^Ca, and the time of oscillation of the rod about this 
position of equilibrium are observed. 

Secondly, replace the plank AB at right angles to the neutral 
position of the rod, and move it in the opposite direction until 
the masses A and B come into some position j4,B, near the rod 
but on the side opposite to 5,^,. Then the torsion-rod will 
perform oscillations about another position of equilibrium GE^ 
under the influence of the attraction of the masses and the torsion 
of the string. As before, the time of oscillation and the deviation 
EjOa are observed. 

In order to eliminate the errors of observation, this process 
is repeated over and over arain, and the mean results are taken. 
The positions B^Ai and A^^, into which the masses are alter- 
nately put, are as nearly as possible the same throughout all the 
experiments. The neutral position (7a of the rod very nearly 
bisects the ande between B-,Ai and A^„ but as this neutral 
position, possibly owing to changes in the torsion of the string, 
IS found to undergo slight changes of position, it is not to be 
considered in any one experiment coincident with the bisector 
of the angle ^,CB,. 

Let Ox be any line fixed in space from which the angles may 
be measured. Let b be the angle xCa, which the neutral position 
of the rod makes with Cx\ A and B the angles which the alter- 
nate positions, B,Ai and AjB.^, of the straight line joining the 

centres of the masses, make with Cx; and let n = J (.d -I- B). Also 
let X be the angle which the toraion-rod makes with Cx at the 
time (. 

Su^xising the masses to be in the position ^i,£,,the moment 
about Co of their attractions on the two balls and on the rod will 
be a fimction only of the angle between the rod and the line AiB^, j 
let this moment be represented \t^ <^{A — x). The whole apparatus J 
is enclosed in a wooden casing to protect it from any currents J 
of air. The attraction of this casing cannot be neglected. As it ] 
may be different in different positions of the rod, let the moment i 
of its attraction about GO be ^ {x). Also the torsion of the string \ 
is very nearly proportional to the angle through which it has ' 
been twisted. Let its moment about CO be E(x — b). 
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If then I be the moment of inertia of the balls and rod abou) 
the axis CO, the equation of motion ia 






(A-x)+ir(cr)-E(a!-b). 



Now a — x is a small quantity, let it be represented hy \ 
Substituting for x and expanding by Taylor's theorem in poweoAS 
of £, we get 



P(A- 



a) + ir(a)~Eia- 
<l>'{A-a)- 



-b)-Hi>-(A 




-a)-t'(«i + £^lf. 



■ 0M- 



Then 



a) + ^(a)-E{a-h) 
In' 



where L and L' are two arbitrary constants. We see tberefora4 
that in the position of equilibrium the angle made by the torsion- 1 
rod \vith the axis of a; is e, and the time of oscillation abouttj 

the position of equilibrium is — , 

Let us now suppose the masses to be moved into their alteraato I 
position A1B3; the moment of their attraction on the balls and] 
rod 13 now —^(x — B). The equation of motion ia therefore 



dp 



i>(x-B) + y(r(x)-E(x-b). 



Let a = x — ^, then, substituting for B \\s value 2a- A, we 6nd j 
by the same reasoning as before 

a: = e' + iV sin {nt + N'), 
where n has the same value as before, and 

^,_^ -<t>(^-<i) + ir{a)-E(a-b) 

In these expressions, the attraction -^{a) of the casing, the ] 
coefficient of torsion E and the angle b are all unknown. But ! 
they all disappear together, if we take the difference between | 
e and e'. We then find 

^^> = '^.(^')" (A), 

where T is the time of a complete oscillation of the torsion-rod I 
about either of the disturbed positions of equilibrium. Thus the J 
attraction <}>(A —a) can be found if the nugle e — e' between tha^ 
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two positions of equilibrium and abo the time of oscillation about 
either can be observed. 

472. It is sometimes wrongly objected to the Cavendish Ex- 
periment that the attractions of the balls A and B are supposed 
to be great enough to be measured, while the much greater 
attractions of surrounding objects, such as the house, &c, are 
neglected. But this is not the case. The attractions of all fiavd 
bodies are included in that of the easing. These are therefore 
not neglected but eliviivaied from the result. It is to effect thb 
elimination that we have to observe both e' — e and the time of 
oscillation. We thus really form two enuations, and from these 
wo eliminate those attractions which we do not want to find. 

473. The function ^{A ~ a) is the moment of the attractions 
of the masses and the plank on the balls and rod, when the rod 
has been placed in a position Gf, bisecting the angle A,CS, be- 
tween the alternate positions of the masses. Let M be the mass 
of either of the bodies A and B, m that of one of the small balls, 
m' that of the rod. Let the attraction of M on vi be represented 

by fi -J— , where D is the distance between their centres. If 

(p, q) be the co-ordinates of the centre of A, referred to Cf as 
the axis of x, the moment about C of the attraction of both the 
masses on both the balls is 



2^Mm\ 



Hip-cY' 



.|f 



lip+cy+q-- 



where c is the distance of the centre of either small ball from the 
centre C of motion. Let this be represented by fiMmP. The 
moment of the attractions of the masses on the rod may by 
integration be found to be fiMm'Q, where Q is a known function 
of the linear dimensions of the apparatus. The attraction of the 
plank may also be taken account of. Thus we find 

4>(A-a) = fiAt(^,nP + vi'Q). 

I f /■ bi; the radius of either ball, we have 



which may be represented by / = ■mP' + m'Q", where f and Q* ard 
known functions of the linear dimensionB of the rod and ball j 
Hence we find by substituting in equation (A) 

rnP + m'Q 



„ mP + m'Q e-e' /2t ' 



Let E be the mass of the earth, R its radius aud ff the fort 
E* 
of gravity, then jf = ^ v^- . Subfltitiiting for f», we find 



1 /'^'^V ^ 



-,-P + Q 



The ratio -, was taken ec|nal to the ratio of the weig; 

the ball and rod weighed in vacuo, but it would clearly have \ 
more nccurate to have taken it equal to their ratio when t _ 
in air. For, since the masses attract the air as well as the balls, ' 
the pressure of the air on the side of a ball nearest the attracting 
mass is greater than that on the furthest side. The difference 
of these pressures is equal to the attraction of the mass on the (ur_ 
displaced by the ball 

474. By this theory the discovery of the mass of the € 
has been reduced to the determination of two elements, (1) the* 
time of oscillation of the torsion-rod, and (2) the angle e — «* 
between its two positions of equilibrium when under the influence 
of the masses in their alternate positions. To observe these, 
a small mirror was attached to the rod at C, with its plane 
nearly perpendicular to the rod. A scale was engraved on a ver- 
tical plate at a distance of 108 inches from the mirror, and the 
image of the scale formed by refiection on the mirror was viewed 
in a telescope placed just over the scale. The telescope waa 
fiimished with throe vertical wires in its focus. As the torsioa-rod 
turned on its axis, the image of the scato was seeu in the telescope 
to move horizontally across the wires, and at any instant the 
number of the scale coincident with the middle wire constituted 
the reading. The scale was divided by vertical lines one-thirteenth 
of an inch apart and numbered from 20 to 180 to avoid negative 
readings. The angle turned through by the rod when the image 
of the scale moved through a space corresponding to the interval 



of two divisions was therefore 



1 1 



73"46. But the 



■ 108 ■ 2 "^ 

division lines were cut diagonally and subdivided decimally by 
horizontal lines ; so that not only could the tenth of a division 
be clearly distinguished, but, after some little practice, the frac- 
tional parts of those tenths. Tbe arc of oscillation of the torsiou- 
rod was so small that the square of its cuxiular measure could be 



* In Bnily's experimont. a n 
oUiptioity of the earth, m the rati 



a valuo of g was nsed. It t 
^Dtrifugal force at tbe equator to eqnatonal I 



gTAvit;, and X the [Atitude of the place, wc have g 
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neglected ; but as it extended over several divisious it ia clear J 
that it could be observed with accuracy. A minute deacriptioal 
of the mode in which the observations were made would not find 1 
a fit place in a treatise on Dynamics, we must therefore refer the I 
reader to Daily's Memou-. 

In this inTeatigaticiD no notice has boen taken of tbe effect of the n 
the air on the arc of Tibratioa. This waa, to some entcnt at least, eliniinalod b; s \ 
peculiar mode of taking the means of the obseivationa. In tbia way also some 
allowance naa made for the motion or tbe neutral poBitioo of the toraion-rod. 

We have also not considered what relative dimeneione ehould be given to the 
diflorent pnrta of the instrument, consistent with its proper BQpport, so as to obtain 
the most accurate result. Sach considerations are haidl; suited to a general 
trealise on dynamics. In tbe original exporiments tbe attracting tnaases A and 
B were large, and btouKbt near the small balls m and ni. As a rapid oscillation ol 
the rod vas inadmissible, the moment of inertia I ol tbe rod and balls was large 
and tbe torsion of tbe Btriug was small. The size o( tbe inetramcnt was not handj. 
A plan of Daing a quarU Jibre aa the supporting string has been proposed by 
C, T. Boys, b; which the whole apparatus o&n be made on so small a scale that tbe 
two difflcntties of keeping the temperature anifoim and of dealing with largo balls 
as the attracting masses are very much redneed. Bee tbe Proceedingf of tkt Jtoyal 
Soeitti/, May, 1883. 

475. The density of water in which the weight of a cubic 
inch ia 252'725 grains (7000 grains being equal to one pound 
avoirdupois) was taken as the unit of density. The final result 
of all the experiments was to determine for the mean density 
of the earth the value 5G747. 

Tbe most important experiments after Baily which were con- 
ducted on this plan were those of Cornu and Bailie. See Comptea I 
Rendiis, Tome LXXVI., 1873 and Tome lxxxvl, 1878. They made I 
several improvements in the apparatus which we cannot here I 
describe. They made the mean density to be 5-56. They con- 1 
flidered that they had found an error in Baily 's method of taking ] 
his means. If this were corrected Baily 'a result would become 5'55. 

476. Two other methods of finding the mean density have j 
been employed. In 1772 Dr Maakelyne, then Astronomer Royal, 1 
suggested that the mass of the earth might be compared with I 
that of a mountain by observing the deviation produced in a J 
plumb-line by the attraction of the latter. The mountain chosen j 
was Schehallien, and the density of the earth was found to bel 
a little less than five times that of water. See Phil. Trana.M 
17S8 and 1811. From some observations near Arthur's Seat, thai 
mean density of the earth was given by Lieut.-Col. James of thfl^ 
Ordnance Survey, as 5'316. See Phil. Trans. 1856. 

The other method, used by Sir G. Airy, ia to compare thi 
force of gravity at the bottom of a mine with that at the surfac 
by observing the times of vibration of a pendulum. In this way 

^■^— =1. 



the mean density of the earth was found in be 6'56C. See PkH 
Trans. 1856. 

Within the last ten years the density of the earth has 1 
found by observing huw a very delicate balance is disturbed bjf I 
the near approach of large attracting masses. The expeiimentej 
were conducted by Jolly in Munich and Poyntiug in Manchester.] 
The result was 5 -69. 

EXAMPLES'. 

1. A nnifonu rod of leagth 2e rests in HUblo e<iuilibriam with its lower e 
■t the vertex of a ofcluid whnso plaue is vortical nnd vcrtei downworda, and pun 
throi;gh > ainalt nmooth flied rinc aitutted ou Uie uuB nt a distanoe b from tl 
vertex. Show that, if the equilibrium be slightly disturbed, the rod will perfon 
small nwillationi' with its lower eod on the aro of the (peloid in Ibe I 



4* 









, where 2a in the length of the axis of the cycloid. 



oentre of the w 



\ with a, uniform angular velooit; 






*■ r-^- 



wilt be in a position of stable relative equilibrium when the radius of the tireulK 
wire passing through it is inclined at an augle 46° to the horiaon ; show also I 
if the ring be slightly displaced, it will perform a small oBoillation in (he time 

3. A unirorm bar ot length 2a, suHpended by two equal parallel strings each of 
length b from two points in the same horizontal line, is turned throagh a small 
angle about the vertical linp through Ihu middle point, ihow that the 
small osoillation is 2w 



/bk' 



i. Two equal heavy rods connected by a hinge whioh allows them to mova 
in a vertical plane rotate about a vertical axis through the hinge, and a string 
whose length is twiue that ot either rod is fasttned to their eitremitiea and 
bears a weight at its middle point. If M, M' be the maeaea ol a rod and tha 
particle, and 2a the length of a rod, prove that the angular velocity aboat th« 

vertical axis when the rods and string form a sqaare is . / — --s^ . — — ; prore 

also that, it the weight be slightly depressed in a vertical direction and Uw 

■ystem left to itself, the time of a small oscillation is 3«-»/-^^ . jr-gjs,' 

5. A ring of weight W whioh slides on a rod inclined to the vertical at an angle 1 
a is attached by means of an elastic string to a point in the plane of the rod, so 1 



I 

I 
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aitu&tod that ite least diatance from the rod ih equal to the natural length of tl 
itriog. Prove that, it he the inclination oF the string to the rod when U 

eqnilibriuRi, Mt0'Ooa0= — aoea. where w is the modulaa of elaetioit; of i 

strips. '^Ibo " the ring be slightl; displaced the time of a small OBoillation v 

be 2x f^ — _ ■ , , where I is the natural length of the atriag. 

6. A circular tube of radtns a contains an elostio stting fastened at its highest 
point equal in length to ^ of its circumference, and having attached to its other 
extremity a heavy particle which hanging vertically wonld double its length. The 
system revolves about the vertical diameter with au angular velocity \/ • Find 
the position of relative equilibrium, and prove that, if the particle be slightly dis- 
turbed, the time of a small oscillation ia ^..s'. . /-. 
Jw^i V V 

T. A heavy uniform rod AB has itn lower extremity A fixed to a vertical 
axis, and an elastic string connects B to another point C in the axis such that 

AC-^j^ = ti; the whole is made to revolve roond AC with SQoh augolar velocity 
that the string is double ita natural leni{tb aod horizontal when the qystem is in 
relative equilibrium, and then left to itself. If the rod be slightly disturbed in a 

vertical plane, prove that the time of a small oscillation ia St ^ ^r- , the weight 
of the rod being safflcient to atretoh the string to twine its length. 

B. Three equal elastic strings AH, DC, CA surround a circular arc, the ends 
being Hxed nt A. At H and C two equal particles of mass hi are fastened. If I be 
the natural leugtli of each string supposed always stretched, and \ the modulus of 
ekstioity, show that if the equilibrium be disturbed the particles will be at equal 

distances tram A after intervals 

9. A particle of mass M ia placed near the centre of a smootli circular 
horizontal table of radius a, Htrings are attached to the particle and pass over n 
smooth puIlioB which are placed at equal intervals round the ciraumference of the 
circle; to the other end of each of these strings a partiole of mass M is attached; 
show that the time of a small oscillation of the system is Sir I — - I . 

1(1. Two discs slide in a circubvr tube of uniform bore oontaining air, e 
Utting the tube. The two discs are placud initially so that the line joining U 
centres passes through tlie oontre of the tube, and the air in the tube is initially o| 
its natural di^nsily. One disc is projceted so that tlie initial velocity of it 
ia a aioall qunutity. If the inertia of the air be neglected, prove that tlie p 
on the axis of the tube equidistant from the centres of the discs moves uniforto] 

and that the time of an oaoiliation of each disc is ir yj —jy , 

IS of the axis of tube, and F tile pressure of a 
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11. A uniform beam of mass M and length 2a can tarn round a fixed horizontal 
axis at one end; to the other end of the beam a string of length I is attached and 
at the other end of the string a particle of mass m. If^ during a small oscillation 
of the system, the inclination of the string to the Tertioal is always twice that of the 
beam, then 3f (32 - a) = 6in ({ + a). 

12. A conical surface of semivertical angle a is fixed with its axis inclined at 
an angle to the vertical, and a smooth right cone of semivertical angle fi is placed 
within it so that the vertices coincide. Show that time of a small oscillation 



= 2ir . / . . ^^ , where a is the distance of the centre of oscillation of the cone 

from the vertex. 

13. A number of bodies, the particles of which attract each other with forces 
varying as the distance, arc capable of motion on certain curves and surfaces. 
Prove tliat, if /I, /?, C be the moments of inertia of the system about three axes 
mutually at right angles through its centre of gravity, the positions of stable 
equilibrium will be found by making A+B + C & minimum. 

14. A particle is in motion within a triangle AB'C, and is attracted perpendica- 
larly to the sides with forces each equal to fi times the perpendicular distance. 
Show that the motion is expressed by two periodic terms of the form 

Psin{«V(M + a}, 
where (X - 1) (X - 2) + 2 cos il cos B cos C= 0. 

Shew that the roots of this quadratic are real and positive. 

Examine the ca§e of an equilateral triangle, and in that case verify the above 
result indcpendentiy. 

15. The force between two small masses attracting according to the law of the 
inverse square of the distance is equal, at distance a, to a very small fraction 

- of the weight of either. They are suspended by two strings of length I from two 

points situated in a horizontal plane, at a distance apart equal to a, and are set to 
perform small vibrations in the same vertical plane ; prove that the motion of each 
is compounded of two harmonic motions whose periods are very nearly as 

1:1 + —. 

7Ul 
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ON SOME SPECIAL t'KOBLEMS. 



OaoUUUiotis of a Booking Body in Uiree dhtiensioas. 

477. A heavy body osdllates in three dimensions with one 
degree of freedom on a fixed rough aitr/ace of any form in sudi a 
mamier Unit tliei'e is tio roUUion about t/te common normal. Find 
tfte motion. 

478. The RelaUve Indlcatrlx. Let be the point of 
contact when the heavy body ia in equiHbrium. Let the common 
normal be the axis of z, and let the other two axes be at right 
angles in the common tangent plane. The equations to the 
portions of the surfaces in the neighbourhood of may be written 
in the forms 

2=1 ((Mf* + 2bxi/ + cy) + &c. 

«" = i (aV + 2b'a:y + c'y') + &g. 
Let an ordinate move round the oi-igin ao that the portion z—z' 
between the tiurfaoea is constant and equal to any indefinitely 
small quantity A. This ordinate traces out an evanescent conic 
on the plane of xy whoso equation is 

(a - a') a.'" + 2 (6 - 6') xy + {c- c') f = 2A. 
Any conic similar and similarly situated to this, lying in the 
tangent plane and having its centre at 0, is called the Relative 
InaKOtrix of the two surfaces. 

Lot OR be any radius vector of this indicatrix, then the 
difference of the curvatures of the two sections made by a 
normal plane sOR (or their sum, if they are measured in oppo- 
site directions) varies inversely as the square of OR. This of , 
course follow)! from the definition of the conic by a well-known 
argument in solid geometry. Thus, let (r, e) (r, /) be the co- 
ominates of two points on the two cii'cles of curvature at the 
same distance from the axis of z. We have ultimately 2p2 = r' 
and 2pV = r". Also s — / = A, hence, eliminating a and t', we see 
that the difference of the curvatures varies luveiwoly as rl 



Let OR be a tangent to the arc of rolling determined by the:1 
geometrical conditions of the question. Let p, p' be the radii oM 
curvature of the normal sections through OR, taken podtiveljr.fl 

when the curvatures are in opposite directions, and let - = - + — - J 

s p p m 

Then a may be called the radius of relative curvatui-e. I 

We have the three following propositions which are of iise in 1 

Dynamics. I 

479. Prop. The Instantaneoiu Axis. Let 01 and Oy 1 

be two conjugate diameters of the relative indicatrix, then, if OyJ 
be a tangent to the ai'c of rolling, 01 is tlie instantaneous axis, I 
and, if ff be the indefinitely small angle turned round the ia- fl 
stantaneoua axis, the arc a of rolling is given hy tr = 0s sin yOl. I 

To proTc tfaU, measure in the pliuiG i/i along the 8iirr&D«B two lengthB UP aoA'l 
OP" each equal to r. Then in the limit P'F ia parallel to the normal Ot. Letitjl 
cut the plane of xy in SI. Draw another ordinate ^'t,*^ indeGmCel; neu to P'i'Jtf^ 
BO that PP' = QQ', then UN is an elementary Rro of that relative ioaioatrii wbiollJ 
paBses tltrongh M, and ia therefore parallel to 01 the eonjiigate diameter of OJf. M 
Alaa PQPV' is a parallelograni. I 

The planes OPQ, OP'Q' are ultimately tangent planes at P and f, anJ must iU" I 
teneot in a Btruiijlit line OJ parallel io PQoiP'Q'. If then we turn the body roooi'l 
0/, the tangent planea at i* and P* will be brought intouoinoidenoeand theoneb«tfi 
will roll on tlie other. Thua OJ ie the inatantaneonB ails. I 

Now. aince jU.V is the projeoUon ot FQ oi P-(/' on the plane of xy. it followattajift. J 
01, a parallel to itf.V, is the projection of OJ, a parallel to PQ or P'Q'. Also tfaa 1 
parallels PQ and FQ', being tangeutB to the Burfaces, malm indefinite!; smalt il 
angloB with the plane of xij, henae OJ makoa an equal indefinitely small angl*.] 
with 01. If ^ be this small angle and the angle of rotation about OJ, IM ] 
motion of the body is represented by rotations flsin^ about Oi and Soos^ abontl 
01, Siuee 8 ia indefinitely BmalJ, the former ia of the second order and ia to i»,m 
neglected. The Utter reduces to 6. I 

To prove the lust part of the proposition, vie may again reaolve this lattsF I 
rotation into a, rotation cob yOl about Qy and a rotation gin yOl about Ok, M 
The former does not adeot the arc ot rolling along Oi/, the latter obviooaly giTW-l 
c = t$ Bin yOI. I 

480. Prop. The Cylinder of StabUity. Measure a length J 
fisin'wO/ along the common norma! Os and describe a circ^arfl 
cylinder having this length as a diameter of the base, the axild 
being parallel to 01. If the centre of gravity of the body b« 
inside this cylinder, the eiiuilibrium is stable: if outside ao« 
above the plwie of iw, the equilibrium is unstable. The cylindelV 
may therefore be called the cylinder of stability. ■ 

These results follow from the second expression for the monieotaJ 
of gravity about 01 found in the next proposition. ^ 



THE TIME OF USCILLATIUNS. 

481. Piiop. The time of Oicillatlon. L<;L G be the I 
centre of gravity and K the radius of gyration of the body about i 
01, then the length L of the simple equivalent pendului 
given by 

^ = s COS QOt . Bm^yOI - 00 . sia'QOI. 



• of stability in V, thei 
GV.fiin'OO/. 



If 00 produced cut the cyliudi 

L 

We deduce fi-om this that the time of oscillation of the body I 
is the samo as if the fixed surface were plane, and the curvatures 
of the upper body at the point of contact w«rc altered so that 
the Relative Indicatris remained the same as before. 

483. Tbeee reialts ma; bo obtained by taking momestH about tba inBla^taneouB 
aiia, see Art. 448. The gaiieral conrae of reiBoning may be indicated as tollowa. 
In equilibciDin is the point of oontaot and QQ is vectical ; aa the bod; roUa 
on the surface, say in tlio dlreotion \j'P, let P be the point of contact at Iha 
time t and let 0', G' be the positiona in apace occupied by the points O and O 
of the body. These points are not marked in the figore, but O and O' will obTioualy 
lie indeSuilely elose to each other between y' and P. so that 00' is perpendicular 
to Pff', while G' will move from G a little to the right, as aeon from any point 
in pi: Draw Pir vortioal, aad PF paraUel and equal » O'Q'. It W be tlw 
iiutantuieonB axia at the time t, ii the angle between the planea WPI' 
FPr. 

To end the moment of the weight aboat PI' 
penilioular to PI', The former component has 
a Bin lypi: Lot this latter act parallel to son 
required is tho product of resolved gravity i 



re rcBolvo gravity parallel and p 
10 moment about PI', the laltei 
e straight line KP. The moment 
the shortest distauco between thi 
line of action of thia force and tho atraight line Fl'. This shorteat distanoe ia 
eqoal to the sura of the projections (with their proper aigns) of PO', O'Q' on a 
straight line perpendioular to both KP and PP. Let thia straight line be PH. 
To find these projectionB we shall use a little spberioal trigonometry. Lot Iha | 
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ON SUHE SPECIAL PKOBLEHS. 

Bgore represBnt the sphericBl triaogleB formed b; the ara on a epfaere mbtending 
Uiu vuioufl anglcB at th« centrn P. Also Py' is a tangent to PCf the arc of roDing, 
and P/ is normal to the surtaoo at P. The proj'eotioo of PO' on PH is o-cosy'PH 
= r7 00Hy'PiVcoBATfr = ir bid i/'P/' coa KPi'. The projection of O'G' is the same ma 
the projection of PF=PF COB HPf'= -PF8iul['PF= -OG .8aintrPZ'. 

The differential eciuatjon is tboreforo 

K*6= -flff!« . sin yPJ ' . sin "■P7' .oobA'Pi'-OG . Bin'ITP:'). 

We now replaoe sin WPV . coa KFz' by itB equivalent cob WPi'. In the hi 
terms containing the factor B we ma; remove the nocents. and replace P and fl 
O and G. We immediately obtain one of the resalts. 

To obtain the other, we write the equation ol moments in the form 



-flUBi 



1 WPP 



.'..in 



y-pp 



xKPz' 



og\ 



cobJSTPF 

Bat, if D be the diameter of the cylinder of stabilitf drawn with its axis parallel taa 
Pf, and if PW cat the cylinder in V. we have PJ* . co»KPJ)'=DcosKP<*. J 
Bnbstitating in Che equation, the eipressian in hrackets takes the form FY- OQ,\ 
which is altimately oqnalto QV. We thai obtain the aecood result. 
We might also find the porioda by the method of vis viva. 



Oscillations of Cones in three dhnensions. 

iS3. OKlUationa of Conei to the first order. A heavy i 
cone of (iiiy fonn oscillates on n fixed rough conical surface, tht J 
vertices being coincident. It is required to find tlie tine of a small [ 
oscillation. 

The motion of a cono about its vertex regarded as a fixed point j 
ifl convcnicntiy discussed by the help of spherical trigonometry. 

Let be the common vertex, G the centre of gravity of the J 
moving cone, 00 = h. With centre 0, and radius equal to Off, J 
describe a ephei-e; it is on this sphere that wo shall suppose ourl 
spherical tiiangles to be coostriicted. Let 01 be the instantaneous fl 
axis of the moving cone. i.e. the common generator along which 1 
the two cones touch, and lot it cut the sphere in /, Let OW be a J 
vertical drawn upwards to cut the same sphere in W. Let thef 
arcs WI = s, GI=r. In the position of cijuilibrium the throe-fl 
straight lines OW, OG, 01 are in the same vertical plane, andC 
they aro so i-epresented in the figure. 
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Lut u be Uiu inclination of tht; vcrticjtl plimu GOI to the 
nuniial plane to the two cones iilong 01. Let p, p be the senii- 
angk'w of the two right circular osculating cones of contact along 
0, 1, taken powitively when the curvatures are in opposite directions. 
In thf ligui-e their axes cut the sphere in C and D. 

If K be the radius of gyration of the moving cone about 01, 
UiL- length L of the simple equivalent pendulum is given by 

K- . _ . sin p yin a 

, , = fiui r-r)cosi( .-; ■, - sm r siu ;. 

liL f-m ip + p) 

The dynamical princi|il>' - '1 'r.\ 'Imi'mnig this result is that 
of taking niouienta about H ■ . ■;i-- axis, Art. 4+y, If I" 

be the p.isLti..iii of the cmi; ■ ,: ai the time (, and 5 the 

angle between the planes IJul. U ol, \\^ liavc 

K4^M (1). 

whi'iv ,1/" is the. luyinent of ff acting at G' about the instantaneous 
axi-^ at the time (. 

II' 0/' he a noighbuuring generator of the fixed cone and the 
angle POT be a; the moment M' about OP of g acting at (?' is a 
fnncLinii of e aud a. We thcrefnre have to the first onler of small 
iimiiitities 

M^A<T + m (-2), 

where A and B are two expressions which de])end on the lijnn of 
the eoiie. 

Fiuallv, if dp be the instantaneous a\is at the time (, we 
h;LVe M-^M and 

<7sin(p + />') = tfsinpsinp' (:!), 

Kliiiiinatliig either a or d from these eipnitions the liine uf 
oacillation can be deducit]. 

The relations (2) and (3) are e'stablished in an elementary 
manuer in Arts. 4«* and 4S-5. Thn steps in the investigation 
eorresTMjnd to those used in the o-.il'n: i ■■! ..f . ■,!;.!! .i- i Vi(. 44.1), 
the chief difference being that tli. ' . : in (he 

figure for cylindcTS are here rephh I i. i! i ■ .i - The 

proof of the relation (3) presents un 'liil '■i:l'_\, I'ni in iIj.' ^-Liieral 
case when both the rolling and the fixed cuiie are of any I'urnis the 
figure reipiired to obtain the relation (2) is i-ather complicated. 
In particular cases, such as when the fixed surface is plane or the 
rolling iiiiii- i- -ii' ■■\' !■■ i-'mli.iL iherc is considerable simplifica- 
tioii, Ihi' i i' J. - . , .1 .nit in some of the examples 

in Art. I-'^- !■ ' ■ in ■ ■■. .ts julapted to the special case 

under eea.-iL[..;,L-:...ri, t.- .i„'.iL!i' IjiiL-liy sketched. 

By considering the parts uf M' due to 6 and a separately, wc 
may arrive at their values without requiring any figure moru 
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complicated than that already drawn in this Article. The proof 
is as follows. 

Suppose (1) that (r=0, then M' is the moment round 01 of g acting at G' 
parallel to the yertical WO. Since the body is turned round 01 through an angle 
0j the arc GG'=h$ sin GI, ResoMng g parallel and perpendicular to OI, the 
latter component is g sin WI and its moment round 01 is ^ sin WI . GG', Sub- 
stituting for the spherical arcs WI and GI their values z and r, the moment 
becomes - gh0 sin r . sin z. 

Suppose (2) that ^=0, then ilf 'is the moment round the neighbouring generator 
OP of g acting at G parallel to WO, Resolving g along and perpendicular to GO, 
the latter component is ^ sin WGt and acts at G along a tangent to the spherical 
arc GI. To find its moment round OP we resolve it perpendicular to the plane 
OGP and multiply the component by h sin GP. The required moment is therefore 
the product of g sin WG, sin IGP and h sin GP. Since o- cos n and IGP . sin GP 
both express the perpendicular distance of P from the arc GI, the required moment 
becomes gha sin {z - r) cos n, where z-r has been written for WO. 

The complete value of M is therefore 

M=gh{ff cosn sin (z-r)- ^ sin r sinz}. 

484. As the heavy cone rolls on the surface, the point on the sphere which is at 
I in equilibrium takes the position I\ and P is the new point of contact. Let the 
arc IG assume the position I'G\ and let the centre C of the osculating cone move 
to C. Let <r=IP be the arc rolled over, and let be the angle turned round by 




the cone. Since this angle is ultimately the same as GPC\ we have CC7' = ^sinp. 
Also CC'co8ec(p+p') and trcosecp' are each equal to the angle IDP. We thus 
_ , ^ sin p sin p' 
sm (p + p) 

485. The vertical OW cuts the sphere in IK. To find the moment of the weight 
about OP we must resolve gravity parallel and perpendicular to OP. The former 
component has no moment, and the latter is g sin TPP. Let this latter act parallel 



\ 



I 
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to aomi' straight line 7i"'l. Tlie moment required ia tlio jirodiict Qf reE«jlved grnrity 
into the projectiun of OG' on a Htrnijiht iini' OH, wliicli ia iierpondicular to liutli OK 
and OP. Thns the spherical trmn^rle IIKP han nil its sidi;!i light anulen. In 

i'r|iii1ibiiiim (7 iiex in the vcrtieal plnne }\'0!, aud uh the ixinc nOlH {i raovL's to II', 
fo timt t1]e arc OG' is ]>eri>endicMlAr to 117, and c>|Ual to 8 sin r. Lut this arc cut 

irj' in .V. The proje-'tion miuired i« I, i:os II ir = -!• . J/.J' fiince H.U is ,i riylit 

BLifile. Since Pt maSiea with /'// an iiTiRle which is ulliniately etiual lo », wc have 

= . - j... = — 4^ — ^ nltimatclj-. The moment rcquiiX'd, urginK tlie conn 

Wek to ilx position of equilibrium, is iili sin i:{G 31 ~ GG']. \vhieh on nuhstitntion 



■\Ve may ubtain thlx eqnation by Iha analytical ini'tlioJ 
there nplacB tlie geometry here nsi'd hj a process of difft 
extended to any Liglier degree of appioxiumtion. 

480. Examples. Ex. 1. If the upper bod^- iie a liixht ennc ot Hcnii anRlc /i. 
and if it h,: on the tap of iiiiy conical surface, ne have ii = n azid !■ = ,.. 'tin- \.rf- 
ceding cspression then taki'B the firm 

/,-^^ _ain (,• + /) HnV 
hi, Bio(p + p') ■ 

E<L. 2. A rik'lit cone oi angle 2p and altitude ii, sniipcndeil Iiy its verkv from 
a lixl'd point in a routrh Terlical wall, makes smBll o»;ilIalionR, prove th»t the 
Itngth of the equivalent pendulum itt- — — . 

Let the cone when in equilibrium tonch the plane along the vertical ();. At the 
time I. let tlie Bi-iuialor O.V be the line of eonUet, wheit iO.V = tr. Lei OA I* the 
nxiH. Ht-solving gravity along and perpendicular ti> the line O.V, and taking 
monii'nlB about the im-tantaneous axis ON, we have 

if=f/=-ffBinff.inBinp. 
Now, if the cone turn round OX tllrough an angle fiill, the centre ,1 of the base 
advances a Kpace ii ninp . Ml, lience, if .\ll be a |x.'r))endicular on OS, II udvaiicts 
an equal space. But it dotis advaoiv a upace OH . ih i.e. a com /iilir. Wc tlicrcfnre 
have ^tart p = i. Substituting Ibis value of d in the above ci|uation and quoting 
Hie value ot A'- from Art. la, Ei. 7. the length of the equivalent ptudalura is 
found without dilUeulty. 

Ex. ;l. A rifht cone of angle 2p nud altitude a OBcillatus on a perfectly rough 

plane inclined to the vertical at an angle z, the length of the equivalent penduluni in 

,i|l + 5eoB-»_ 

Eeaolve gravity into ij cos : acting down the piano and a perpendicular conipn- 
nent which can be neglected. Then proceed as in the last question. 

Ks. 4. A riglit cone of angle 2p and nllitude <i is dividcdby nplnno throiifih the 
Hxix. Due of the halves rcEts in cquililirium with its axix along a generator of a 



fixed tight oone ol sngls ip\ the 
□r the equivalent penduliini is Rivi 
> 2atan<; 



Lby 
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being coincicleiit, prove that the lengtb L 

where i is the inelinatton of the line of contact to the vertical meaBured npwardo. 1 

487. Condition of Stabillly of Cones to the first order. 1 

To determine the condition of stability when a heavy cone rests i» J 
equilibnum ori a perfectly rough, coite fixed in space. 

It is evideut that we must have the length L of the equivalei 
pendiilum, found in Art. 483, equal to a positive quautity. Thin 
loads to the following construction, whicn is represented in I' 
figure of Art. 483. Measure along the common normal CI to thoJ 
cones a length IS = s, such that cot s = cot p + cot />'. From Mm 
draw an arc SR perpendicular to 10 W, then 
COB n = cot s . tan JR. 
Then L is positive aud the equilibrium is stable if the centre c 
gravity of the moving cone be either below the common generate 
of the two cones, or above the generator at an angle r such that 

cot r > cot s + cot IR, 
When the vertex is very distant the cones become cylindei 
In this case, if the ai-c i become a quadrant, tho conaitiou i 
stability is reduced to r < IR. This agrees with the condiUoi 
given in Art. 442. 



Large Tautochronous Motions. 

488. When the oscillations of a system arc not small, the 
equation of motion cannot always be reduced to a linear form, 
and no geneiul rule can be given for the solution. But the oscil- 
lation may still be tautochronous, and it is sometimes important 
to asccrtam whether this is the case. Various rules to detenniaa'j 
this question ai-e given in the following Articlea 

489. Show Utat, iftlie eqtiatton of motion be 

T- j = a homogeneu\iB function of the first degree of ,- and x 

then, in whatever position the system is placed at rest, tlie tivie of'M 
arriving at the position detertnined by ii = Q ts tiie same. 

Let the homogeneous function be written '^(^ jil* I**" *1 

and f be the co-ordinates of two systems starting from rest in tvaV 
different positions, and let cc = a, ^ = Ka initially. It is easy to^ 
; that the differential eqnatitm of one system is changed i 
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that of the other by wtiliog ^ = k.i: If therofore the motion of 
one system is given by a = 0((, A, H), that of the other is given 
by f = *t^((, A', li'y To dfteiTiiitio the urbiti'ary constants A, B 
nil d A', B'pWL' have e.xactl}- the same conditions, viz, that, when ( = 0, 

^ = « and -Z = 0. Since only one motion can follow from a. 

siitL'l.' ^-t Mf initial conditions, we have ,fl' = jl, and B' = B. 
If. . ■!:.■■ Ii.'iit the motion f=>f,r, ami therefore a' and f 
■■. ■ I It follows that the motions of the two svstenis 



Thi^. nsnlt may hv ublaiued also by integrating the diffi.Tenlial 
eijiialioii. If we put ,'j:=p. ^^'^ lin*! x = Aif>{t + }l). Whi'ii ( = 0, 
J'- -0,and lheroforL.f(B) = 0. Thns fi is known ^nid ,<■ vaiiislies 
when <f) (t + B) = 0, whatever bo the value of ,-1. 

490. It must be noticed that if the foivc be a homogeneona 
function of the velocity and o; the nmtiou is tantochronons only 
in a pertain sense. It may hiiiiijen that the system an'ives at the 
posilion ilftcrniiiii'cl by ;« = () only ai'tci' an infiintc lime, oi- the 

geiienus fulirtiun to "be »->, vAwrv ?/i- is pusilive, tlieti the sy.stem 
sturlinj^ from rest moves eontiuiuilly away from the |jositiori ,f = 0. 
The varnc of x is evidently re]>resentfd by an exponential func- 
tion of X which never ceases to incresisc with the time. It ia 
thercfon.' necessiiry in applying the rule to ascertain whether tho 
time given by the eijnation <^ ((+/() = is real or not, 

Wu may in general determine this from tho known cii-eiim- 
stances of eaeh i>articular case. The two following general con- 
ditions will guide us in our decision. If the time befoie arrival at 
the position ir = is to be real and finite, and the same fVnm all 
initial position.", it is clear that the position .r^ It miiat Ue one of 
(■//-.■.'.'.■/...■.v.-,-,.... >■..■■ if n<.' y\-v>- rh.' -^v^irm ;it rest indeiiniteiy 
(-!■ ■ '' ' r ■■■■!■ ■'■' ■' ■! IN i\,'il will be zeni, unless 

I Ji !' ;■ ■' I' ' ■ : ' I Im' |msiiiuu of arrival 

iiin-i I" :i ['■-rii'ii .i| ...'■■'■■. ,,j. .!,!■■ .■:, , |,.i all displacements; or 
at least for all dispiaeen.enls oa that side of the position of eipd- 
libriuni on whieh the motion is to take place. 

4!)1, Lagrange'c rule. //" the e'j'iitll"i, nf M>ili«i> i.f the 
system he 

.l^^/dxyf'tx) j.h ) 

dt' idtj ftx)^*^ (df '*-^'r 

vfhere F ia a homoifetieom function of the first degree, and f (x) in 
Hiiy J'liiniiuii iif N, xhoiK that, in wliittcn'v pasitinn the systew vt 
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placed, the iivie of arnmnff at the yosition detet 
ia the sante. 

Thia ifl Lagrange's general eiprmBion for a farce which cauaei n taatoclimnoni 
nmtion. The farmtila was given by him in the Berlin Memoira for 1763 and 1770^ 
and in other places. Another very aomplical«il deuiouHtration was given by D'Alcm- 
bert, re<|iuriiig variutioQH as wel! na diflerentiationa. Lagrunge aeeniB to hate 
believed that his oipresBion for a tautochronons foroe was both aeceaatu? and 
Buffioient. But it has been pointed out by M. Fontaine and M. Bertrand that 
though safflcient it ia not necessary. At the same time tha Utter redneed the 
demonstration to a few dimple principles. A. more general eipression IhsQ 
Lagrange's has been lately given by BrioscM, bat it does not appear to oontain anj 
cooes of tautoohronauB motion not already given by Lagrange'a fonuala. 

Lagrange's result may be arrived at by the following reasoning. 
The motion from rest is tautochronous with regan! to the point 

(C = 0, if the equation of motion ^ -jz,= ^^ ( "" j7 ) ■ ^^^ ■'^ ~ ^(y) 
we Dasily find 

where ^ stands for (y) and accents as usual denote different 
coefficients. Let ^i—/(^)- substittiting we have 

dt? f\dt) f[dt) ^■''[fdij- 

where / has been written for /{y). The last two terms of thi 

expression form a homogeneous function of _^ and -^ of the firs 

degree, and therefore Lagi'ange's formula has been proved. Thi 
demonstration is due to Bertrand. 

The motion begins from rest with any initial value of x 
ends when « = 0. Hence, writing x = if) (y), we see that in tb 

second equation the motion begins with ;^ = and with 
initial value of y, and terminates when ^ (y) = 0. Now -y- doei 
not in general vanish when a; =0, since the system arrives 
some velocity at the position of equilibrium. But ~n = '!>' iy) -^ 
hence ^' (jf) does not vanish when x = 0. It follows therefore, rincei 
'^ — i>'-fiy)< ''^*'' *^*^ motion tenniuates wheu/(y) = 0. 

When the particle is constrained to move on a rough 
under the action of a tangential force, Lagrange's nile may be pi 
under another form, If F be the tangential force tending ' 
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(]iiiiiiii-li lhL'!iio.'.',tlif(.T|iiatioii of motion takiis the fnrni (Art. 495) 



wiiiTf III is snmo c 
with a stnuf:;h|. H 
ti-niiiiiates at Ihi' 



492. EfTect of a resisting medium. II' thi' inutioD of 

any sy.«ti'in is l.-uilnulunmnis iiiv..;.];ir, ■. |,r,-i n..'- rrimiLi in 
vacuo, it will also !>.■ tauliiHin.iM.. ■ , ■-■ ,■_■ ■■ini, if the 
tffect-.f the n^sistaiicr is 1-1 ii.M . ■ ■ 'i ■ ' inati.jiiof 

iiKitiiiii a l.i.;nii |ii-n]iui-tiijii;il to ili. ■ ■ |..'ji_\ Tli!- ■! "in is due 

to LftgrauffL'. 

The prmii'of Iliis is ..■;i.sy, f.n' tijiiitmiliiw Iho resistance of such 
a nifdimii into the fi|uatiiiii uf uiiitinii la nn-rely to increase the 

homojreneou.s InuPtiuii /' by a term uf the furiii « -77 ■ This is 

permissible, siuc'e the only reslrietiun on the fonn of F is that 
it must 1k' a honingeiieuus fimetinii of the tii-st degree. 

403. Motion on a rough cycloid, A ke"'-'j ivirlklc uVules 
J'roiii re.'<l o>' <i rwifjh cycloid pliiad I'-ith ilx n.ns rcrtiml, shorn thot 
the motion is tii'itochroiio'is. 

Let bo the bwewt point of the eyfliii<l, 7' tlv ].aili.-le, OP = s, 

so that the arc is measured from in tin liii ■■: [ipusitc to 

that of the motioo. Let the normal ai /' : i " .',■' i^ with 

the vertical, let p Iw the railins of corviHi 'iiamcter 

of thp,t,'.oiTntioL,'eii-f!e. Then, by known in..,., m. ^ .■! ;i,- .:ycloid, 
x = '2<t>-i\i \lr, p - -I'l •■.■~yff, Let /i be I he i-.iiiti'i,ii' ..f IVietion, tf 
the aeivl, 1 i;iii- |..iv ..t ;,'nivilv, am! lel ili.' im.i-- !■.■ nnilv. Then, 
if « br ihi- |.i,s^Nir 111, rhe partiele measmed iiiwuni- w'hen posi- 
tive, am! ,. Ihe velneity, 
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Eliminating R the ecjuation of motion becomes 
(fis u. /(is'' 



Si©'-^*'-*-"'""*-) ®- 

Substitnting for p and s their values in terms of -ilr, thid becomes 

(sin >ff~f^ cos 1^). 



'^'I'it '^^^'"'"^'^'^""^"^'^iiu) '' 



2a '■ 



Writing n = tan f this is identical with 



Since 



sin (>(- - »)1 + ,^ ;'j_, ^ |e-"» sin (,(r - ,)1 _ 0. 

initially zero, the solution of this equation u 

(^--0-^=0.(71,^.), 






where j1 is a constant depending on the initial vahie of ^, 

The motion is therefore tautochronous. At whatever point of tl 
cycloid the particle is placed at rest, it arrives at a point A detc 
mined by e"'"''8in(^ — e) = in the same time, and this time i 
IT /2a . ■ 

^ cos e . / ^ . The point A at which the tautochronous motjca 

Z V 9 ^ ■ 

terminates is clearly an extreme position of equilibrium in whid 
the limiting friction just balances gravity. 

.We have here given an independent proof of this result, but S 
might have been deduced at once from Lagrange's rule. We n 
write bis theorem in the form 

since the last two terms on the right-hand side constitute 
homogeneous function of _/"(«) and ds/dt of the first order. Com- 
paring this fonu with the equation (2) we have 

Substituting in the first of these equalities the value of /{l 

fiven by the second, we find that the former is identically salisfif 
y choosing 1 + 2aA = -~ /j.". It follows that the equation (2) 
merely an example of Lagrange's rule. The motion is thcretbi 
tautochronous for arcs terminating at the point determined bj 
tan ■^ = /i. 

The same result follows immediately from the general thiMirem 
proved in Art. 495. We have /" = jr (sin -^ — /* cos ■^). The 

Q of condition vi'p = —^ — fiF is therefore satisfied identi- 



f{a) = ain ■^ - 



equatio 



dyjr 



i 



ciilly if Hi = SL'C e . v'fl/2«. The taiitochrnnons arcs turniiiiati: at 
thf point given by F = and the period in ■KJiin. 

404. That ry.|..M.i! .-nlliti.,],- in '^ i.i. .linni in «hirh the 
renistbuic'' v;ui"- -i- ' ]■'■■. ■ ■■■■ i ;■ :.■■ i- !i,j- lii'l'ii proved 

bvNi'wtou ill 111. ■..,,:■.. .1 i. r ■■ l'i..|.\xvL That 

the osd!l;it.ii>ii.- -.w i.im;..:.|.i <- .aI,.'!. iIi.^ .;m ;.,i,| is r.iiijjh hnn 

been dednced Ijj' M. IVitraiid Irmii La^'iuiifju'w ionjudii, given in 
Art. 41)1, SOL' Lioiii-ille's Juiti-nal, Vul xtii, M. Bertriind ascribes 
the pi-ujiositiou tit .M. Net-ker, who published it in the fourth 
vohinie of the ^f'rllu}irl's jiirxriitts il I'Acadeniie des Sciences jinr 
ih;s xiii-'ii'ts ^trauijcrs. It fiillnws of conisi; fnmi Lagrangt^'a pro- 
pnsilion (Art. W'l) Ihat thi- cycloid is tantochronuiis when the 
niL'diniii iv.-^ist^ as the vi'lority, and at the same time the cycloid 
is rough. 

ilt.'i. Hotiaa on any Tougti enryo. .1 parlirl.' siiirls fn'm n-nl iiml it roii- 
••Imilied U: in;,;- n'.-cj u ,;,iu,h oiir,' no.li-r the aclum of aiiij ,l\-rce«, find III,- 
i:nnilit(oni< of laxUichnmuUf moth<n. 

Let A be Hie iy>!nt at wliioU the tatitoclironous motioii terininn,tes, P thv pnitition 
of tlic patticli: at uiiy timo I, Al'=>, i;(i that s is meneured from A in tlic direction 
oiiponU! to tlmt or motioD. Let tliL' titni!crit tit P iilukc an nti|,'1o ^ witli the axis 
of ,r, and lut \^ anit » lucreaso luituthcr, Lrrt tlii? tiLiiRentinJ and auimal compouonta 
o£ the foroe an J' he G mid H ; Hie tauneiitidl toniponeat G acting on P lo urRe the 
pactictu ("imrrla .(, and the nornial coni[ioiiciit II ucling outwnrds. I.i; opixi^ite tn 
ttie direction in wliicli p U nieanutcd. Let the Ictlets R, i; ^ hnve llle snme 
ineiiuiti); a» lieforc. We shall snppose p to lie llositive throughout tht: arc. 

TliG equations of laotion aro llierofore 

- =11-11, v'-'' = iiR-t! (1). 

Hiiuii.- tliL> )iB,i tide .'^larts from rest, we svc tlint If nnd ff arc initially eriHsl and tliua 
Livvu tile Hiiuit! Ki)>u. We shiill mippose tliat II i» iioaitive thronKhuut the motion, 
BO that the Impiessid force urgen the particle (lutwarils. It follows tliat li also is 
positive bbrouBhout Ihc motion. The friction continues therefore to be leprc' 
senlvil hy ju/>', witlioiit any discontinuous changes in the sign of /i, such us would 
huppi'ii if /' vrtri' tii <:haiii;r nign vlthuut a corresponds n|j cliangc in the dirocliun ol 
tbij filction. (Si^u Art. 15U.) Eliminating li wu tind 

t'l^^f'^- 10-^11) (3). 

Let f=G - itH, so tliat t' vi Uiu whole iiupttissed force orginj; the particle 
alouH tile tangent towards tUu point A. We niny prove tluil F must Ut no»itivo 
Ihruiib-huut the motion until the particle reaches .1, If i'' were zero at any point II, 
then, placina the jitir tide iit real at i(. il will remain there iu cfiuilibrium, and there- 
fore the tiroes of reaching .J ftuui all |itiiuts will nut be the same. Wc hoc nlso 
hy the snuie reasoniiiK that the point .[ must be one at whieli }■' Is Kero. (See 
All. 4iH'!,I Writing — for p, eijuation (3) iieconies 



■*=.-^-2 r p^v-=^*./vl•... 



vhere u ia tbe unjjle made bj (he tan^tejit at A with the oiia of j*. Aa ^ is fircatei 
than a Uuougbout the motion, the oonstant at integration, viz. c-, rouBt be poeitiva 



thie diuution rednoes 



the form 



■•tM4,_ 



...(SI. 



The lower limit is deteraiiaed by tho value or i at the point whore the motaoK I 

begiua. Beferring to eqoalioD (4) ne see that, since f — 0, we liave i=e. Timta 
uppor limit ie deterininad bj the value of i at the point vihcru all tbe tantoahtonoiix t 
motions are to end. TbiB has been delined by )!' — a, and tbererore by i=0. 

If the Come F be saoh that (z| is constant, tbn integration of (S) preseots ni 
difllauUy, Writiug — for •/• (i) we then have t = ^ . Since this result is indepsB- J 
dent o( c, the motion in tnatoobrouous. Wherever tbe particle be placed at ra 
tbe curve, it will reaoh the position A in the BBme time, and thia time will be ^ 

The soppoaition we have made regardiiiR the value of z gives 

1 "/!''"*'''!'=■'/!'*''""''"'• 

dillureutiating and Tcdnciuij we lind 

i''=mV*l*\'-''Vf (81-1 

Tliis exprcsaion gives tbe tangential force riHinired lu make tbe motion on a givao^.l 
ourve tuutocbronoua. When the force is given and tlie curve is rajuired. we duq 
write the enuation in tbe form 

■■v=i^-'■ "^ 

498. IJ> shall now thoic thai iinJcM •fi{z) he eoiutant Ihr motiun icill not (*3 
tatilockroiinus. To prove this wc must Snd what forma o( ^(t) will moke t 
integral (5) independent of c. Put J = ci, and let *(!) be eipanded in a series 
some powers of I not neoessarily integral, sa; let 0(t) = £A'i''. Then we have 



INrf 



f-df 



less than tbB 
Hence thia 



Now since f is less than nnity, the integrals in all the terms are 
integral in the lemi defined by ii = 0, and therefore they are finite, 
element in uaoh integral is positive, uano of the integnls eon vanish, 
series of powers of e cannot be independent of d unless it contain only tlie one term 
determined by n^O. But this makes ip (i) a oonstaut and leads to tbe solution 
have already discussed. 

407. Ex. Show that this law of force coincides with tliat given by Lagrange's^ 



Dge'a.^l 



AiiT. 4;iH.] 



Wi: have htm to dotemiine when oijnil 
Wt thctL'furc takt an liis form 



,,+/(")■ 



Conipiring tlii-s wit!n2), li^rm fur term, wu Hud -r- - A — ixt' ^ . wliicli lends to Uiu 
required Toiva tot F. 

:le ntlal on hiju reiiiitsire func, 
F, in cuiulmiiieil lu mure nioity a 
rough ciirfe.jiml the tune thai thi' nuitiun iiunj («■ (UHtor/iriiiioow. 

Lei r be the raJiua vector ot the imrtiole, Ac tlw ri'pnlaive fore* acting iiIodh it. 
Let p Ihi the |)c'r]>tiidiuulaF on t1i<> tnii^i.-nt from the orij^ii, then the projcetiun 
of tho radiuit vui^tuc on the tanj^nt is koowii to be -— . Let A be Ihe ]>omt 

on the cnrvu Ett whioli llio tftHti>oIironoua motion is to tiTrainatc, Reaolving Uie 
radiul forc^u aloti^ thf tnn^out tuvrarda .1 and along the normal outwards, the coin- 

poncnts are reaptetivcly 0=-^^ "ud W=Ap, Art. J'J5. Sioce F~G~nU, we 
Liivi; ;■■= -\ '-A-n\j,_ Hulj'itillitini,' in divifttion (7) of All. Jl).^ we liud 



_ ,!=- 



...1^1. 



where r ia thi: radium vector mensured from the centre O uf thi) fixed circlu us origin 
and i' = ii + -Mi, We find therefore that the epicycluid U a tautochcunoua curve fur 
a ccntriil repulsive force varying na the distance. The time of arriving at the 

poaitiou of enuilibrium ia , where wi is given by -r- = 'Vi ., ■ 

If <fi be the nn^lc made by the tangent with the railiua vectar, the i>oeitiou A of 
equilibrium is givun by eot $=/i. Hince j) = iBin ip, we hai-e l)y(3) r^= ,' , ^ . 

Ltt this value of r be represented by r,, . Sinoo i is le-,s than c it is easy to sea 
thut a cirole described with centre and radius r wtcrsccts the epicycloid. If A 
be any one of these points of intersection and C tliL nearist cusp a particle start- 
ing fruiu rest at any pnint D iiutn-uoQ A and C will dLdi.nbi. th tic D.l in a tini9 
which in indspendeiil uf the poiticiuu uf l>. 

Ex. 1. ISIiow that the eiiitiiingular iipiral ia not included in the formula (l). 
Fur if we nritt (>sin-a = (i, we ha\-e (u"+\)>iia'a Kreater than unity, which may 




UN SOME Kl>l!X:lAL PROBLEMS. [l 

Ei. 3. U liw c«atr«J Ibroe be attrsotiTe and vary as klie lUeUoce, ahow that m 
hypocjcloid is a taut»cbro 

199. B&aot of a SaalMlaK HMlnm on tlia Urn*. Wg know by Lagnnse'^ 

theorem tliat, if the mLiLian on a luugh curve br tautochronous ir 
also lautochrr>Dt>u« when the mation occurB in u medium rcBiitting as the Veloci^.TI 
Ltt u* tuia ilelerniiae hoa thr limt of arrival iit the poiilion of fqailibriinn U affeeuJ 
by ihf preteatt of nith a niiilins medium, 

BefeTrin^ to Art. 495, the eqaation ol motion there marked (3) aov takes the 







where 3i in the coelBoient of the reeistiuice doe to the niedium. Tbii 
may fm put Lutu tiie form 



K'-l)-(-S)=-- 




ua jiut f "*(!■ - rfir and Biipposc thai ir 
\a valoo given by equation (G) of Ait. IBS w 



This solution of this by Art. iU is 

To find the oonatanta of iutegnttion we notice that * . i 
■when ( = 0. This gives t^" f>= , To find the time ot arriving at tha 

position of equilibrinm we put ^ = a, this gives ^m'~ir'( + £ = ^. The time lot ttwA 
tautoohronoua motion is thDrefore given by the equation 



El. If the reBifitanoe of tlie medium be so great thiil k is equal to or greaten^ 
than m, tlie nolution by Art. 434 takes another form. Show that in both Ihcas u 
the time of arriving at the position of rest is made infinite by the reaiatanoe ot tbftfl 



0/icill(itiuiis of Cijlbiders and Cunes to the second order. 

.'iOii. Condition o( staMUty of OyilndorB to tb* blsliaT onUra. Wfaeo | 

B heavy oylindot rests in pqnilibriuni do onu nide ot a. fi\ed rough cylinder ai 
in Art. 441, the condition of ntability is thiit the centre of gravity should lia I 
within a oertaiu circle called the ciiole of stability. If the centre of j^vity lie on 
the bonndary of this circle tlis eqtiilibriaui is ooiiiid neulrat, bat it ia general]; 
either stable or nnstable, a higher degree of approximation however, being le- 
quired to diBtioKUish lUo two. Wo may reach any degree of Hpproxinialiou by th« ■ 
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foUowioR eft')* prnccsB, which ftmonnts to Iho cnntinned ilifferpntiation of a certnin 
qimutity until we arrive at a result which is not /em. Tlie eisn nf thia reBult 
liiBtinguisheg between the Htability and instaliih'ty of the cylinder. The mntinitode 
□( the reaull, joined ti same other elements, enables us to form llie eiiuntion of 



■al thrniich the point 




reitical. LPt CII' he thu coi.inion normal to the two l 


'lilU 


■Ti'. ( 


niid / 


centres of curvature of tlieir traatverse Kections. Lc 


(' = 


CI. 1 


= 1-1, n 


= - + , , so that I is the radius of relative curralurc. 








Let lil = r. the anRles ft/6' = n, (;lV=<j>. and le^ II' 


-•h. 


Thi 


n wf hn 


r fiillowiuR subsidiary eiiualioiis 









Since fll is the radius vector of the upper curve referred to an oti!;in (/ fixed 
relatively to it, and ,; - « is the ancle matle by thin radiUB vector witb the langout at 
I, the GrnC of iheM siiheidiary eipiationa is evident. To obtain the second we notice 
that C i» the i:entre of curvature, no that (he distance GC if constant as well as 
the radiiiH of curvature, wlicn / moves a short distance ils along the aic. Now 

G C'^^ 1^ + p- - 'Apr cos 71, 
therefore = (r- p cokn) .ir + pr siu n-(n. 

SulistitutinK for dr its vulnc from the first snliBidary eijuatiou, this immediateiy 
gives the second. To obtain the tliiril Hi|Unliun we notice that </>+'• is tlie angle 
mitde by the normal III tn the lower ciine, which is fiscJ in spate, with a htriiiijlit 
line bUo fixed in space. Hence ~^ + -r ~ ' ' ^''^"''^ ^'"^ third equation follows 
from the second. The fourth cijuation has been proved in Art. 441 ; the proof 
may be summed up as follows. If CP, />F be the two normals which arc in a 
straight line when the body has turnt^i tbruiigh an nuKle i/tf, then (10= I'll h I''IiI, 



which ({ives i(« [ - + , J = . 
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Sfft, fa «qoiZibriaai ihtt eeaAn of gnnixw of iht iod|T caa ke venimDr 
tiM; pcMBt of Rqipoil. Henoe ^=0. In 107 oilier |waii ii « of die bod?- sbe vmloe 
of ^k gnrm bjrtlieMrifs 



If ia tfaif itfica the fint wirftr i ftit ^ndi docs ikot Toodi be y o tiU^e aad of 
mn odd Oidttr^ it w dear UmS the tine IG moict to tbe nine nde of tbe Tenieal as 
th*t to wfaieh tbe bodj it moved. Tbe eqoilibriiiB is tberefoe wiftsHe for dis- 
plsoemeDts 00 eitber side of the iwaiii i i of eqvilifarnm. If the mrtRfift be 
oefstiTe the eqcdlibniim is stable. Oa the odicr band if tbe tarn be of sa erea 
order, it docs aot ebaage tiga vitb «, tbe cqnilibriaBi is tfaeRfoe stable for a 
displaeemeflii oa oae side aad aastable for one oa the other side. 

Tbe first diflereatia] eoeflieieat is gireB bj the tbiid labsidisjy eqaatioa. Tbe 
seeoad diflereatial eoeifideat is fooad bj differratiatiBg this sabsidiaiy eqiaation 

.Dd wtatitotii^f tor J «d J from the othe«. Tlie thiid diflemti.! «»ffieie«t 

Biaj be foaad bj repeatiag tbe proeess. Ia this vmj we aiaj fiad say d ifl ere a tial 
eontHaeni whieb aiaj be reqoired. 

603, If the first differeatial coeffideat ^ be aot zero, the eqniKhrinm is stable 



or aastable aoeordiag as its riga is aegatiTe or poeitiTe. Tbis leads to tbe 

that r most be respectivelj less or greater thaa z oos a, wbidi agrees vitb the 

rale given ia Art. 441. 

d^ 
If ?=0f we have r=x cosfi, so that the eentre of grsTitjlies on tbe cireaaifaneBee 

of the circle of stability. Differentiating we have 

tP^ ^ d /1\ 2sinReoBa sina ,|. 

di»"d#Uy T^ rp ^ '• 

Babstitating for r and, z we have 

If this be not zero, the eqailibriam is stable for displacements on one side of the 
position of equilibrom and unstable for displacements on the other. 

If . , =0 also, we differentiate (1) again. Alter some redaction we find 

df» ~ d)i« Vz ; + zp' \,P "*" pV z ds\p) z« U"*"// 

The eqailibrium is stable or unstable according as this expression is negative or 
positive. 

If the tranverse section be a circle or a straight line these expressions admit of 
great simplification. 

(M)4. Ex. 1. A heavy body rests in neutral equilibrium on a rough plane inclined 
to the horizon at an angle n. Show that, unless -p= tan n, the equilibrium is stable 
for displacements on the one side and unstable for displacements on the other. But, if 
this equality hold, the equilibrium is stable or unstable according as -r^ is positive 
or noffAtive, Here lU is measured along the arc in the direction down the plane. 
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Show Bleo that thrjE^c canditioos implj' that the equilibtium is stable or imatable 
accunling bs thc! ct^Qti'e of tLe conic of Glosest contuct to the upper bodj ie nitbovt 
or within the circle o! stability. 

Es. 2. If H convex Hpherical alirfnce rest on Ihe summit ot a fixed convex 
splierical iiarface iu neutral eiiuilibriuui, the eijuilibiiunT is really uriiitabte. But 
if the lower surface have its coacavity upnarda the equilibrium ia stable or unatable 
accordidg ns itH radiua is (p-cater or less thnii twice that ol the upper surface, and is 
leally neutral if its radius in equal to twice that of the upper surface. 

TJie moreable sphecieal surface iu Ihia esumple inusl of course be weighted 
so that its ueutre of gravity is at such an altitudi! above the point of support that 
the equilibrium is ucntral tu b Erst approximation. Thus, when the radius of the 
liiwer surface is twice Us radius, ila centre of gravity lies on its surface, i,^. at b 
distance twice its radius from the puint of contact. Tbe centre of gravity is outside 
or within the surface according as tlie radius of the lower surface is less or RrcaCer 
than twice its radius, and when tlie lower surface ia plaue the centre of gravity lies 
Ht the uentK'. In thii last cime also the equilibrium is really neutral. 

505. OielllatlaiiB of CyUndan te Uia bigtiar ordsra. To /una la iiny ileyrce 
ff apiiraiimalioii Ihe ntntrnl eqiuilhii of mulhiii t\f a cijHiidey usi-iUnliiKj nhoiil <i 

Following the same nntatiou as before and liikinu the tiKUre of Art. ,101, llie 
equation of vis viva is 

. (i'J + ,-)d- = [! + ar, 
"here (' is the force function and *: the radius of gyration of the body about its 
centre of t'ravity. Differentia tiug this with regard to $, as in Art. 44S, we have 

lO the moment of the forces about 
le equal to gr sin ^. Substituting 

for - - from tlie subsidiary equations of Art. SUl.lbe equation of motion is Ihei'efare 
(T + f^) C + r; sin «()= = </)■ sin 0. 
The niethoil of proceeding is the sanie as that in Art. 602. We expand each 
coeQicient l>y Taylor's theorem in poucrs of 9. which la to be so chosen as to vanish 
in the position of equilibrium. To do this we require the successive differentials of 
these coatiicients to any order espresacd in terms of the inilinl values only of ^, ii, 
and r. The first diftetentials are Kiven in the subsidiary e^tuatious of Art. 501. To 
find tlie others we continually differentiate these subsidiary eijuat ions, until we have 
obtained &» many diEferential coeffieients as we require. 

on la Ihe Jim order. Let the initial or cquililnium 
The equation is therefore 

We have to fiud r sin ^ to the first power of P. Now 

li , . , III- . tlifi /I oosiA 

— -(rsinffil^ -Bini6+r cosii^i sin ii sin oi + r; cosd I 1. 

,16^'^ ^' de ^^ iW *^ B Kisinp + r. coHp(^_ ^_ j, 

by substituting from the subsidiary equations. This by reduction becomes 




ox SOME SPECIAL PitOItLEMS. 

In eqnitjhriiuit G lies in tb« vertickl tbroogb the point of contact, heaoa the ii 
valae ol ^ ia una. The equation or motion ia therefore 

(A> + *^« = (*-ieoBa)ffe. 
which i> the mae u that given in Art. 4*1. 

607. To form the equation to the ifcimd order. 

We have already foond the fint differential coeffioient ot rain^ we i 
diffetentiate this aguu and retain only tlio terma whiah do not vanish vrheo ^«^ 
We have 



The eqaatiou of motion to the second order la therefore 

(t:i+h' + 9A(eina.0)i)+AiBiniitl> 

= -{t<x»a-k)g9 + 

This may be reduced to 

Daa- A _ ^, beina 



where A and B are two nndetcnnined conatante. and the first term repreaenia tl 
flnt approiimation. ThoB it appears thnt the first approximation is substantially* 
ooneet unless a be small, that is, nnleag the pqiiilibriitm is nearly nentrol, 
effect ot the amall terma ia to make the eitenl of tbe oacillatton on the lower 
of the poaitioQ of equilibrium alightly jureater than that on the opper aide. 



COS. OaeUUttoiu of Ooiua to tlu blKtiir ordara. To form the gmeral e^ 
linn of motion of a heavy cojie rolling an a prrf/etly rough fixed co>. 

Let na follow the same line of armament nith the same notation aa in Art. i 
We have however one point of diSerenoe. Since tha moving oone ia not in equill- 
brimn its centre of gravity is not in the vertical plane WOI. As before let the ai 
IG = r, IIP=i. andtheonRleaOrc^n, WIC = <I,. 

Let 11 be the angalar velocity of the moving oone abont its instantoueoua asii 
01. Then, by Art. 448, 

_dll 1„.IA-' , 

'^^dt+a^lir =^ 

where L ia the moment of sravity aboat Of. 

As the cone rolls, the point I moves along the interiection of the Gied cone 
with the iphero. Let IP^ds be the arc deacHbcd in a time dl. It wUI be con- 
venient to take I aa tlie oo-ordinate by which the position of the oone ia determined.— 
By the same reasoning aa in Art. 4S4 we find 
jj^d, sin(p + p') 

Ji sinp.glijfi' '■■■ 



IDill- 



.. (1). J 
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We liave now to fiuci thu inonn.'nt of Hravity nbout ')/. We OKnin use the name 
argument as in Art. HSj. Heeolvioi,' efvity along auil peipeudioulac to 0/, the 



former compunpiit baa no niotueut, and tlio latter is ;/ sin i. Let this Inttei com- 
ponent act parallel tu eomo gtraighl line KO, thtu KJVI ia nn arc iu a vertical 
plane. The moment rerinirtd is then the product of resolved wrayity into the 
projection of Oil on OH, wlicic II is the pole of the arc KH'I. Thus the moment 
ia aft sin; COB if G. To find uua IIG prodnco JIG to cut Jf II 7 in .1/. Then, in the 
riRht-angled triangle GI.W, we have sin (?J/=siii CZ sin (J/.l/. The moment L is 
therefore 

/.--y;.sinrBinjsin(-i-^J (3). 

\Vlicn the forms of the cones are known, we can eiprcss A", r, :, ii and ^ in terras 
of !i or any other co-ordinate we may choose. The eiiuation of motion will then be 
known. This process mny he ePfectad hy the help of the four followin;; subsidiary 

■Ir . lit 



The proof of thenc iaieft to the reader. They maybe obtained by the same reason, 
ing as in the case of the cylinder, with only siioli modifioationti as arc made 
neeessiiry by uBing apherieal iuBleaU of plane triangles. 

309. To find tu nny ilegrf of iipprnTii'intlon the i-iji^ifi'oii o/ motion "/ n rhjhl 
coixt eacill'itinti about a poniliun of tquilihriiiui. 



Siuca the cone is n rit'ltt c 


ranc, we have A'^ consK 


nt. Th 


therefore A'' ^"=-L, where i. 


Slid L have the vain 


9 fiven i 


ot Art. 508. 







We notice that Z.-0. and therefore n = ^ in the position of equilibrium. Let 
the CO. ordinate ■ be so chosen that it also vanishes in this position. Wc have 
therefore now to expand 1! and I. in jKiwurs of i. Tu effect thin we use Taylor's 



-(S)»(S),:V 
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4 
where the bracket implies that « is to be made equal to zero after the different? «- 

tions have been performed. Now these differentiations may aU be perforraed 

without any difficulty, by using the expression for L given in (3) and oontintiall^' 

df dz 
substituting for -=- , ,- ^ &q, their values given in the subsidiary equations (4). We 

as as 

may treat in the same way. 

The formation of the equation of motion is thus reduced to the differentiation 
of a known expression and the substitution of known functions. 

We may use this method to obtain the equation of motion to the first power. 
Thus we have 

IT* — = "ffh -r {sin r sin 2 sin (n-^)} 9. 

Substituting for and retaining on the right-hand side only those terms which 
do not vanish when ^=n we obtain 

K^ d?8 I . , . sin i) sin p' , \ 

—r T3=- isinu-ncosn-:— 7 T^-smrsmzV «, 

which gives the same result as in Art. 483. 

If the oone is not a right oone, we may express K* in terms of r and n and 
proceed in the same way. 

510. Ex. A heavy right cone rests in neutral equilibrium on another right 
cone which is fixed in space, the vertices being coincident. Show that the equation 
of motion, including the squares of smaU quantities, is 

K^d^s sinpsinp' . , , . ,/ - . « * x * » »' 

, :7T5 = - -i— 7 ^ 8m(r-«)smn{(oot«+2ootr)oo8n-cotp} rr . 
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